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(1) a)Fiud the cmvat.ure and torsiou of the eircnlar helix:

"'r(O) = (acosO,asinO,bO), () E JR,

where a and b are canst.ants.
b) Describe all curves in JR:~which have constant curvature and constant

torsion. :3+:3=G

(2) The simples! type of singular point. of a curve 'Y is au ordinary cusp: a point
p of }, corresponding to a parameter value t0, say, is an ordinary cusp if
1'(t;o) = 0 and the vectors "'/1(/o) and ,.,/"(Jo) are linearly independent (in
particular, these vectors must both be non-zero). Show that:
i)The curve 1(t) = (im, t11), where 111 and n are positive integers, has an
ordinary cusp at. the origin if and only if (rn, n) = (2, :3) or (:3,2).

ii) If ')' has an ordinary cusp at a point p, so docs any reparametrization of
r· :H~l=G

(:.~)i) Show that, if') is a unit-speed curve,

11., and «; stand for signed unit. normal and signed curvature respectively.
ii) Let ·y(t,) be a regular plane curve and let ,\ be a constant. The parallel curve
IA of) is defined by

1·A(t.) = "'t(t) + ,\n,,(t).
Show that, if A/\:s (t) ¥= 1 for all values oft. then/..\ is a regular curve and that its
signed curvature is fi__'.'~;;:i. 2+4=6

(4) Let. ~I: (c_~, ;3) ~ R:~ be a unit-speed curve. If the trace (image) of 'Y is included
in a sphere and it has constant torsion ro, prove t,hnt. there exists b, c such t.hal

l
'"(s) = . . , "

where '" is the curvature of r'-
(5) i) Show that the following is a smooth surface

:r.2 + y2 + z 4 = l.

G

ii) Let ') be a unit-speed curve in R:{ with nowhere vanishing curvature. The
tube of radius a > 0 around /' is the surface parametrized by

(J'(s,O) = 1(s) + a(n(s) cos O+ b(s) sin O),
where n is the principal normal of/ and lJ is it.s liinormal. Prove that u is reg­
ular if the curvature 1~ of I is less than n-1 everywhere. 2+4=.()
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(6) i) Let S = {p E IR.3:jpj2 -(p,a)2 = r2}, with Ja.J= 1, r > 0, be a right cylinder
of radius r whose axis is the line passing through the origin with direction a.
Prove that.

T11S = {v E Ra: (p,v) - (p,a)(a,v) = O}.

ii) Let .f : S1 -+ S2 be a local diffemnorphism and let / be a regular curve on
S1. Show that. .f o ~;is a regular curve on S2. 4+2=0

(7) Let f: S1 -+ S2 be a differentiable map bet.ween surfaces. If IJ E S1 and {e1, e2}
is an orthonormal basis of TpS, we define the absolute value of the .Jacobian of
J at pas

· !Jae fl(P) = IDpfi(ei) x Dph(e2)l.
i) Prove that this definition does not depend on the chosen orthonormal basis.
ii) Prove that I.Jae fj(p) :f. 0 if and only if f is a local diffeomor-
phism. 7+:)=10


