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1. A unit-speed curve 'Y: (a:, JJ) -+ IR3with positive curvature is said to be a helix when all its
tangent lines make a constant angle with a fixed line. Show that ')' is a helix if and only if
there exists a E IRsuch that r(s) = a11;(s), for each s E (o:,(3). [6]

2. Suppose that two surfaces S and S arc diffcomorphic and that S is orientable. Prove that S
is orientable. '· 161

3. Let us consider the torus covered by the surface patch

CT(u, v) = ((a+ r cosu) cos v, (a+ r cos u) sin v, rsin-u),

where 0 < u < 27f and 0 < v < 27f. Find all those points which are (i) Elliptic, (ii) hyperbolic,
(iii) Parabolic and (iv) Planar. 161

4, Let p be a point on a surface S. Show that the mean curvature at pis given by

1 17t ..
H = - k11(8)d8

7f 0

where kn(B) is the normal curvature at p along a direction making an angle (}with a fixed
direction. [6]

5. Let U = {(u, v) Iv > 1} and suppose CT : U -+ IR3 is a regular parametrized surface with
E = G = v-2 and F = 0. Verify the curve CTo ')' where

1
'Y(s) = (a+rtanhs,r--1-),

COS lS

has unit speed and show that it is a geodesic. Here a E IRand r > 0 are constants ans s is
assumed to belong in an interval for which 'Y(s) E U. [6]

6. Let CT: U -+ JR3be a patch of a surface S. Show that the image under the Gauss map of the
part CT(R) of S corresponding to a region RC Uhas area

l jJ<jdA<T,

where I< is a Gaussian curvature of S.
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7. Let h : S -t JRbe a different.able function on a surface S, and let p E S be a critical point of h
(i.e dhp = 0). Let w E T,,S and let "Y: (--<:, C:) -t S be parametrized with "Y(O) = p, -y'(O) = w.
Set

a. Let O' : U -> S be a parametrization of S at p and show that

b. Let h :S E JRbe the height function of S relative to TpS,

h(q) = (q - p, N(p)), q ES.

Verify that pis a critical point of hand thus that the hessian is well-defined. Show that
ifw E T,,S, lwl = 1, then Hp(w) =normal curvature at pin the direction of w.[6+7=13]

End of exam


