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A B S T R A C T 

Non-dissipative, transonic, sub-Keplerian accretion flow on to black holes is characterized by two conserved parameters: 
specific energy and specific angular momentum of the flow. For certain range of these parameters, the accretion flow shows 
shock formation and the post-shock matter forms a boundary layer which is believed to shape the radiative properties of 
the accretion disc. In this work, we identify the parameter space for shock in such accretion flows using multidimensional 
numerical simulations around non-rotating black holes and demonstrate that the shock formation parameter space is 
much larger than the analytically calculated one. We also find the boundary layer to be dynamic for a significant part of 
this parameter space and self-consistently produce outflow from the accretion disc. 
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 INTRODUCTION  

lack hole accretion solutions are necessarily transonic. It has 
een shown that general solutions of non-dissipative transonic 
ccretion flows are described by two conserved parameters, 
amely, the specific (per unit mass) energy ε and the specific an-
ular momentum l (J. Fukue 1987 ; S. K. Chakrabarti 1989 , 1990 ).
he solution with non-zero ε but zero l leads to the well-known 
pherically symmetric, Bondi accretion solution (H. Bondi 1952 ). 
ith increasing l, the axisymmetric accretion flow experiences in- 
reasing outward centrifugal force. This results in the formation 
f a potential barrier close to the black hole, very much similar
o what is observed in studying the non-radial motion of a test
article around black holes (C. W. Misner, K. S. Thorne & J. A.
heeler 2017 ; S. L. Shapiro & S. A. Teukolsky 1983 ). If the flow
as sufficient energy to overcome the barrier, accretion on to 
lack holes is possible. Because of this potential barrier, accreting 
atter does not achieve a monotonically increasing magnitude 
f radial velocity profile. Rather, the velocity profile shows a dip
lose to the black hole. For certain ranges of l and ε, the accretion
ow can even develop a shock. 
Since the conceptualization of the shock formation in the ax- 

symmetric accretion flow, several analytical and numerical stud- 
es have been carried out to investigate its formation, stability, 
ow parameter dependence, etc. An analytical solution aims to 
nd the radial profile of accretion flow variables (e.g. velocity, 
ensity, and pressure) under the assumption of a thin, conical or
onstant height flow geometry, or for a thick flow under vertical 
quilibrium (S. K. Chakrabarti 1989 , 1990 ; S. K. Chakrabarti &
. Molteni 1993a ; S. K. Chakrabarti & S. Das 2001 ). The shock
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t 2026
ocation is found by Rankine–Hugoniot (RH) analysis, suitably 
erformed for these model flows. In numerical simulation, the 
olution of time-dependent fluid dynamic equations using suit- 
ble matter inflow boundary conditions determines the flow pro- 
le. Inflowing fluid variables may be computed using the above- 
entioned analytical methods. For suitable parameters, the nu- 
erical solution self-consistently identifies the shock solution. 
omparison between model-based analytical and numerical so- 
utions shows very good agreement between the two methods (S. 
. Chakrabarti & D. Molteni 1993a ; D. Molteni, D. Ryu & S. K.
hakrabarti 1996 ; S.-J. Lee, D. Ryu & I. Chattopadhyay 2011 ; S. K.
arain & J. Kim 2023 ; S. Debnath, I. Chattopadhyay & R. K. Joshi
024 ). Several general relativistic (GR) hydrodynamics simula- 
ions (J. Kim et al. 2017 , 2019 ; S. K. Garain 2025 ) also demonstrate
uch agreement. Numerical simulations, additionally, allow us to 
tudy the long-time stability of the shock solutions in multiple 
imensions. 
Shock formation in the transonic, axisymmetric accretion 
isc plays an important role in interpreting observed high- 
nergy radiation from several black hole X-ray binaries. The sub- 
eplerian component in a two-component advective flow (TCAF; 
. Chakrabarti & L. G. Titarchuk 1995 ) undergoes a shock tran-
ition. The shock makes the post-shock flow geometrically thick 
nd hotter, and allows efficient mixing of the Keplerian compo- 
ent with the sub-Keplerian one to make this region optically 
lim. Thus, this post-shock flow becomes an ideal site for inter-
epting a fraction of low-energy photons originating from the Ke- 
lerian disc and inverse-Comptonizing them to higher energies. 
he shock-compressed post-shock flow also allows the formation 
f outflow. TCAF model, as included in XSPEC (K. A. Arnaud
996 ), is being extensively used to model X-ray observations from
igh-energy sources (D. Debnath, S. K. Chakrabarti & S. Mondal 
014 ; S. K. Chakrabarti, S. Mondal & D. Debnath 2015 ; A. A.
This is an Open Access article distributed under the terms of the
/by/4.0/), which permits unrestricted reuse, distribution, and
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olla et al. 2017 ; J. R. Shang et al. 2019 ; P. Nandi et al. 2021 ; S. K.
ath et al. 2024 ; A. C. Eze et al. 2025 ). 
Shock formation in the transonic accretion solution requires

he presence of more than one X-type sonic point (J. Fukue 1987 ;
. K. Chakrabarti 1989 ). Subsonic flow from an infinite distance
rst accelerates to supersonic speed by crossing the outer X-type
onic point. This supersonic flow then undergoes a shock tran-
ition, and the post-shock flow again accelerates to supersonic
peed (i.e. passes through the inner X-type sonic point) before
eaching black hole horizon (satisfying inner boundary condi-
ion). Parameter space spanned by ε and l shows that such a
ondition of more than one X-type sonic point is satisfied for a
imited range of these parameters (see e.g. S. K. Chakrabarti 1990 ;
. Das, I. Chattopadhyay & S. K. Chakrabarti 2001 ). Even within
his limited region, the occurrence of shock in the accretion so-
ution requires that the entropy of flow at the outer sonic point
e less than that at the inner sonic point. This imposes further
estrictions and makes the parameter space for the shock even
ore shrunk (S. Das et al. 2001 ). Moreover, RH analysis can locate
 shock that is standing (i.e. stationary). On the other hand, mul-
idimensional numerical simulations indicate that a shock can
orm in non-dissipative flow with parameters outside this allowed
arameter space (D. Molteni, G. Lanzafame & S. K. Chakrabarti
994 ; D. Ryu, S. K. Chakrabarti & D. Molteni 1997 ; D. Molteni, G.
erardi & V. Teresi 2006 ; K. Giri et al. 2010 ; S. K. Garain & J. Kim
023 ). Not only this, the shock surface can oscillate both radially
s well as vertically (A. Deb, K. Giri & S. K. Chakrabarti 2016 ; S.
. Garain & J. Kim 2023 ). There are also instances of multiple
hock formation inside the accretion solution. Such oscillating
hocks are believed to produce quasi-periodic oscillations (QPOs)
n the TCAF model (S. K. Chakrabarti et al. 2015 , and references
herein). However, such simulations are carried out for a few sets
f parameters outside the said parameter space in isolated ways. 
Several other groups independently investigated the non-
issipative sub -Keplerian accretion solutions using numerical
imulations and found a variety of solutions. GR hydrodynamic
imulations of J. R. Wilson ( 1972 ) and J. F. Hawley, L. L. Smarr
 J. R. Wilson ( 1984 ) find shocked accretion solutions, though
he shocks are unstable and move outward. D. Ryu et al. ( 1995 )
onsiders accretion on to a Newtonian star using a non-GR code
nd reports standing as well as oscillating accretion shock solu-
ion. D. Proga & M. C. Begelman ( 2003a , b ) study the accretion
f low-angular momentum flow on to a non-rotating black hole
escribed by pseudo-Newtonian potential and find formation of 
 non-accreting torus close to the equator. In these simulations,
nfalling matter starts accreting from the outer boundary with a
mall, latitude-dependent l with l being highest at the equator
nd zero near the pole. A similar set-up is used in GR hydrody-
amic simulations of P. Suková, S. Charzyński & A. Janiuk ( 2017 )
nd H. R. Olivares, M. A. Mościbrodzka & O. Porth ( 2023 ). These
imulations show a variety of solutions with various choices of l,
nd find shock and post-shock torus formation for some cases.
here are non-GR and GR magnetohydrodynamic simulations
lso studying the flow profile, including shock of low angular
omentum accretion on to black holes (S. K. Garain et al. 2020 ;
. Mao et al. 2025 ). 
All the above-mentioned simulation works thus agree that for

 certain range of flow parameters, shocks can form in the accre-
ion flow. Model-based analytical works have identified the pa-
ameter space for standing shock formation. However, numerical
imulations seem to indicate that various types of shock solutions
standing, propagating, oscillating, etc.) are possible. In this work,
NRAS 549, 1–12 (2026)
e perform a thorough investigation using multidimensional nu-
erical simulation on a much larger parameter space than the
heoretically predicted space and aim to identify the parameter
pace which shows shock formation in the accretion solution. To
ur knowledge, no such simulation-based parameter space iden-
ification for shock has been done earlier. We use the analytically
alculated parameter space as our guide and perform our scan
nside a rectangular region surrounding this. We choose more
han 280 sets of ( l, ε) pairs inside this rectangular region and
erform a two-dimensional simulation (assuming axisymmetry)
f a geometrically thick accretion disc corresponding to each
et. We perform systematic analysis on this simulated accretion
isc configurations to identify whether it is accretion or outflow
ominated, and if it is accretion dominated, how does the shock
urface behave (in case shock forms). Based on our findings, we
ark a set, and finally, we draw the boundary of the parameter
pace for the shock in the accretion flow. We also mark the no-
hock, oscillatory shock and outflow-dominated regions. 
Our paper is organized as follows. In Section 2 , we review the
nalytical method for identifying the ( l, ε) parameter space for
hock formation in the transonic, sub-Keplerian accretion flow.
n Section 3 , we present our multidimensional simulation proce-
ure. In Section 4 , we present our results. Finally, in Section 5 , we
rovide a summary and our concluding remarks. 
In our following calculations, we use rg = 2 GMbh /c2 as unit of 
istance, rg /c as unit of time and rg c as unit of specific (i.e. per
nit mass) angular momentum. Specific energy is measured in
nits of c2 . Here, G is the gravitational constant, Mbh is the mass
f the black hole, and c is the speed of light in vacuum. 

 ANALYTICAL  METHOD  FOR  PARAMETER  

PACE  IDENTIFICATION  

n this section, we briefly describe the methods to identify the pa-
ameter space for shock formation. Several works describe the pa-
ameter space calculation method for non-dissipative transonic
ccretion flow on to non-rotating black holes (S. K. Chakrabarti
989 ; D. Molteni et al. 1994 ; S. Das et al. 2001 ; S. Mondal & S.
. Chakrabarti 2006 ; S. Mondal & P. Basu 2020 ). We use a semi-
nalytic method for reproducing the parameter space. 
Non-dissipative flow is described by the following energy and
ass conservation equations: 

= v2 e 
2 

+ a2 e 
γ − 1 

+ l2 

2 r2 
− �, (1) 

˙
 = ve ρrh. (2) 

Here, r is the distance from the black hole, ve (r) is the fluid
elocity on the equator, ae (r) is the sound speed at the equator,
(r) is the density, and h (r) is the disc half-thickness. �(r) repre-
ents the gravitational potential. For current work, we use �(r) =
1 / 2(r − 1) (B. Paczyńsky & P. J. Wiita 1980 ). We perform the
alculation for the vertical equilibrium model and hence, use
 (r) = ae r

1 
2 (r − 1) (S. K. Chakrabarti 1990 ). These equations are

sed along with the equation of state 

 = Kργ , (3) 

ith P being the pressure, K being a constant measuring the
ntropy, and γ = 4 / 3 being the polytropic index. This equation
f state provides us with 

2 
e =

γP 
ρ

= γKρ (γ−1) . (4) 
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Figure 1. Shows allowed parameter space in the l − ε plane for the 
standing shock formation in the non-dissipative sub-Keplerian accretion 
flow. This is found using analytical method. 
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This equation allows to substitute ρ form equation ( 2 ) and 
xpress Ṁ in terms on ve and ae . Next, this equation and equation 
 1 ) are differentiated w.r.t r keeping in mind that both d ε/ d r = 0
nd dṀ / d r = 0 . Now, eliminating d ae / d r from both equations,
ne can obtain 

d ve 
d r 

=
2 a2 e 
γ+1 · 5 r−3 

2 r (r −1) − 1 
2(r−1)2 + l2 

r3 

ve − 2 a2 e 
(γ+1) ve 

. (5) 

One can now perform the so-called sonic (critical) point anal- 
sis on this equation. This yields 

2 
e,c =

2 
(γ + 1) 

a2 e,c (6) 

nd 

2 
e,c =

(γ + 1)(rc − 1) 
r2 c (5 rc − 3) 

[ r3 c 
2(rc − 1)2 

− l2 
]

(7) 

t the critical point r = rc . Thus, at the critical point we have 

= v2 e,c 
2 

+ a2 e,c 
γ − 1 

+ l2 

2 r2 c 
− 1 
2(rc − 1) 

. (8) 

pon using equations ( 6 ) and ( 7 ) in this equation, one obtains a
uartic equation in rc . The solution allows for locating the critical 
oints: for a given set of l and ε, one can solve this equation ana-
ytically or numerically, and identify whether the given ( l, ε) pair
llows the existence of three critical points outside the black hole 
orizon. Out of these three critical points, the outermost and in-
ermost points are X-type, and the middle one is O-type. If a pair
atisfies this condition, we proceed to compute the solution and 
dentify the shock location. Equation 5 can now be solved numer-
cally using fourth-order Runge–Kutta scheme to obtain ve (r) and 
ubsequently, ae (r) and hence the Mach number M(r) = ve /ae . 
olution branches passing through both the X-type critical points 
re found. Next, we use the shock invariant combination of Mach 
umbers (following S. K. Chakrabarti 1989 ), which is continuous 
cross the shock, to find the existence and location of the shock.
o identify the shock formation parameter space spanned by 
 l, ε), we scan a rectangular domain [1.4:2.0] ×[0.00001:0.0177] 
sing 31 ×60 pairs and identify the pairs that allow shock forma-
ion. The shaded region in Fig. 1 shows the said parameter space.
Stability analysis of accretion flows involving shocks has been 
erformed by several groups. S. K. Chakrabarti ( 1989 ) has per-
ormed a local stability analysis and demonstrated that shocks 
re stable in the short-wavelength limit. Several other subsequent 
lobal stability analysis (K. Nakayama 1992 , 1994 ; K. Nobuta &
. Hanawa 1994 ; W.-M. Gu & T. Foglizzo 2003 ; W.-M. Gu & J.-
. Lu 2006 ) demonstrate that these shock structure may be sta-
le under various conditions. Two-dimensional, time-dependent 
umerical simulations of shocked accretion flows in the equato- 
ial plane with non-axisymmetric azimuthal perturbations reveal 
hat axisymmetric shock structure becomes non-axisymmetric 
D. Molteni, G. Tóth & O. A. Kuznetsov 1999 ). However, this non-
xisymmetric, spiral shock structure is stable. Such simulations 
re extended to three-dimensions in S. K. Garain & J. Kim ( 2023 )
here we again confirm the same conclusion. 

 SIMULATION  PROCEDURE  

or this study, we run more than 280 number of two-dimensional
deal hydrodynamics simulations in the R − Z cylindrical do- 
ain. We assume axisymmetry in the φ direction. The following 
onservation equations are solved numerically: 

∂ U 

∂ t 
+ 1 
R 

∂ ( RFR ) 
∂ R 

+ ∂ FZ 
∂ Z 

= S , (9) 

here the vector of conserved variables U , R-flux FR , and Z-flux
Z can be written as 

 =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

ρ

ρvR 
ρl 
ρvZ 
E 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

; FR =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

ρvR 
ρv2 R + P 

ρlvR 
ρvR vZ 

( E + P) vR 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

; FZ =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

ρvZ 
ρvR vZ 
ρlvZ 

ρv2 Z + P 
( E + P) vZ 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

nd the source term is 

 = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 
ρv2 φ
R + P 

R − ρ ∂ �
∂ r 

R 
r 

0 
−ρ ∂ �

∂ r 
Z 
r 

−ρ ∂ �
∂ r 

( RvR + ZvZ ) 
r 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. 

ere, ρ is density, vR , vφ, vZ are three components of velocity, 
 is pressure, E = 1 

2 ρ(v
2 
R + v2 φ + v2 Z ) + P 

γ−1 and l = Rvφ . r repre-
ents the spherical radius and is given by r = √ 

R2 + Z2 . �(r) =
1 / 2(r − 1) represents the gravitational potential. We use poly-
ropic equation of state P = Kργ with γ = 4 / 3 and K being a
easure of entropy. The vector of primitive variables is denoted 
y 

 = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

ρ

vR 
vφ
vZ 
P 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

. 

We use similar simulation set up which has been used 
ver decades to simulate such transonic accretion flow (S. K. 
hakrabarti & D. Molteni 1993b ; D. Ryu et al. 1995 ; D. Molteni
t al. 1996 ; S. K. Chakrabarti, K. Acharyya & D. Molteni 2004 ;
. Okuda, V. Teresi & D. Molteni 2007 ; K. Giri et al. 2010 ; S.
. Garain, H. Ghosh & S. K. Chakrabarti 2012 ; T. Okuda & D.
olteni 2012 ; S. Das et al. 2014 ; S. K. Garain, H. Ghosh & S. K.
hakrabarti 2014 ; S.-J. Lee et al. 2016 ; J. Kim et al. 2017 , 2019 ;
MNRAS 549, 1–12 (2026)
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M

Figure 2. Shows the simulation domain and the set up. Inflow boundary 
condition is used at R = Rout and outflow boundary condition is used 
at Z = Zout . Matter is absorbed inside r = rBH (blue region). Reflection 
boundary conditions are used on the axis ( R = 0) and the equator ( Z = 0). 
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. K. Garain & J. Kim 2023 ; S. Debnath et al. 2024 ). Our simu-
ation set-up is sketched in Fig. 2 . The simulation domain is [ 0 :
out ]x[ 0 : Zout ]. A black hole with radius rBH =

√ 

R2 + Z2 = 1 . 8
s placed at the origin. To mimic matter absorption by the black
ole, we set ρ and P to respective floor values and the velocity
omponents to zero on all grid points inside r = rBH . We allow
atter coming from far away to enter our simulation domain
hrough the outer radial boundary. Thus, we impose an inflow
oundary condition at R = Rout , i.e. we maintain a constant V
n the ghost zones of this boundary. The disc half-height at in-
ection is assumed to be h = Zout = Rout / 2 . Reflection boundary
ondition is used on the axis R = 0 and on the equator Z = 0 . Be-
ause our flow is axisymmetric, the velocity components normal
o the rotation axis cancel out. This justifies reflection boundary
ondition on the axis. For our flow, matter rarely reaches R = 0
ecause of non-zero angular momentum. Hence, the flow profile
s generally insensitive to this specific boundary condition, which
s verified for a few cases. Reflection boundary condition on the
quator Z = 0 arises due the assumption that the flow dynamics
s symmetric with respect to the equator. Thus, the velocity com-
onents normal to the equator is exactly zero at Z = 0 leading
o zero mass flux across the equator. This assumption imposes
ome restriction though as discussed in Section 5 . The outflow
oundary condition is used on the upper Z -boundary Z = Zout .
he simulation domain is initially filled with static background
atter having density and pressure as respective floor values. 
Our numerical solution scheme is the same as in S. K. Garain
 J. Kim ( 2023 ). We use the finite volume method, and the
ode is globally second-order accurate. The spatial reconstruction
s done using the van Leer limiter, interfacial fluxes are calcu-
ated using the HLL Riemann solver, and the time-integration is
one using a two-stage strong stability preserving Runge–Kutta
cheme. 
Since the numerical solutions depend on the inflow boundary
ondition, we describe its implementation in details here. The
nflow parameters V need to be found at all radial and vertical
host zones adjacent to the outer radial boundary at R = Rout .
n the radial direction, we use two ghost zones, and we use the
ame V in both. However, V varies in the vertical direction. We
rst compute V at the equator. ve and ae are computed following
NRAS 549, 1–12 (2026)
ection 2 for a given ( l, ε) pair. We set vR = ve and vZ = 0 . Since
he simulations are non-dissipative, density ρ = ρe is scaled to
. This allows us to compute pressure P = Pe = a2 e ρe /γ . l value
llows to calculate vφ = l/Rout . Once V at the equator is set, we
roceed to compute its values at other heights. Note that if we use
he equatorial V at different heights, resulting ε will not remain
onstant due to reducing gravitational energy 1 

2(r−1) with heights.
o compensate for this, we reduce vr =

√ 

( v2 R + v2 Z ) and a with
ncreasing height such that the vr /a ratio remains the same as
he equatorial Mach number ve /ae . This ensures that the injected
ow has a constant ε. vR and vZ are chosen in a way that vr vector
oints to the central black hole. Next, we enforce the flow to be
sentropic at all heights. This allows us to find the density ρ at

ll heights using ρ =
(

a2 
γKe 

)1 / (γ−1) 
, with Ke being the equatorial

ntropy Ke = Pe /ργ
e . Using this ρ, P = Ke ργ is found at all heights.

φ is computed using vφ = l/Rout . 

 RESULTS  

sing the above numerical simulation scheme and boundary
onditions, we aim to find a parameter space analogous to the
ne shown in Fig. 1 . For this, we scan the ( l, ε) domain [1.4:1.9]
[0.0001:0.0061] using judiciously chosen 286 points (each point
orresponds to a ( l, ε) pair). The outermost X-type critical radius
 rc ) is calculated for a given point, and it is used to determine the
imulation domain. Rout is chosen to be just inside this rc and
out = Rout / 2 . Thus, we don’t simulate a flow passing through
he outer sonic point. Rather, matter starts with a supersonic
peed from the outer boundary. This supersonic injection ensures
hat the inflow properties remain unaffected from the acoustic
eedback from the interior of the simulation domain and correctly
epresent the flow solution corresponding to given conserved in-
ow parameters. This practice is followed in all the references
entioned above. Clearly, our simulation domains vary with the
oints. We adjust number of grids in the R and the Z directions
ccordingly. For the chosen range of parameters, the outermost
c ranges between 34.4 and 2995.4. Thus, the lowest value of Rout 
cross our simulations is 29. However, due to limited computa-
ional resources, the highest value of Rout across our simulations
s restricted to 250. For all simulations, we use ratioed grids in
he R and Z with a common ratio of 1.003. Before fixing the grid
umbers, we experimented with a few cases and confirmed that
he final solution doesn’t depend on the grid size (i.e. solution is
onverged.) All simulations have been run till t = 50 000 . 

.1 Parameter space 

e run the multidimensional simulation for each point of the
arameter space and confirm that it reaches a steady state by sim-
lation stopping time. During the run, we compute the shock lo-
ation on the equatorial plane Z = 0 . This time-series data allows
s to identify whether a shock is formed for this point, and if yes,
hether it is standing or time varying. This way, we categorize
ll 286 points based on the solution characteristics and identify a
ulk region on the ( l, ε) plane that shows shock formation. Area
nside the red-dashed curve in Fig. 3 (a) represents this region.
he analytically determined parameter space for the standing
hock is also shown here by the black solid line. Note that, unlike
he smooth boundary found using the analytical method, the
umerically identified boundary is slightly jagged. This is the
anifestation of scanning the ( l, ε) domain with finite number
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Figure 3. Classification of parameter space for the non-dissipative sub-Keplerian accretion flow using numerical simulation. The red dashed line in (a) 
surrounds the parameters which show shock formation. The solid black lines overplot the boundary of the shaded region shown in Fig. 1 . Shocks can be 
standing or oscillatory. Region marked A shows standing shock solutions. Numerical simulations identify different types of oscillatory shocks in regions 
marked B (blue) and C (pink). Parameters from region E do not show shock formation though the effect of centrifugal barrier may be present. Accretion 
flow with parameters from region D passes through inner sonic point only. Four plots surrounding (a) demonstrate the gradual change in the solution 
nature with increasing l for a given ε = 0 . 0043 value. Radial Mach number variation along the equator is plotted in these plots. (b) shows the standard 
Bondi solution profile for l = 0 . With increasing l, the centrifugal barrier becomes prominent. (c) shows the solution with the barrier but without a shock 
for l = 1 . 42 . (d) shows the solution with a shock for l = 1 . 66 . Finally, with much higher l = 1 . 8 , the solution shows presence of only the inner sonic 
point. 
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f points. One may find smoother boundary by increasing the 
umber of scanning points. 
We identify this shock parameter space boundary curve at the 

ower and upper l values by analysing the gradual change of the
olution nature. Four plots surrounding Fig. 3 (a) demonstrates 
his gradual change in the solution nature because of increasing 
 for a given ε = 0 . 0043 value. Radial Mach number variation
long the equator is plotted in these plots. For a given value of 
, the solution corresponding to the lowermost l value (i.e. l = 0 )
s the standard Bondi accretion solution having only one sonic 
oint: a subsonic flow far away from the black hole becomes 
upersonic after crossing this sonic point. Fig. 3 (b) shows such
olution for ε = 0 . 0043 , l = 0 . For points just outside the left red-
ashed line boundary, the equatorial Mach number profiles show 

lear evidence of slow down due to centrifugal barrier, but the
ow remains supersonic. This ensures absence of inner sonic 
oint for such parameters. Fig. 3 (c) shows such a solution for ε =
 . 0043 , l = 1 . 42 . This region is marked as E . For slightly higher l,
he equatorial Mach profiles show steady supersonic to subsonic 
ransition (shock solution) and subsequently accreting flows pass 
hrough the inner sonic point before getting accreted supersoni- 
ally. Fig. 3 (d) shows such a solution for ε = 0 . 0043 , l = 1 . 66 . For
ome cases, the shock solutions are oscillatory. Region A shows 
he points with steady shock solutions, whereas, regions B and 
 show the oscillatory shock solutions. With increasing l (larger 
entrifugal barrier), the shock moves away from the black hole. 
nd finally, we find a situation when the shock reaches the outer
oundary of the domain leaving behind the subsonic flow which 
asses through the inner sonic point before getting accreted su- 
ersonically. Fig. 3 (e) shows such a solution for ε = 0 . 0043 , l =
 . 8 . Points from region D (right to the upper l boundary) show
hese solutions. We discuss examples of solutions from each of 
hese regions separately below. 
We observe that the simulation-based parameter space for 
hock is larger, specifically for lower l, than the analytical 
alculation-based parameter space. In analytical calculations, the 
ow is assumed to be in vertical equilibrium i.e. vertical pressure
radient force is balanced by the vertical component of gravity. 
his balance does not allow vertical motion of the fluid as the net
orce in the vertical direction is zero. In contrast, we find signif-
cant amount of vertical motion in our simulations, specifically 
ust after the flow passes the centrifugal barrier. This vertical mo-
ion accumulates a large part of the inflowing matter closer to the
quatorial region, thereby enhance the pressure in the equatorial 
egion, which helps in shock formation. For example, a set of 
arameters, ε = 0 . 0055 and l = 1 . 66 , allows a shock formation at
 = 12 . 14 as per analytical method and the density compression
s found to be 2.11. However, the numerical simulations detects a
teady shock at R = 16 . 06 on the equator with a density compres-
ion of 3.7. This extra compression results in extra pressure build
p in the post-shock region. One may add this extra pressure term
arametrically in the Rankine-Hugoniot analysis to analytically 
nd the shock location as done in D. Molteni et al. ( 1994 ) and
emonstrate that shock actually forms farther for a reasonable 
alue of the parameter. For this case, the parameter value is found
o be 0.1 which is reasonable (see D. Molteni et al. ( 1994 )). This
ame reason allows formation of shock in numerical simulations 
or the parameter sets with lower l values, which do not accept
hock solution analytically. 
In passing, we also wish to mention that in full three-
imensional (3D) simulation, flow is dynamically active in all 
hree spatial directions. However, if a full axisymmetric inflow 

oundary condition is imposed, the flow remains axisymmetric 
hroughout the domain because the centrifugal barrier is axially 
ymmetric and fluid parcels along all φ are affected in the same
anner. This is demonstrated in S. K. Garain & J. Kim ( 2023 ).
MNRAS 549, 1–12 (2026)
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Figure 4. (a) log10 ρ distribution with velocity vectors overplotted and (b) radial variation of Mach number are shown here for a typical point of A region 
in Fig. 3 (a). This is an example of standing shock solution in our simulation. Parameters ε = 0 . 0055 and l = 1 . 62 are used for this simulation. This set of 
parameters does not allow shock formation as per analytical method. However, numerical simulation shows standing shock formation at R = 9 . 98 on 
the equator. 
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ince the flow remains fully axisymmetric, there is no difference
etween our current 2D and a similar 3D flow structure. So we
elieve that the shock parameter space found in this work will
emain the same if we repeat the task using 3D simulation with
ull axisymmetric inflow boundary condition. However, if non-
xisymmetric variation (through e.g. a density perturbation) is
xplicitly introduced in the φ direction of a 3D simulation, flow
evelops non-axisymmetric structure and solution profiles dif-
er significantly from a 2D flow structure. In several works (D.
olteni et al. 1999 ; H. Nagakura & S. Yamada 2008 , 2009 ; S. K.
arain & J. Kim 2023 ), it is reported that such a perturbed flow
evelop larger post-shock, turbulent region. Thus, it is possible
hat the shock parameter space may change in 3D simulations
ith non-axisymmetric structure. 

.1.1 Region A 

ur numerical simulations find solutions with standing as well
s oscillatory shocks. For a significant part of the scanned space,
hocks are non-oscillatory or oscillatory with a very small ampli-
ude ( < 2 rg ). We mark that region of space with A in Fig. 3 (a).
ypical solution profile for a point in this region is shown in Fig.
 . ε = 0 . 0055 and l = 1 . 62 are used for this case. This simulation
as been conducted in a simulation domain [0:40.82] ×[0:20.34]
sing [148 × 74] ratioed grids. Fig. 4 (a) shows the log10 ρ distri-
ution in colour, overplotted with velocity vectors. The solution
t time t = 50 000 is shown here. One can identify the parabolic
hock surface from the density contrast starting at the equator
round R = 10 and moving vertically up. This surface is known
s centrifugal barrier supported boundary layer (CENBOL). Fig.
 (b) shows the radial variation of the Mach number along the
quator (dash–dotted line), and the shock location is R = 9 . 98 on
he equator. We additionally plot the Mach number profile ob-
ained from the analytical method (solid line). Branches passing
hrough the outer and the inner sonic points are shown. How-
ver, the analytical solution is shock free. The numerical solution
hows shock solution and post-shock flow follows the analytical
ranch passing through the inner sonic point. For all the other
oints in this region, the solution profile is mostly similar except
hat the shock is located nearer or farther from the black hole. We
nd that for a given ε, the shock location moves farther out with
ncreasing l. On the other hand, for a given l, the shock location
oves farther out with increasing ε. 
NRAS 549, 1–12 (2026)
.1.2 Region E 

olution profile for a typical point in region E also shows the
resence of CENBOL, albeit in a very weak form. This is under-
tandable because a lower l would produce a weaker centrifugal
arrier. Fig. 5 (a) shows the log10 ρ distribution in color, and (b)
hows the Mach number profile along the equator (dashed-dot
ine) for a typical point from this region. Here again, we show the
ach number profile obtained from the analytical method (solid

ine). Only outer sonic point exists for this case. ε = 0 . 0019 and
 = 1 . 46 are used for this case. The solution at time t = 50 000 is
hown here. This simulation has been conducted in a simulation
omain [0:99.72] ×[0:49.765] using [256 ×128] ratioed grids. We
otice a very thin layer of enhanced density behind CENBOL.
he Mach number profile also shows a jump. However, the flow
emains supersonic even after that and accretes on to the black
ole supersonically. Thus, no shock (supersonic to subsonic tran-
ition) forms for such cases and hence, the inner sonic point is
lso not present. 

.1.3 Region B and C 

arameters from regions marked B and C show numerical solu-
ions with the oscillatory shocks. In Fig. 3 (a), we have marked
nly those oscillating cases that have a significant amplitude,
reater than or equal to 2. However, the nature of the oscillations
s different for these two regions. We extensively discuss these
olutions now. 
Fig. 6 shows the time variation of shock location on the equato-

ial plane for two different cases, one from region marked B and
nother from C . The representative case from B has ε = 0.0013
nd l = 1.58. This simulation has been conducted in a simulation
omain [0:99.72] ×[0:49.765] using [256 ×128] ratioed grids. All
oints from this region show a similar type of higher frequency,
egular oscillations. Upon careful observation, we notice that the
hock oscillations are mostly confined within a region close to the
quator. The upper part of the CENBOL doesn’t participate in the
scillation. To demonstrate this, we plot the density distribution
t four successive time points, indicated by four black solid dots
ithin a single oscillation. The four snapshots are shown in Figs 7
a)–(d), and they are drawn at instances t = 24 650, 24 800, 24 950,
5 100, respectively. Colour shows log10 ρ distribution and arrows
how velocity vectors. (a) shows that a parabolic shock surface
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Figure 5. (a) log10 ρ distribution with velocity vectors overplotted and (b) radial variation of Mach number are shown here for a typical point of E 
region in Fig. 3 (a). This is an example of no shock solution. Parameters ε = 0 . 0019 and l = 1 . 46 are used for this simulation. This set of parameters 
does not show shock formation both analytically and numerically. However, numerical simulation shows piling up of matter and resulting supersonic 
to supersonic jump due to centrifugal barrier. 

Figure 6. Time variation of shock location at the equator for two cases, 
one from region marked B and another from C . Flow parameters are 
marked in the legend. Solutions exhibit steady oscillation for both the 
cases. Four points in a single oscillation are marked on each plot. We show 

the solution profiles at these four points in subsequent figures . 
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ouches the equator at R = 10 . 8 . At subsequent times (i.e, (b) and
c)), the lower part of the shock surface moves inward ( R = 9 . 7
nd R = 5 . 8 respectively), and then in (d), it again starts moving
utward ( R = 8 . 02 ). During this full oscillation, the upper part
oesn’t move at all. 
In contrast to B , solution for points from region C shows large
mplitude shock oscillation as indicated by the orange line in Fig. 
 . For this particular case, ε = 0.0019 and l = 1.78. This simulation
as been conducted in a simulation domain [0:99.72] ×[0:49.765] 
sing [256 ×128] ratioed grids. The solution shows oscillation of 
he entire shock surface. We show the density distribution at four
uccessive time points, indicated by four black circles within a 
ingle oscillation. The four snapshots are shown in Figs 8 (a)–
d), and they are drawn at instances t = 39 600, 40 600, 41 600,
2 000, respectively. Here, again, color shows log10 ρ distribution 
nd arrows show velocity vectors. (a) shows the shock surface 
ouches the equator around R = 40 . We also observe the presence
f a centrifugal barrier resulting in a sudden density increase 
round r = 50 . However, this is not a shock as the flow is still
upersonic. The shock location subsequently moves outward to 
early R = 60 in (c). At the end of the oscillation, it comes back
o around R = 40 in (d). As one can see, a large portion of the disc
articipates in the shock oscillations. We observe the presence of 
arge turbulent vortices in the solution for points from region C . 

.1.4 Region D 

he area to the right of the shock-forming boundary, marked by D
n Fig. 3 (a), represents outflow-dominated, nearly non-accreting 
olutions. A representative example of solution is shown in Fig. 
 . ε = 0.0043 and l = 1.8 are chosen for this one. This simulation
as been conducted in a simulation domain [0:50.78] ×[0:25.308] 
sing [148 ×74] ratioed grids. In Fig. 9 (a), we show log10 ρ distri-
ution in color, and arrows show velocity vectors. The snapshot 
s drawn at time t = 50 000. The radial variation of Mach number
long the equator for this case is shown in Fig. 9 (b). This plot
hows that the flow is subsonic at all radii except at the injection
oint and becomes supersonic only before getting accreted. The 
uccessive snapshots shows that these flows develop an outward 
ropagating shock which reaches the outer boundary of the do- 
ain, leaving behind the subsonic flow. A significant amount 
f injected matter can be seen to leave as outflow and form a
ortex-like structure, causing nearly no accretion of matter on 
o the black hole. For higher l flows, the centrifugal barrier is
ufficiently strong to stop matter from getting accreted. Prior nu- 
erical simulations in J. Kim et al. ( 2019 ) also reported a similar
ow profile for higher l (see Fig. 7 of this paper). 

.2 Parameter dependence of shock location 

he location and behaviour of the shock surface vary with the
ow parameters. We have extracted the parameter dependence 
f the shock location from the simulated data. In Fig. 10 , we plot
he shock-location χs along the vertical axis and ε along the hor- 
zontal axis. Each line on this plot shows the variation of shock
ocation for a fixed l value (marked on the plot). The inset shows a
oomed-in part of overlapping region. Note that this plot is done
sing only the points from region A of Fig. 3 (a) since we find the
resence of a shock for these parameters. Also note that in many
ases, the shock surface is time-dependent. Therefore, we show 

he time-averaged value of the shock location at the equator in
his plot. This plot demonstrates that for a given value of ε, the
hock location generally increases with l. For a fixed value of l, the
ariation of the shock location w.r.t. ε is not monotonic though. 
MNRAS 549, 1–12 (2026)
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Figure 7. log10 ρ (colour)—velocity vector snapshots at t = 24 650 (a), 24 800 (b), 24 950 (c), and 25 100 (d) revealing the accretion disc dynamics over a 
full oscillation for a set of parameters from region B . These timestamps are marked by four solid black points in Fig. 6 . Simulation parameters ε = 0.0013 
and l = 1.58 are used for this simulation. See the text for details. 

F  

w  

m  

l

4

I  

fl  

t  

A  

t  

t  

M  

t  

d  

d  

t  

o
 

r  

l  

fl  

f  

p  

1  

c  

a  

F  

w  

c  

b  

g  

o  

d

5

I  

K  

r  

c  

t  

a  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/549/4/stag1042/8700982 by Indian Institute of Science Education and R
esearch, Kolkata (IISER

-K) user on 06 August 2026
or some part, we observe the shock location increases with ε, but
e also observe that the shock location either does not change
uch or slightly decreases with increasing ε (especially for lower

 values). 

.3 Parameter dependence of outflow 

n almost all our simulations, we observe the formation of out-
ow. The outflow originates due to the combined effects of cen-
rifugal barrier and thermal pressure gradient force. In Appendix
 , we perform a force analysis to demonstrate this. To quantify
he outflow, we compute the outgoing mass flux Ṁout through
he upper Z boundary. We also compute the mass absorption rate
˙ abs by the black hole sitting inside r = rBH . We generally observe
hat for points in region A and E , the solutions are absorption
ominated, i.e. most of the injected matter inside the simulation
omain is accreted by the black hole. However, as we move more
owards the higher l region (i.e. region D ), the solution becomes
utflow dominated. 
In Fig. 11 , we show three examples of outflow and absorption

ates. The plots show time variation of the ratio Ṁout /Ṁin (orange
ine) and Ṁabs /Ṁin (blue line), where, Ṁin is the inflowing mass
NRAS 549, 1–12 (2026)
ux through the outer R boundary. Fig. 11 (a) shows these ratios
or the point from region A . We find that on average, nearly 95.45
er cent of the injected matter is getting accreted in this case. Fig.
1 (b) shows the same as (a) for the point from region E . For this
ase, we also find that nearly 95.66 per cent of matter is getting
ccreted. Fig. 11 (c) shows the ratios for the point from region D .
or this case, the solution shows the formation of large vortices,
hich are primarily caused by the interaction between the in-
oming matter and the bounced-back matter from the centrifugal
arrier. Because of this strong centrifugal barrier, matter cannot
et accreted on to the black hole and mostly leaves the system as
utflow. We observe that more than 86 per cent matter leaves the
omain as outflow. 

 SUMMARY  AND  DISCUSSIONS  

n this paper, we numerically simulate the non-dissipative, sub-
eplerian accretion flow on to a non-rotating black hole for a
ange of flow parameters spanned by specific energy ε and spe-
ific angular momentum l. Such accretion solutions are known
o harbour shock and produce a boundary layer (CENBOL)
round a black hole for certain ranges of these parameters. The
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Figure 8. log10 ρ (colour)—velocity vector snapshots at t = 39 600 (a), 40 600 (b), 41 600 (c), and 42 000 (d) revealing the accretion disc dynamics over a 
full oscillation for a set of parameters from region C . These timestamps are marked by four circles in Fig. 6 . Simulation parameters ε = 0.0019 and l = 

1.78 are used for this simulation. See the text for details. 

Figure 9. (a) log10 ρ overplotted with velocity vectors for a typical point of D region. This is an example of outflow-dominated, nearly non-accreting 
solution. (b) Radial variation of Mach number for the corresponding case. Parameters ε = 0.0043 and l = 1.8 are used for this simulation. Analytically, 
the solution branches passing through the outer sonic point does not reach the black hole horizon for this set of parameters. Only solution branches 
passing through the inner sonic point reach the horizon. Numerical simulation also demonstrates that the accreting matter passes through the same 
inner sonic point. 
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heoretical method for shock parameter space identification is 
ased on whether a solution contains a standing shock or not
S. K. Chakrabarti 1989 ; D. Molteni et al. 1994 ; S. Das et al.
001 ; S. Mondal & S. K. Chakrabarti 2006 ; S. Mondal & P. Basu
020 ). However, there are several numerical simulations that 
emonstrate that in multidimensional simulations, shocks can 
e standing or oscillatory and it can form for flow parameters
ven outside these theoretical limits. However, a full parameter 
pace investigation based on purely multidimensional numer- 
cal simulations are still missing. Our current paper fills that 
ap. 
We scan the parameter space spanned by l and ε in the domain
1.4:1.9] x [0.0001:0.0061] using judiciously chosen 286 points. 
ased on the simulation results, we identify extended ranges of 
hese parameters that allow shock formation (Fig. 3 a). Within 
his shock-forming region, not all points show a standing shock. 
here are regions that show oscillating shocks. In our analysis, 
e categorized a solution as oscillatory only if the oscillation 
mplitude is larger than 2 rg . We broadly identify two types of 
scillations. In one type (region marked B ), only the lower part
closer to the equator) of the shock surface participates in the
scillation, the oscillation frequency is higher, and the amplitude 
MNRAS 549, 1–12 (2026)
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Figure 10. Variation of time-averaged shock location at the equator with 
ε for fixed l values, marked on each curve. The inset shows a zoomed-in 
part of the overlapping region. We find that the shock location generally 
increases with l for a given ε. However, for a fixed value of l, the variation 
of the shock location w.r.t. ε is not monotonic. 
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s usually smaller. In the other type (region marked C ), the entire
hock surface moves, the oscillation frequency is lower, and the
mplitude is usually larger. Oscillations identified in region B
ere indicated in the theoretical analysis of S. Das et al. ( 2001 ).
dditionally, similar types of oscillations as in C are also re-
orted in earlier simulations (K. Giri et al. 2010 ). These oscillating
hocks have great implications in explaining timing features such
s QPOs. 
From our simulation, we also extract the global parameter de-
endence of shock location and outflow properties. We generally
nd that the shock forms farther with increasing l for a given
. However, variation of shock location with ε for a given l is
ound to show weak dependence. Most of our simulations nat-
rally produce outflow due to the combined effects of centrifugal
nd thermal pressure gradient forces. The outflow rate depends
trongly on l. All these findings generally match the previous
heoretical analyses or the simulations. 
Formation of a hotter, optically slim (optical depth ∼ 1) disc as

 result of shock in the sub-Keplerian flow, naturally explains the
rigin of corona around a black hole. This corona can inverse-
Comptonize low-energy seed photons, originating from a trun-
ated Shakura–Sunyaev type thin disc (N. I. Shakura & R. A.
unyaev 1973 ), and produce a high-energy tail observed in spec-
rally hard states. In case when thin disc is absent, this corona can
roduce high-energy seed photons and self-Comptonize them to
ive rise to hard spectral states. This corona also produces outflow
elf-consistently which is frequently observed in a spectrally hard
tate. Our analysis demonstrates that a large parameter space ac-
ually exhibits such corona formation. Hence, this process may be
NRAS 549, 1–12 (2026)

igure 11. Time variation of mass outflow rate (orange line) and mass abs
imulation domain, for three different points in the parameter space: (a) for a p
ery common in a X-ray binary system or an active galactic nuclei
bserved in spectrally hard state. Our simulations also reveal that
ertain region of parameters exhibit dynamic, oscillatory corona.
uch corona will induce the oscillation in the outgoing radiation
nd may explain observed QPOs in the high energy band. 
In passing, we note a limitation of our main result. In this
ork, we simulate flow profile only in the upper half of the R − Z 
omain and use reflection symmetry along the equator. Prior
xperience shows that unless flow has sufficiently large l, flow
rofiles in both haves are similar. However, for a large value of l,
he CENBOL may show vertical oscillations due to strong post-
hock turbulence (A. Deb et al. 2016 ; S. K. Garain & J. Kim 2023 )
n addition to radial oscillations. In our case, large l simulations
re anyway mostly classified as oscillating or outflow-dominated
olutions. Thus, we believe that the parameter space boundary for
hock won’t be affected too much because of our use of reflection
ymmetry along the equator. 
The exercise presented here is done for non-rotating black
oles using pseudo-Newtonian potential. Similar parameter
pace classification around rotating black holes using fully
R calculations is also done in a few literatures (S. K. Chakrabarti
996a , b ). As shown in these references, for corotating flows,
ne can find shocks very close to a black hole. If such shocks
scillate with high enough frequency, they may be able to explain
igh-frequency QPOs found in a few sources. We shall perform
arameter space investigation around rotating black holes in the
uture using multidimensional GR hydrodynamics simulations
S. K. Garain 2025 ) and the results will be reported elsewhere.
imilar parameter space investigation can also be done using
seudo-Newtonian potential representation for Kerr black holes
s well (S. K. Chakrabarti & R. Khanna 1992 ; B. Mukhopadhyay
002 ; S. K. Chakrabarti & S. Mondal 2006 ; I. K. Dihingia et al.
018 ) just by replacing the potential �(r) in this work. However,
ll these potentials have their own limitations as discussed in
hese references and one has to be careful about those. Full GR
alculations are free from these limitations. 
Finally, we recognize that our equations and hence the results
re valid for ideal flow. More realistic flow may have various
issipations such as viscous transport or radiative loss. Also, mag-
etic field, being very pervasive, is expected to be present in the
ccretion flow. Inclusion of these physical components would
ffect the flow solutions. Hence, the parameter space may change
n presence of these. However, in absence of reliable quantitative
easurement of these dissipative processes, we generally rely on
arametric representation of these affects. Thus, the classifica-
ion of accretion solutions should also depend on the choice of 
hese new parameters. 
orption rate (blue line), normalized by the mass injection rate into the 
oint in region A , (b) for E, and (c) for D . 
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livares H. R. , Mościbrodzka M. A., Porth O., 2023, A&A , 678, A141 
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PPENDIX  A:  FORCE  ANALYSIS  

n this section, we analyse the net force distribution to support
he claim that the outflows in our simulations are generated from
entrifugal and pressure gradient forces. For this analysis, we 
hoose a case with flow parameters ε = 0 . 0061 and l = 1 . 66 . For
his set of parameters, the flow profile is smooth with a clear
tanding shock and nearly steady outflow from the post-shock 
egion. The two components of the net force, FR and FZ (see 
quation 9 ), are as follows: 

R = v2 φ
R − 1 

ρ
∂ P 
∂ R − ∂ �

∂ r 
R 
r , (A1) 

Z = − 1 
ρ

∂ P 
∂ Z − ∂ �

∂ r 
Z 
r . (A2) 

These force components are computed at each grid point. Fig. 
1 presents a comparative picture of the (a) net force field and
he corresponding (b) velocity field, both overplotted with the 
og10 ρ distribution. The length of an arrow is proportional to 
he logarithmic magnitude of the vector in both plots. We show
 zoomed-in region [0:10] × [0:10] in these plots. The region 
ounded by the white circle in Fig. A1 (a) shows the force field
way from the black hole. The corresponding velocity field shows 
hat matter is getting accelerated outward from this region. Since 
his case shows mostly a steady solution, the velocity vectors 
owards upper part of the white circle are already accelerated to
early a steady velocity by this steady force field. 
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Figure A1. Show (a) net force vectors and (b) velocity field plotted over log10 ρ distribution for a point from the shock region. The region bounded by 
the white circle in (a) shows the force field away from the black hole. The corresponding velocity field in (b) shows that matter is getting accelerated 
outward from this region. 
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