
MA311 : Analysis in Rn

Problem set 5

Due Date : 10/11/09 before 2PM

Q 1) Let f : R2 → R be de�ned by

f (x, y) =

{
x|y|√
x2+y2

(x, y) 6= 0,

0 (x, y) = 0.

Show that f is not di�erentiable at the origin.

Q 2) Let f : Rn → R be a function such that |f (x)| < |x|2. Show that f is di�erentiable at 0.

Q 3) Two functions f, g : R→ R are called equal up to the nth order at a ∈ R if

lim
h→0

f (a+ h)− g (a+ h)

hn
= 0

(a) Show that f is di�erentiable at a i� there is a function g of the form g (x) = α0 + α1 (x− a)
such that f and g are equal up to the �rst order at a.

(b) If f ′ (a) , f ′′ (a) , . . . , f (n) (a) exist, show that f and the function g de�ned by

g (x) =
n∑

i=0

f (i) (a)

i!
(x− a)i

are equal up to the nth order at a.

Q 4) Find the di�erential for the map f : R2 → R3 de�ned by

f (x, y) = (sin (xy) , sin (x sin y) , xy) .

Q 5) A function f : Rn × Rm → Rp is bilinear if for x, x1, x2 ∈ Rn, y, y1y2 ∈ Rm and a ∈ R we
have

f (ax, y) = af (x, y) = f (x, ay) ,

f (x1 + x2, y) = f (x1, y) + f (x2, y) ,

f (x, y1 + y2) = f (x, y1) + f (x, y2) .

(a) Prove that if f is bilinear, then

lim
(h,k)→0

|f (h, k)|
|(h, k)|

= 0

(b) Prove that Df (a, b) (x, y) = f (a, y) + f (x, b).
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