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Note: You can use well-known theorems taught in the class, but you need to write precise statement of

the theorem that you are using.

(1) (a) Prove that R2 and C are'linearly isomorphic over lR (that is, lR-linear isomorphism) via the map

g:(u,y)+r+iy.
(b) t,et .La : IR2 + R2 be the lR-linear map defined by Le(x): Ar, r € R2, where

l' 'lA: I l,a,b,c,d€lR.
lc d)

Show that the map Te t A + C defined bv T" - 9 o Leo gr-r is lR-linear. Find conditions on

a,b,c,d, such that .di is C-litr""". [2+(r+5):81
(2) Let t/ and I'Il be subspaces of a finite dimensional vector spaces V such that U I Vll : V. Let

S:: {? e L(v):T(U) G t/ and r(w) 9Wlr.

(a) Prove that S is a subspace of the 4(V).

(b) Suppose dim V : n, dim [/ : a, dim W : b. Express the dimension of S in terms of n. c. b.

[2+5-21
(3) Fix two matrices 4 and B in M-t,"(R). Define the linear map T : M,"-(lR) -+ M,.",,(lR) b1,

f (X) : AXB,, X e ly',"-(lR). Prove that if m. # n, then ? is not invertible. t5j

(4) Prove or disprove: If / and g are two linear functionals on a finite dimensional rector space V over C

such that ker/ e kerg, then there exists o € C such that g: q!.

(5) Let V : C3 , and define gt, gz, gs e V' as follows:

[5]

9r(z1,z2,zs): zr-222, 92(21,22,4): zrt z2+ z1t g2Jzt,z2,zs): zz-Zzs.

Show that {9t,9r,p3} is a basis of V' by exhibiting a basis for V of which it is the dual basis. t5l

(6) Let A be a 3 x 3 matrix whose rank is 1. If its trace is 5, then what a"re the eigenvalues of A? Be sure

to describe any multiplicities and explain your answer.

$z
t3l
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(7)

(8)

(e)

Let N be a2x2 complex matrix such that N2 :0. Prove that either N:0 or N is similar over C to

frt0 1l

lr'
L0 0l

t5l

Let T : V -+ V be a linear map and the dimension of I/ be n. Let ll, . . . , ,\p be distinct eige,nvalues

of ? with algebraic multiplicites dr,...,dn. M is an ordered basis for V such that [?]6 is a upper

triangular matrix, then prove that the diagonal e.ntries of ["lB or€ tr1,...,),. and that each ]; occurs

di times on the diagonal, 1 S j < k. Ilj
Let Ln: IR3 -l IR3 be the linear map defined by .L,r(c) : An, & € lR3, where

l, -1 rltlA:l_t 3 ol.tl
Ir o Bl

Show that Z,q is diagonalizable and find an orthonormal basis 6 of R3 such that [Za]6 is diagonal.

^

[3+5,='8]
(f0) Let frr,...,xu be n vectors in an inner product space V and A be a matrix whose ij-th entrlr is

(*1,*j), ISi,j Sn. ShowthatdetA:0ifandonlyifthevectorsrul,...,rnanelinearlydependent.

l5l

Good Luck!
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