ON POLYNOMIAL CONVEXITY OF COMPACT SUBSETS OF
TOTALLY-REAL SUBMANIFOLDS IN C"

SUSHIL GORAI

ABSTRACT. Let K be a compact subset of a totally-real manifold M, where M is either
a C?-smooth graph in C*" over C", or M = u~'{0} for a C*-smooth submersion u from
C™ to R*™%, k < n. In this case we show that K is polynomially convex if and only
if for a fixed neighbourhood U, defined in terms of the defining functions of M, there
exists a plurisubharmonic function ¥ on C" such that K C {¥ <0} C U.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

The polynomially convex hull of a compact subset K of C" is defined as K = {zeC":
Ip(2)| < supg |pl,p € Clz1, . .., 2n]}. We say that K is polynomially convezif K = K. As
a motivation for studying polynomial convexity we discuss briefly some of its connections
with the theory of uniform approximation by polynomials. Let P(K') denote the uniform
algebra on K generated by holomorphic polynomials. A fundamental question in the
theory of uniform algebras is to characterize the compacts K of C™ for which

P(K) = C(K), (1.1)

where C(K) is the class of all continuous functions on K. For K C R C C, (1.1) follows
from Stone-Weierstrass theorem. More generally, Lavrentiev [12] showed that K C C
has Property (1.1) if and only if K is polynomially convexr and has empty interior. In
contrast, no such characterization is available for compact subsets of C™, n > 2. Since
the maximal ideal space of P(K), K C C", is identified with K via Gelfand’s theory of
commutative Banach algebras (see [5] for details), we observe that

P(K)=C(K) = K = K.

With the assumption that K is polynomial convex, there are several results, for instance
see [1, 2, 16, 20, 22], that describe situations when (1.1) holds. Unless there is some way
to determine whether K C C", n > 2, is polynomially convex—which, in general, is very
difficult to determine—all of these results are somewhat abstract. One such result is due
to O’Farrell, Preskenis and Walsh [16] which, in essence, says that polynomial convexity
is sufficient for certain classes of compact subsets of C™ to satisfy Property (1.1). More
precisely:

Result 1.1 (O’Farrell, Preskenis and Walsh). Let K be a compact polynomially convex
subset of C". Assume that E is a closed subset of K such that K\ E is locally contained
in totally-real manifold. Then

P(K) ={f € C(K): fle € P(E)}.
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By Result 1.1, if K is a compact polynomially convex subset of a totally-real subman-
ifold of C", then P(K) = C(K). In view of this fact, one is motivated to focus—with the
goal of polynomial convexity—on characterizing the class of compact subsets of C™ that
lie locally in some totally-real submanifold of C™.

A totally-real set M of C™ is locally polynomially convex at each p € M, i.e., for each
point p € M there exists a ball B(p, r) in C" such that M NB(p, r) is polynomially convex
(see [21] for a proof in C2 and [10, 9] for a proof in C", n > 2). In general, an arbitrary
compact subset of a totally-real submanifold in C™ is not necessarily polynomially convex,
as shown by the following example due to Wermer [10, Example 6.1]: let

M :={(z, f(2)) € C*: z € C},

where
f(2) = —(140)z +1i22° + 2275

It is easy to see that M is totally-real. Consider the compact subset K := {(z, f(2)) €
C?: 2z e D} C M. Since f(e%) = 0 for § € R, by using maximum modulus theorem,
we infer that K contains the analytic disc {(z,0) € C? : z € D}. Hence, K is not
polynomially convex. Some sufficient conditions for polynomial convexity of totally-real
discs in C2, i.e., the compact subset {(z, f(z)) € C?;z € D} of a totally real graph in
C2, in terms of the graphing function f, are available in the literature (see [4, 14, 15],
and [18] for a nice survey). Forstneri¢ [7] showed that C2-perturbation of totally-real
polynomially convex compact subset is polynomially convex. Lgw and Wold [13] brought
the smoothness down to C'. From these result we know that C'-perturbation of any
compact subset lying in a totally-real subspace in C" is polynomially convex, but there
are no general results for compact subsets of C™, n > 2, that we are aware of. Therefore,
it seems interesting to know the conditions under which a compact subset of a totally-
real submanifold of C" is polynomially convex. In this paper we report the results of our
investigations on this question.

We now present the main results of this paper. Let K be a compact subset of a totally-
real graph over C” in C?". In this case we present a necessary and sufficient condition
for polynomial convexity of the given compact K in terms of the graphing functions:

Theorem 1.2. Let f,..., f*:C" — C be C?-smooth functions such that, writing F =
(fY,..., f™), the graph Grea(F) is a totally real submanifold of C**. Then, a compact
subset K of Gren(F) is polynomially convex if and only if there exists a ¥ € psh(C?")
such that

KCwCG:= {(Z»w) €C"xC": Y [f"(2) —wi| < 27’2((?)},

v=1

where
w:={(z,w) e C" x C" : ¥(z,w) < 0},

L(z) := max [ sup LY (z; v)|] ; and

VR |uf|=1

m(z) = ||zi;ﬂ£1 (Z

v=1

(2)v1

(2)vn,

af"
0z

af”
0zZn

)

Here, and in what follows, £f(2;.) denotes the Levi-form of a C2-smooth function f at
z. We now make a couple of remarks that will aid the understanding of the statement
of Theorem 1.2.
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Remark 1.3. The radius of the tube-like set

‘" {(z’w) €EC" X C": ) |f(2) —wy| < an(é))}

v=1

may vary pointwise in C?" but the totally-real assumption on the graph Gren (F') ensures
that m(z) # 0 for z € C" (see Lemma 2.6 in Section 2). Therefore, the tube-like set G
is a nonempty open subset of C>" containing the compact K.

Remark 1.4. We observe that if, in addition, we assume that the functions fi,..., f,
in Theorem 1.2 are pluriharmonic, then the above tubular neighbourhood has infinite
radius at each point of Gren (F'). We just choose w to be a suitable polydisc containing
K, K C Gren(F), such that the conditions of Theorem 1.2 are satisfied. Thus, any
compact subset of such a graph is polynomially convex.

We would like to mention that Theorem 1.2 is a generalization of a result [6, Theo-
rem 6.1]—which characterizes polynomial convexity of graphs over polynomially convex
subset €2, where ) is a bounded domain in C™*—in author’s dissertation.

We now consider the case when the compact K lies in a totally-real submanifold which
is a level set of a C2-smooth submersion on C".

Theorem 1.5. Let M be a C?-smooth totally-real submanifold of C"™ of real dimension
k such that M := p~*{0}, where p := (p1, ..., pan_+) is a submersion from C" to R*"F
and K 1is a compact subset of M. Then K is polynomially convex if and only if there
exists ¥ € psh(C") such that

2n—k

KCwCQ::{ze(C": lel(z)!<rg((j))}a

=1

where

w:={z€C":¥(z) <0},

L(z) := max (sup £pl(z,v)\>; and

F=2n=k A Jlell=1

2
2n—k | n

. 3/?1
m(z) := inf
= =1 ¢ ; i

Remark 1.6. It is well known that a compact subset K C C™ is polynomially convex if and
only if, for every neighbourhood U, there exists a polynomial polyhedron that contains
the compact and lies inside U. From Theorem 1.5 we conclude that for a compact
subset K of a totally-real submanifold of C" to be polynomially convex it suffices that,
for a single fixed neighbourhood U depending on the defining equations, we can find a
polynomial polyhedron that contains K and is contained in U.

As in Remark 1.3, the fact that p~1{0} is totally real ensures that m(z) # 0, for all

z € K (see Lemma 2.5 in Section 2); the set Q = {z eCr: Y Mlou(z)] < TZ((Z))} is
z

an open set containing K.
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Remark 1.7. We should point out that we can use Theorem 1.5 for compact subsets of
totally-real graphs Gren (F') with the defining functions

p2j-1(z,w) = Re(waj—1) — Re(fzj-1(2)),j =1,...,n,
p2;(z,w) = Im(wg;) — Im(f2;(2)),j =1,....,n.

It might be possible to deduce Theorem 1.2 from Theorem 1.5, but it is not easy to see.
The tube like domain €2 that appears in Theorem 1.5 with the above defining functions
seems to be different from the tube-like domain G in Theorem 1.2 and G ¢ 2.

Before proceeding further let us discuss briefly the main ideas behind the proofs of
both the theorems.

e Firstly, it will be shown that a compact patch of the totally-real submani-
fold containing K is holomorphically convex in the tube-like domain G and
Q) in Theorems 1.2 and 1.5 respectively. For that we start with a function
u(z,w) = 3" Jw, — f¥(2)] for Theorem 1.2; and u(z,w) = Y77 % p?(2)
for Theorem 1.5. The specific geometric assumptions on the graphing functions
or defining functions gives the terms of quantities L(z) and m(z) so that u is
plurisubharmonic in G and €2 respectively.

e Secondly, since a sublevel set w of a plurisubharmonic function on C" is Runge
and the compact patch is holomorphically convex in w, the compact patch con-
taining K is polynomially convex. Then an approximation result gives us the
polynomial convexity of K.

We conclude the section with an observation about polynomial convexity of compact
subsets that lie in an arbitrary totally-real submanifold of C", and not just a zero set of
a submersion defined on all of C™.

Remark 1.8. An abstract result analogous to Theorem 1.5 holds for compacts that lie
in any arbitrary totally-real submanifold of C”. The construction of a suitable tubular
neighbourhood that will replace the tube-like neighbourhood in Theorem 1.5 is the main
obstacle, which can be overcome by using partitions of unity. In this case, locally, we
have real valued C2-smooth functions pi, ..., pan—r such that the submanifold can be
viewed locally as the zero set of a submersion p = (p1, ..., pan—k); thus, locally we get a
neighbourhood defined in terms of py, ..., ps,_r as in Theorem 1.5. The problem with
the result that we will end up with is that, since the tube w would be given in terms of
local data and (highly non-unique) cut-off functions, it would be merely an abstraction.
Of course, highly abstract characterisations of polynomial convexity, in the language of
uniform algebras, already exist—but hard to check. The point of this paper is to begin
with some natural overarching assumption and derive characterisations for polynomial
convexity that are checkable. A couple of examples of totally-real submanifolds are given
in Section 5 as applications of Theorem 1.2 and Theorem 1.5. We keep the discussion of
generalizing Theorem 1.5 to more general Stein manifolds for a future project.

2. TECHNICAL RESULTS

In this section, we prove some results that will be used in the proofs of our theo-
rems: Lemma 2.2, a result about closed subsets of polynomially convex compact sets
(Lemma 2.3), and two results characterizing when a submanifold of C" is totally real
(Lemma 2.6 and Lemma 2.5). We begin by stating a basic but nontrivial result by
Hormander [11, Theorem 4.3.4] that will be used several times in this paper.
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Result 2.1 (Hérmander, Lemma 4.3.4, [11]). Let K be a compact subset of a pseudocon-
vex open set & C C". Then Ko = KQ, where KQ ={z€Q:u(z) <supguVu € psh(2)}

and Ko i= {2 € Q: [f(2)| < sup.ex | [(2)| Vf € O(Q)}.

We note that if Q = C" then Result 2.1 says that the polynomially convex hull of K is
equal to the plurisubharmonically convex hull of K.

Next we prove a couple of lemmas, which have vital roles in the proofs of our theorems,
about the polynomially convex hull of general compact subsets C".

Lemma 2.2. Let K be a compact set in C", and let ¢ be a plurisubharmonic function
on C" such that K C Q, where Q := {2z € C" : ¢(2) < 0}. Suppose there exists a

non-negative function v € psh(€) such that v(z) =0 Vz € K. Then K C v=1{0}.

Proof. We are given that K € Q = {z € C" : ¢(2) < 0}. Hence, by the Result 2.1,
IA(Q = IA(Q C Q. Upper- semicontinuity of ¢ gives K € . Since Q is a pseudoconvex
domain, KQ € Q. Therefore, KQ C v_l{O} which implies Ko C v~1{0}. Since € is
also a Runge domain, K = Kq. Hence, K C v~ {0}. O

Lemma 2.3. Let K be a compact polynomially convex subset of a totally-real submanifold
of C™. Then any closed subset of K is polynomially convex.

Proof. Since K is a polynomially convex subset of a totally-real submanifold of C", we
apply Result 1.1 to get P(K) = C(K). Let L be a closed subset of K. By Tietze extension
theorem, C(K)|, = C(L). Since P(K)|r, C P(L) C C(L), we have P(L) = C(L). Hence,
L is polynomially convex. O

We now state a result due to Oka (see [11, Lemma 2.7.4]) that gives us one direction
of the implications in both the theorems in this paper.

Result 2.4 (Oka). A compact subset K of C™ is polynomially convex if and only if for
every neighbourhood U of K there exist a polynomial polyhedron P such that

KcPcU.

Recall that a polynomial polyhedron is the set {z € C" : [p;(2)| <1, j =1,...,m} for
finitely many polynomials p1, ..., ppm.

Let M be a C'-smooth real submanifold of C" of real dimension k, k < n. For each
p € M there exists a neighbourhood U, of p in C" and C%-smooth real-valued functions
P15 P25 - -+ Pan—k such that

UpNM ={z€Up:pi(z) = p2(2) =+ = pan—i(2) = 0},

where p = (p1,...,pon—k) is a submersion. With these notations we now state the
following lemma.

Lemma 2.5. M s totally real at p € M if and only if the matriz A, is of rank n, where
dp1 dp1
=) - 5=[/)

971 oz ¢
%(p) . %(p)
A,=| o= Oz

ap?n—l.c aan k
P () i (p)
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Proof. Viewing C" as R?", the tangent space T,M can be described as:
T,M = {v € R*": Dp(p)v =0} .

We first assume that M is totally real at p € M. We will show that the rank of A,
is n. Suppose the matrix A, has rank less than n. Without loss of generality, we may

assume that the rank of A, is n —1. Hence, there exists v = (v1,...,v,) € C"\ {0} such
that
Apv = 0.

This implies that the system of linear equation

)

—pl(p)vj =0,1=1,...,2n —k, (2.1)

— 0z;

7=1
has a nonzero solution. Viewing v; = v} + iv;-,, j=1,...,n, and writing the system of
equations (2.1) in terms of real coordinates, for each [ = 1,...,2n — k, we obtain that

the complex equation

- 8101 .8Pl / .
<m+z@)w+w>=0
jgl ((i’tj 8yj J J

is equivalent to following systems of real equations

" [ 0p dp
I / l "
> (5o - 5hwes ) =o (2:2)
= <8$] J Byj J
" [ 0p ap,
l " l /
@u+um):a (23
; (5% POy
In view of (2.3), we get that the vector v = (v, v,... v}, v) lies in T,M, and the
equations in (2.2) ensure that iv € T,M (viewing v = (v} + ivf,..., v}, +v)) € C").

This is a contradiction to the fact that M is totally real at p.

For the converse, assume the matrix A, has rank n. We show that M is totally real
at p € M. Suppose M is not totally real at p, i.e., there exists a v € T,M, v # 0, such
that iv € T, M. This implies that equations (2.3) and (2.2) hold. Hence, A,v = 0, which
contradicts the assumption that rank of A, is n. Hence, M is totally real at p. O

Next we state a lemma that gives a characterization for a graph in C?", using the
graphing functions, to have complex tangents.

Lemma 2.6. Let f,...,f* : C* — C be C'-smooth functions. Let M := {(z,w) €
C? :w, = fY(2), v=1,...,n}. Let P := (a, f*(a),..., f"(a)) € M. Then, M has a
complex tangent at P € M if and only if there exists a vector (vi,...,v,) € C"\ {0}
such that .

Zvjaé(a) =0 VYwv=1,...,n.

: 8zj

7j=1
Proof. The proof follows from the following fact due to Wermer [23].

Fact. Let hy,. .., hy be Cl-smooth complex valued functions defined in a neighbourhood
U of 0 € R* such that the function h := (hi,...,hy) is a reqular map on U into C™.
Let S := h(U). Then, S is totally real at h(0) if and only if the complex rank of the

matrix (ahj (O)> is k.
0 i

T
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3. THE PROOF OF THEOREM 1.2

We begin the proof by constructing a tube-like neighbourhood of the graph and a
non-negative plurisubharmonic function defined in it, which vanishes on the graph. This
constitutes Step I. Further steps then lead us to showing the desired compact to be
polynomially convex on the basis of our construction in the first step.

Step I: Constructing a tube-like neighbourhood G of the graph and a plurisubharmonic
function u on G.
In this case we consider the defining functions:

uy(z,w) = |w, — fY(2)], v=1,...,n.

and
= Z u?(z,w).
v=1

‘We obtain the Levi form:

n n 2f1/ n 82 v o
Lul5V) = Z (F = w) Z 0%; 6Zkvjvk+ o ]; 8,2;8,%%%

ofy of _

(z&&ﬁww;&zw&)w

"L ofk

o Vil — Z o vktj +Z\ty|2

7,k=1 J 7,k=1
where we denote V = (v,t) = (v1,...,Un,t1,...,t,) € C?*. Swapping the subscripts j

and k£ in the first sum in the second line above allows us to see that:

l/aV
_2ZRe v —w,)Lf" (2 Z (Zgﬁ aﬁ}{)vﬂ)k

7,k=1
of” of ~0f NP
- Z (Z i azj> Z o5 Z o +) It
k=1 Jk 1 jk=1 v=1
_ ’ f” f ?
QERe wy) LY (z;v) +8van t,
= ofrof’\
QXZM&MW
J,k=1 \v=1
—QZRe v—w,)LfY (z;v) +Z —v +~'+6va —t ;
v 1 aZn n v
afrr__J?
f” of __ v vy,
VLt =T —2yzlyf —w, || (z;0)]. (3.1)
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Let
L(2) := max ( sup |2f”(z,v)|>a
v [[v|[=1
and
n afr afI/72
— inf Lot iy .
)= L, (;Z:l E 0z )

Since the graph Gren (F) is totally real, by Lemma 2.6, we have m(z) > 0 for all z € C™.
Define

- S ) — ) < )
G := {(z,w) e C™: Vz::lf (z) —wy| < 2L(z)}'
From (3.1), it is clear that u is strictly plurisubharmonic on G and u=1{0} = Gr(f1, ..., f*).
Since w C G (by hypothesis), we have u € psh(w) and K C Grea(F) C u=1{0}.
Step II: Showing that K C u='{0}.
Since, by Step I, u € psh(w) and K C u~!{0}, all the conditions of Lemma 2.2 are

fulfilled with given compact K, v := u and ¢ := V. Hence, in view of Lemma 2.2, we
obtain

K c u {0}

Step III: Completing the proof.

The aim of this step is to show that K is polynomially convex. After a suitable regu-
larization of ¥ we may assume that ¥ is continous. We now consider K := {(z,w) €
Gren(F) 1 U(z,w) + € < 0}, where

—e :=sup ¥(z,w).
K

Clearly, K C K;. Thanks to the fact that K C w = {(z,w) € C" x C" : ¥(z,w) < 0},
we get that e > 0. U is plurisubharmonic in C??,
K, C {(z,w) € C¥ : U(z,w) < 0} =w C G.

By Lemma 2.2, with the compact K1, 2 := G v := u and ¢ := ¥, we conclude that
K1 C v~ '{0} = M. Hence, K; is polynomially convex. Using Lemma 2.3, we conclude
that K is polynomially convex.

The converse follows from Result 2.4.

4. PROOF OF THEOREM 1.5

Our proof of Theorem 1.5 follows in lines similar to that of Theorem 1.2. Again, using
the defining equations, we will construct a nonnegative plurisubharmonic function in a
tubular neighbourhood of the given compact subset K.

Proof of Theorem 1.5. As before, we divide the proof in three steps.

Step 1. Existence of a plurisubharmonic function u on a neighbourhood of K with K C
u~H{0}.
Let us define the following function:
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We now compute the Levi-form for the above function u. For that, We have

2n—k

2n—k

0%u 0%p 8pl ap,
=2 4.1
95,05 ; pi(z )azjazk Z 92 Doz (4.1)
Hence, the Levi-form of u:
" 9%
LU(Z,'U) - Z 8Zj8Zk( )U]vk‘
7,k=1
2
2n—k n azpl 2n—k| n p
=23 3 g2 3 (3 G
I=1 jk=1 =1 |[j=1
2
2n—k apz
=2 Z p1(2)Lpi(z,v) Z Z
=1 =1 |j=1
2n—k 3p
l
>2) oz (| 2 Z o1(2)]|£pi(2,v)]. (4.2)
=1 |j=1

Let us define the following set

2n—k ’I’)’L(Z)
0= "
{ZEC lz; lpu(2)] < L(Z)}7
where
L(z) := max ( sup Iﬁpz(z,v)l> :
[[v]|=1
and
2
— 3Pl
\|v\| 1 Z 8,2]

=1 |j=

1

Since M is totally real, by Lemma 2.5, we get that m(z) > 0 for z € M. From (4.2), we

obtain that

Lu(z,v) >0, for all z € Q,

Hence, u is plurisubharmonic in 2 and K C u~1{0}.

Step II. Showing that K C u='{0}.

Let us denote w := {z € C" : ¢(z) < 0}. By the assumption u is plurisubharmonic in
w. Invoking Lemma 2.2 again with Q := w, v := u, we get that

K c u'{0}.

Step III. Completing the proof.

As in the proof of Theorem 1.2 we consider

Ki:=Mn{zeC":¢(z)+e <0},

where —e = supy ¢(z). The remaining part of the proof goes in the same way as in Step
IIT of the proof of Theorem 1.2.
As before, the converse follows from Result 2.4 ]
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5. EXAMPLES

In this section we provide a couple of examples of totally-real submanifolds of C2: the
first one is given in Hormander-Wermer [10].

Example 5.1. We consider the graph K = {(z, f(z)) € C% : z € D} over the closed
unit disc D, where f(z) = —(1 + i)z + 9222 + 2223, It is shown in [10], by attaching an
analytic disc to {(z, f(z)) : |z2| = 1} C K, that K is not polynomially convex. Here we
focus on the closed subsets of the compact K of the form:

K, :={(z f(2) € C*: |z| <r}.

Since K is a subset of a totally-real submanifold M = {(z, f(2)) : z € C}, we already

know that there exists an 7 > 0 such that K, = K,.. Here a range for r is deduced for
which K, is polynomially convex. We use Theorem 1.2 to show that K, is polynomially
convex for all r € [0,1/2].

Let us first compute:

%(z) = —(1+14) + 22" + 32,
>’f 2
=2Z(1 .
8z8§(z) zZ(i + 3|z]%)
Hence, in the notation of Theorem 1.2, we have
0% f
(2) = 1555 (2)| = 2lz[V1+ 9]z
O P s ot a2
m(z) = 82(2) =9|z|° = 2|z|* — 4|z|* + 2. (5.1)

We get a neighbourhood of K as

2|z|y/1 +9]z|*

in which u(z,w) := |w — f(z)|* is plurisubharmonic. We now note that the function
h(r) := 9r* — 2r2 — 4r + 2 is monotonically decreasing in the interval [0,1/3]. Hence,
from (5.1) we have

8 —2z* — 42> +2
Q= {(z,w)€C2:|wf(z)\<9|Z| 27— 4=+ }

| 2

inf = h(1/4) = 233/256.
‘Zﬂgl/zm(z) h(1/4) = 233/256

Consider another function
g(s) := 251+ 9s*.

A simple computation shows us that g is strictly increasing in [0,1/2]. Hence, we have

sup L(z) =g(1/2) =5/4.
|2]<1/2
Hence, we get that the open set Q = {(z,w) € C2 : |z| < 1/2 + 6, |w — f(2)| <
233/320 + ¢} C Q for sufficiently small 6 > 0 and £ > 0. We now consider the following
function
¢(z,w) = |w + (1 +)z[*.
Since the quadratic for corresponding to the complex hessian of ¢ is:
82¢ 82¢ uv + 82¢ VU 82(15
020%Z 0z0w w0z Owow

lul? 4 [v|? = |u® + 2|v|? > 0 V(u,v) € C*\ {0}.
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Note that ¢ is a strongly plurisubharmonic function on C?. We have

V17
sup [2/1+ [0 = L

j2l<1/2 3
Consider the function ¢ : C*> — R defined by
bz, w) = ¢z, w) — K,

233 — 101
where k = % — ¢ for sufficiently small €. Clearly, 1 is also strongly plurisub-
harmonic in C2.
Claim:

K, C {¢(z,w) <0} N{(z,w) € C*: |2| < 1/2+ 48} C Q,

for some sufficiently small § > 0.
Let us first proof the second part. Suppose (z,w) € C? such that |z| < 1/2 such that
¥ (z,w) < 0. This implies:

d(z,w) < k2
=|w+ (1+19)Z| <k
10417 233
1+i)z =
= |w+ (1 +1)z| + 390 < 390
o e s 233
= |w+ (1+9)z|+ sup [(i+ |2|°)Z]|]z]* < =—
21<1/2 320
- o 233
=|w—f(2)| <|lw+ (1+9)z]+ sup [P+ |2]°)Z]||z]* < =—.
121<1/2 320

Hence, for sufficiently small § > 0, we have
{(z,w) <0} N{(z,w) € C: |z| < 1/2+ 6} C Q.
We now show the first part, i.e., we need to show that for |z| < 1/2,

¥(z, f(2)) <0.
‘We have
¢z, f(2) = |f(2) + (1 + i)z
= |2[°(1 + [2[*).

Since h(r) := r3(1 + r2) is an increasing function on [0, 1/2], we have

17
sup [z[°(1+[2[1) = .
i<tz 1024

Hence, we obtain

sup @(z, f(2)) < k*.
21<1/2

Hence, K, C {¢(z,w) < 0} N {(z,w) € C? : |z| < 1/2 + §}. Therefore, by using
Theorem 1.2, we conclude that K, = K, for all » € [0,1/2].



12 SUSHIL GORAI

Remark 5.2. An another example of similar type to Example 5.1 is given in [8]. The
totally-real graph in [8] is:

M= {(zw) € C? s w = g(2)},
where g(2) = 2(|22 = 1)eil**. Let K :== M N {(z,w) € C%: z € D}. An analytic disc ¢ :
D — C? defined by ¢(z) = (2,0) attached to K. After a computation analogous to that

in Example 5.1 and applying Theorem 1.2, we can find that for every r € (0,1/16v/11),
K, is polynomially convex.

Example 5.3. Let us consider the following graph in C? over R?:

M = {(x1 +ic(x] + 23), 2 +id(x3 + 23)) € C* : 21,29 € R},

1 _
where 0 < ¢,d < 50" We show that the compact K := M N D? is polynomially convex.
In this case we have p := (p1, p2), where

1 c 1
p1(z1, 22) == 27;(21 —Z1) — 1 <(Z1 +7)2 + 5(22 —1—22)3)

1 d (1
plerne) = gia =) - § (3t 3P 4 (4 )

Clearly K = p~'{0} N D2. Using the notation zj = xj +1yj, j = 1,2, we compute:

Op1 Op2

671(2):@/2—0331, %(z):z/Q—dxg,
a—ﬂ(z :_30517%, 87%(2 :_Sda:%,
822 2 621 2
d’p1 %p1 9*m 3cxy
— ¢/ — _
Y e = Rl LN oy, 2
9%ps 3dxy 9%ps 9%ps
A S vov; =~ Gl B v =G A

From the above computation we get that:

O%p 9 O*pr _ O*py 2
2R
St e+ 2Re (2P (2ot + 5 (e

L(z) = max | sup
= (nvn:l

< 2max{c, d}

t 3cr3
——cx | v — v
5 1)1 5 2

Hence, the neighbourhood

0= {z € C%: [p1(2)] + |p2(2)| < 72((5))}

2 .
3dx3
+ ‘ <; - dl’z) vy — ;201

= inf
™3 =

of K contains the open set
5
{secriin-cat+abl 4l - et 4ol < 2oL

and u(z) := p3(2) + p3(2) is plurisubharmonic in . Since the constants ¢, d < 1/60, we
get that
K eD(0;1+¢)xD(0;1+4¢) CQ,
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where 0 < ¢ < 1/100. Therefore, by applying Theorem 1.5, we conclude that K is
polynomially convex.
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