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The genesis of complex numbers
A fantasy!

We need to expand the set N to the set Z

Z = {. . . ,−2,−1, 0, 1, 2, . . .}



The genesis of complex numbers
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All equations involving addition can be solved within Z

x + 5 = 5 ⇒ x = 0

x + 5 = 3 ⇒ x = −2



The genesis of complex numbers
A fantasy!

All equations involving addition can be solved within Z
This is not true, however, for equations involving multipliction!

5x = 3
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We need to expand the set Z to the set Q

Q =

{
p

q
: p, q ∈ Z

}
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Even Q is not algebraically complete.

x2 − 2 = 0



The genesis of complex numbers
A fantasy!

Even Q is not algebraically complete.
Algebraic completion of Q leads us to R.

x2 − 2 = 0 ⇒ x =
√

2



The genesis of complex numbers
A fantasy!

You can write algebraic equations involving real numbers only that
can not be solved in real numbers!

x2 + 1 = 0



The genesis of complex numbers
A fantasy!

We have to enlarge the set to C

x2 + 1 = 0 ⇒ x = i
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∃z ∈ C : cnz
n + cn−1z

n−1 + . . . + c1z + c0 = 0



The genesis of complex numbers
A fantasy!

The sequence ends here!
All polynomial equation in C has a solution in C!
The fundamental theorem of algebra

∃z ∈ C : cnz
n + cn−1z

n−1 + . . . + c1z + c0 = 0



The genesis of complex numbers
A more historical account!

I Girolomo Cardano’s Ars Magna (1545) is
the birthplace of complex numbers.

I Solves x2 = mx + c.

I Solution is x =
1

2

[
m ±

√
m2 + 4c

]
.

I What if m2 + 4c is negative?

I This led Cardano to mention the
possibility of complex numbers.

I “Subtle as they are useless”!

I To Cardano, in such cases, the equation
has no solutions!
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The genesis of complex numbers
A more historical account!

x = −0.5 x = 1.5

To Cardano, as with the ancient Greeks,
the equation x2 = mx + c signified the
geometrical problem of finding the points
where straight line y = mx + c intersects
the parabola y = x2.
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the equation x2 = mx + c signified the
geometrical problem of finding the points
where straight line y = mx + c intersects
the parabola y = x2. For m2 + 4c < 0
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The genesis of complex numbers
A more historical account!

To Cardano, there was no compelling
reason to demand that there must be a
solution to x2 = mx + c!
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The line y = 3px + 2q always cuts the
curve y = x3!
The equation

x3 = 3px + 2q

always has a real solution!



The genesis of complex numbers
A more historical account!

Cardano’s book provided the solution

x =
3

√
q +

√
q2 − p3

+
3

√
q −

√
q2 − p3

to
x3 = 3px + 2q

based on work done by del Ferro and
Tartaglia.
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The genesis of complex numbers
A more historical account!

Cardano called the case q2 < p3 the
casus irreducibilis.
Rafael Bombelli in L’Algebra (1572) noted
something strange! For

x3 = 15x + 4

Cardano’s formula yields

x =
3

√
2 +

√
−121 +

3

√
2−

√
−121

But x = 4 is an obvious solution!
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if he assumed that



The genesis of complex numbers
A more historical account!

Bombelli noted that Cardano’s formula
works for

x3 = 15x + 4

if he assumed that

3

√
2±

√
−121 = 2±

√
−1
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binomial theorem works here!(
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The genesis of complex numbers
A more historical account!

This works out if we assume that the
binomial theorem works here!(

2 +
√
−1
)3

=

23 + 3× 22 ×
√
−1

+3× 2×
(√

−1
)2

+
(√

−1
)3

= 8 + 12
√
−1− 6−

√
−1

= 2 + 11
√
−1



The genesis of complex numbers
A more historical account!

Bombelli’s work showed us that complex
numbers can be useful, even when dealing
with a case where the answer is a real
number!



de Moivre and his formula

I Abraham de Moivre (1667-1754) came to
London in 1685 as a religious refugee.

I Here he befriended Isaac Newton.

I In 1698 he wrote down the equivalent to :

(cos(θ) + i sin(θ))n = cos(nθ) + i sin(nθ)

— what is known today as de Moivre’s
theorem.

I de Moivre mentions that Newton knew
this equation as early as 1675.

I Apparently, Newton used this to compute
the cube roots that appear in Cardono’s
formula in his casus irreducibilis.

I As early as 1591, François Viète had used
an equivalent method!



de Moivre and his formula

I Abraham de Moivre (1667-1754) came to
London in 1685 as a religious refugee.

I Here he befriended Isaac Newton.

I In 1698 he wrote down the equivalent to :

(cos(θ) + i sin(θ))n = cos(nθ) + i sin(nθ)

— what is known today as de Moivre’s
theorem.

I de Moivre mentions that Newton knew
this equation as early as 1675.

I Apparently, Newton used this to compute
the cube roots that appear in Cardono’s
formula in his casus irreducibilis.

I As early as 1591, François Viète had used
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Wallis : going beyond the real line

Roots of the quadratic

x2 − 2bx + c2 = 0

are
−b +

√
b2 − c2

and
−b −

√
b2 − c2

For b > c John Wallis gave a graphical
represntation in 1673.
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Wallis : going beyond the real line

−b

c

b b

√ c
2 −

b
2

Roots of the quadratic

x2 − 2bx + c2 = 0

are
−b +

√
b2 − c2

and
−b −

√
b2 − c2

For b > c John Wallis gave a graphical
represntation in 1673.
What if b < c?
The dashed lines no longer reach the real
line!
Complex roots move out of the real line -
into the plane!
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If PO = x

x2 − 1 = PQ1 · PQ2
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Cotes : the genesis of the complex plane

O Q1Q2 P

Q3

Q4

Let’s try n = 4 :

x4 − 1 = (x − 1) (x + 1)
(
x2 + 1

)
= (x − 1) (x + 1)

(√
x2 + 1

)2

= PQ1 · PQ2 · PQ3 · PQ4

x4 − 1 is the product of the distances from
P to the vertices of a square inscribed in
the unit circle!
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O PQ1

Q2

Q3

What about n = 3?

x3 − 1 = (x − 1)
(
x2 + x + 1

)
= (x − 1)

(√
x2 + x + 1

)2

= (x − 1)


√√√√(x +

1

2

)2

+

(√
3

2

)2


2

= PQ1 · PQ2 · PQ3

x3 − 1 is the product the distances of the
point P from the three vertices of an
equilateral triangle inscibed in the unit
circle.



Cotes : the genesis of the complex plane

If Q1Q2 . . .Qn is a regular n-gon inscribed in a circle of

unit radius centered at O, and P is the point on
−−→
OQ1 at

distance x from O, then

xn − 1 = PQ1 · PQ1 · . . . · PQn

O PQ1
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Q3
Q4
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Q6

Q7
Q8

Q9

The roots of xn − 1 = 0 are located at Q1,Q2, . . . ,Qn !



Cotes : the genesis of the complex plane

If Q1Q2 . . .Qn is a regular n-gon inscribed in a circle of

unit radius centered at O, and P is the point on
−−→
OQ1 at

distance x from O, then

xn − 1 = PQ1 · PQ1 · . . . · PQn

O PQ1

Q2

Q3
Q4

Q5

Q6

Q7
Q8

Q9

The roots of xn − 1 = 0 are located at Q1,Q2, . . . ,Qn !



Improving upon Wallis and Cotes : Euler

I Leonhard Euler (1707-1783) introduced the
notation i =

√
−1.

I He used the formula
x + iy = r(cos θ + i sin θ).

I He also visualized the roots of zn = 1 as
vertices of a regular polygon - shades of
Cotes !

I Euler also defined the complex exponential,
and proved that

e iθ = cos θ + i sin θ

I He discovered the“mysterious” formula :

e iπ = −1
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The complex plane

I Caspar Wessels (1745-1818), a Norwegian,
first published a suitable geometric
presentation of complex numbers.

I “On the Analytic Representation of
Direction: An Attempt” (March 10, 1797),
presented to the Royal Danish Academy of
Sciences.

I Went largely unnoticed because it was
written in Danish.

I In 1806 a Parisian bookkeeper, Jean-Robert
Argand, published“Essay on the Geometric
Interpretation of Imaginary quantities”
anonymously.

I The author of the pamphlet was“discovered”
by professor of military art and
mathematician, Jaques Francais, in 1813.
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Algebra of couples : Hamilton

I William Rowan Hamilton (1805-65) defined
couples in an 1831 memoir.

I A couple is an ordered pair (a, b).

I Addition :

(a, b) + (c, d) = (a + c, b + d)

I Multiplication :

(a, b) · (c, d) = (ac − bd , ad + bc)

I The algebra of complex numbers!

I Hamilton went on to introduce ordered
quadruples - quaternions!
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Legitimizing complex numbers : Gauss

I Gauss had discovered the geometric
interpretation of complex numbers in 1796.

I He published this only in 1831, when he
submitted his ideas to Royal Society of
Gottingen.

I He introduced the term“complex number”.

I In 1811 Gauss wrote a letter to Bessel, in
which he mentions the theorem that we
know today as Cauchy’s theorem.

I Unpublished - rediscovered later by Cauchy
and Weirstrass.
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Analysis with complex numbers: Cauchy

I In 1814 Augustin-Louis Cauchy (1789-1857)
initiated complex function theory in a
memoir submitted to the French Académie
des Sciences.

I Here he introduced the concept of analytic
functions (though not the term).

I Contour integrals also debut in this memoir.

I In 1847 Cauchy introduced a construction of
complex numbers as the quotient ring
R[X ]/

(
X 2 + 1

)
.

I “We completely repudiate the symbol
√
−1,

abandoning it without regret because we do
not know what this alleged symbolism
signifies nor what meaning to give to it.”
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Riemann

I Bernhard Riemann followed up on
Cauchy’s theory of differentiable functons.

I He demonstrated the extreme importance
of the conditions on differentiability of
complex functions.

I Today they are called the
Cauchy-Riemann equations.

I Riemann proved the deep link between
differentiability and power series.

I Introduced the Riemann sphere for
studying the geometry of the extended
complex plane.

I Introduced the notion of Riemann
surfaces.
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The shortest path between two truths in the
real domain passes through the complex
domain.

Hadamard



Futher reading

I The MacTutor History of Mathematics archive :
www-history.mcs.st-andrews.ac.uk

I Mathew Howell’s list of internet history resources :
math.fullerton.edu/mathews/c2003/HistoryComplexBib/
Links/HistoryComplexBib lnk 1.html

I A short history of complex numbers
www.math.uri.edu/˜merino/spring06/mth562/
ShortHistoryComplexNumbers2006.pdf

I Cut-The-Knot :
www.cut-the-knot.org/arithmetic/algebra/
HistoricalRemarks.shtml
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