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Bounded sequences

A sequence (zn) is called bounded if ∃M ∈ R+

such that |zn| ≤ M ∀n.

Theorem

Every convergent sequence is bounded.

The converse, however, is not true!
The sequence zn = e inθ is bounded - but not
convergent.
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Bounded sequences

Proof.

Let lim
n→∞

zn = ζ. Then, ∃N ∈ N :

n > N =⇒ |zn − ζ| < 1

Then, for n > N , |zn| = |zn − ζ + ζ| < |ζ|+ 1
Then

M = max {|z1| , |z2| , . . . , |zN | , 1 + |ζ|}

satisfies the definition of boundedness.
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Example

zn = (1 + i)n

This sequence is not bounded :

|zn| = 2
n
2

Thus zn is not convergent!
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Cauchy sequences

Theorem

If a sequence zn converges to a limit ζ, then ∀ε > 0,
∃N(ε) ∈ N such that n,m > N(ε) =⇒

|zn − zm| < ε.
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Proof.

Since limn→∞ zn = ζ, ∀ε > 0,∃N(ε) ∈ N such that
n,m > N(ε) =⇒

|zn − ζ| , |zm − ζ| <
ε

2

Then

|zn − zm| = |(zn − ζ)− (zm − ζ)|
≤ |zn − ζ|+ |zm − ζ|
<

ε

2
+
ε

2
= ε
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Cauchy sequences

A sequence zn is called a Cauchy sequence if
∀ε > 0, ∃N(ε) ∈ N such that n,m > N(ε) =⇒

|zn − zm| < ε.

A convergent sequence is always a Cauchy sequence.
Is the converse true? Yes! C is Cauchy complete!
Every Cauchy sequence in C converges to a limit.

Proof

Contrast : On Q the sequence

1, 1.4, 1.41, 1.414, 1.4142, . . .

is a Cauchy sequence, but does not converge!
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Some properties of sequences

Let zn and wn be two convergent sequences
converging to the limits ζ and ω, respectively. Then

I The sequence czn (c ∈ C) converges to cζ Proof .

I The sequence zn + wn converges to ζ + ω.

I The sequence znwn converges to ζω Proof .
I The sequence zn

wn
is

I well defined if all wn 6= 0
I converges to the limit ζ

ω if ω 6= 0
I diverges if ω = 0 Proof .
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Proof that C is Cauchy complete

We will assume the result from real analysis that R
is Cauchy complete.

zn = xn + iyn being a Cauchy sequence, ∀ε > 0,
∃N(ε) ∈ N such that

n,m > N(ε) =⇒ |zn − zm| < ε

But then,

|xn − xm| ≤ |zn − zm| < ε

Thus the real sequence xn is a Cauchy sequence and
is thus convergent.
The same argument works for yn also!
Hence zn is convergent sequence. Go Back!
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lim
n→∞

czn = cζ

Proof.

Since lim
n→∞

zn = ζ

∀ε > 0, ∃N(ε) ∈ N such that n > N(ε) =⇒

|zn − ζ| <
ε

|c |

Then

|czn − cζ| = |c | |zn − ζ|
< |c | ε

|c |
= ε

Go Back!
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lim
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Proof.

|znwn − ζω| = |znwn − ζwn + ζwn − ζω|

= |(zn − ζ) wn + ζ (wn − ω)|
≤ |zn − ζ| |wn|+ |ζ| |wn − ω|

|znwn − ζω| ≤ |zn − ζ| |wn|+ |ζ| |wn − ω|
Since (wn) converges, it is bounded,

∃M ′ ∈ R+, : |wn| ≤ M ′, ∀n

Choose M = max{M ′, |ζ|}.
Now ∀ε > 0, ∃N1(ε),N2(ε) ∈ N such that

n > N1(ε) =⇒ |zn − ζ| <
ε

2M

n > N2(ε) =⇒ |wn − ω| <
ε

2M
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