PH4105/5105 End-semester examination

Full marks : 50 Time : 3 hrs

Attempt any 5 questions

Q 1) a) Show that the integral curves of the vector field

0 1-z*+4%0
X=gy— + —— <
g + 2 Jy
are circles centered on the X axis.

b) Prove that the Lie derivative £xY of a vector field Y with respect to X is given by [X,Y].
[6 + 4]

Q 2) a) The connection coefficients are defined in local coordinates through

' 0\ _ . O
V%(a‘:ﬁ)=rﬂéﬁ

Find the transformation law connecting the connection coefficient functions under a change

of coordinates from (z!,z2,...,z") to (2, 22,.... z™).
b b b b b b

b) Consider M = R? with the standard sub-atlas comprising of the chart (R2,id) with the
trivial connection I"“ij = 0. Find the connection coefficients if you use another chart with
coordinates (r,6) related to the original coordinates (z,y) by

T =rcosb, y=rsinf

[5 + 5]
Q 3) The exterior derivative dw of a k-form w is defined to be a (k + 1)-form by

(k+1) dw (X1, Xs, ..., X1
k+1

= Z (—l)i"'1 X; (w (le . e ?Xi’ T ’Xk+1))
=1

+ Z (—l)i"'jw ([Xi,Xj] ,Xl, N Xi, ‘e ,Xj, ceey Xk+1)

i<j



Where the “hat” denotes that the vector field wearing it is dropped from the list!
a) From this definition show that dw is completely anti-symmetric.
b) Again, directly from this definition show that d?a = 0 where « is a 2-form. (5 + 5]

Q 4)a) Show that the torsion T defined by
T(X,Y)=VxY — VyX - [X,Y], VX,Y € X (M)

obeys
T(fX,Y)=fT(X,Y)

b) If the vector fields X and Y are given in local coordinates by X = X i% andY =Y* ((i T
respectively, then show that

0

— iviTk

¢) For a particular torsion-free connection on R? with standard coordinates (z,y) we have

0 0
VxY =2— —y—
X “’ay Yoz
whereX=xa%+yaa—x andY=a:a%—y§—z. Find Vy X. [3+3+4]

Q 5) a) The curvature tensor R, defined by

R(X, Y) =VxVy -VyVx — V[X,Y]a
satisfies (with X, Yand Z being vector fields expressed in local coordinates)

AV im a
R(X,Y)Z = XY/ Z*R™,; <3x—m)

Deduce the expression for R, in terms of the connection functions r.

b) Prove the Bianchi identity :

Vx (R(Y,Z)W) + Vy (R(Z,X)W) + Vz (R(X,Y) W)
=R(Y,Z)VxW + R(Z,X)VyW + R(X,Y) VW
+R(Y, 2], X)W + R([Z,X],Y)W + R([X,Y], Z) W

a



[5+ 5

Q 6) The connection 1-forms, torsion 2-forms and curvature 2-forms are defined by
Ve =T (X)e,  T(XY)=30(T(XY), R,(XY) =36 (R(X,Y)e)

where (61,62, ...,60") are dual to the (possibly non-holonomic) basis vector fields (ey, ey, . . . , €,),
0° (e;) = 0.
a) Prove that

Vx6' =-T",(X) &

b) Prove the two Cartan structure equations :

T =d6" +T° ;A ¢
- ) 1 k
R';=dI"; + " AT*,

2+ 8]

Q 7) The metric tensor for a space M = {(z,y) : y > 1} is given by

y—1

g= M®M—ﬁ%@®@

a) Find the non-zero Christoffel symbols for this metric.

b) Use the Cartan structure equations to find all the non-zero components of Riemann

curvature tensor. [5+ 5]
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