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Note: You can use well-known theorems taught in the class, but you need to write precise statement of

the theorem that you are using.
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(1) (a) Prove that R? and C are linearly isomorphic over R (that is, R-linear isomorphism) via the map
v (z,y) — z+ .
(b) Let Ls: R? — R? be the R-linear map defined by L 4(x) = Az, z € R2, where

a b
A= aa’b7c7d€R'

c d

Show that the map E:; : C — C defined by 1::4 = @ oLy op!is R-linear. Find conditions on
a,b,c,d such that L4 is C-linear. 2+1+5) =8

(2) Let U and W be subspaces of a finite dimensional vector spaces V such that U + W = V. Let
§S={TeL(V):TU)CU and T(W) CW}.

Aﬁ (a) Prove that S is a subspace of the L(V).
’ (b) Suppose dimV = n,dimU = a,dim W = b. Express the dimension of S in terms of n,a,b.
2+5=17]
(3) Fix two matrices A and B in M;,xn(R). Define the linear map T : Mpxm(R) = Mnxn(R) by
T(X)=AXB,, X € Mpxm(R). Prove that if m # n, then T is not invertible. [5]
(4) Prove or disprove: If f and g are two linear functionals on a finite dimensional vector space V over C
such that ker f C ker g, then there exists a € C such that g = af. » 15]

(5) Let V = C3, and define ¢, 3, p3 € V' as follows:
¢1(21, 22, 23) = 21 — 220, (21, 22,23) = 21 + 22 + 23. 905(21,22, 23) = 29 — 323.

Show that {1, 92,3} is a basis of V' by exhibiting a basis for V of which it is the dual basis. [5]
(6) Let A be a 3 x 3 matrix whose rank is 1. If its trace is 5, then what are the eigenvalues of A? Be sure

to describe any multiplicities and explain your answer. [3]
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(7) Let N be a 2 x 2 complex matrix such that N2 = 0. Prove that either N = 0 or N is similar over C to

5]

(8) Let T : V — V be a linear map and the dimension of V be n. Let Aj,..., \; be distinct eigenvalues
of T with algebraic multiplicites di,...,dx. If 3 is an ordered basis for V such that [T|z is a upper
triangular matrix, then prove that the diagonal entries of [T]z are Aj,..., A\x and that each ); occurs

d; times on the diagonal, 1 <'j < k. 14

(9) Let L4 : R® — R3 be the linear map defined by L4(z) = Az, = € R3, where

Show that L, is diagonalizable and find an orthonormal basis B of R® such that [La]p is diagonal.

[3+5 =3
(10) Let x1,...,x, be n vectors in an inner product space V and A be a matrix whose ij-th entry is
(rs,xj). 1 <4,j <n. Show that det A = 0 if and only if the vectors x1, . ...z, are linearly dependent.

(5]

Good Luck!



