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Note: You need to write precise statement of the theorem that you are using, provided that you

are not asked to prove the theorem itself.

(1) Let X be a set and M ~ P(X) such that M is non-empty. Prove that if M is closed under

complements and countable union of disjoint sets, the M is a O"-algebra. [3]

(2) Let V denotes a Vitali set in R Show that V x {O} is Lebesgue measurable in IR2 but not

Borel measurable. [6]

(3) Let X be a set and Dxo be the Dirac delta measure concentrated at xo EX. Characterize the

real valued functions f on X which are integrable over X with respect to Dxo· [3]

(4) Let (X,M,µ) be a measure space. Suppose fn be a sequence of non-negative measurable

functions converging to f almost everywhere on X and J f dµ = limf I« dµ < oo.

(a) Show that JEJ dµ = limfE fn d/J, for all EE M.

(b) Show that (a) is not true if J f dµ = lim J [« dµ = oo. [5 + 4 = 9]

(5) Let (X, M, µ) be a measure space and f be a non-negative measurable function on X. Let

>.(E) =h/ dµ

for E EM. Show that

(a) >.is a measure on M and

(b) for any non-negative measurable function g on X

Jg d>.= J Jg dµ.

[4 + 4 =8]
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(6) Let (X, M, /t) be a measure space and f E L1(X, µ). Show that JE .f dµ = 0 for every EE M

if and only if f = 0 almost everywhere on X. [5]

(7) (a) State Dominated Convergence Theorem.

(b) Compute the following limit and justify your calculation:

l oo X J
lim (1+ -)-nx-n- dm.
n-+oo 0 n

[2 + 6 = 8]

(8) Prove or disprove: Every Cauchy sequence in L1 (!Rd) converges almost everywhere to its limit

[5J

(9) (a) State Fubini-Tonelli Theorem.

(b) Prove that for a > 0,

ld exp(-a\\xll2) dm = ( ~) d/2

Justify your calculations. [3 + 7 = 10]

(10) Let f E £1(0, 1) and let g: (0, 1) -t IRbe defined as

g(x) :=11!(t) dt, for all x E (0, 1).

·t
Prove that g E L1(0, 1), and

fo1g(t) dt = fo1 f(t) dt.

[5]


