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A sequence (z,) is called bounded if IM € R*
such that |z,| < M Vn.

Theorem
Every convergent sequence is bounded.

The converse, however, is not truel!
The sequence z, = € is bounded - but not
convergent.
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Bounded sequences

Proof.
Let lim z,= (. Then, AN € N :

n—oo

n>N = |z,— (| <1

Then, for n > N, |z,| = |z, — C+ | < [¢|+1
Then

M = max {|z|,|z|,...,|zn], 14+ |C]}

satisfies the definition of boundedness.
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Example

z,=(1+1)"
This sequence is not bounded :

|Zn’ =2

Thus z, is not convergent!
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Theorem
If a sequence z, converges to a limit (, then Ve > 0,
dN(e) € N such that n,m > N(e) =

|z, — zm| < €.
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Cauchy sequences

Proof.
Since lim,_,« z, = ¢, Ve > 0,3N(e) € N such that
n,m> N(e) =

|Zn_C‘7 |Zm_C‘<_
Then
20— zw| = (20— () — (zm — ()
< |z, — C|+Izm—C|
+

A\

£45
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Cauchy sequences

A sequence z, is called a Cauchy sequence if
Ve > 0, dN(e) € N such that n,m > N(e) =

1z, — zm| < €.

A convergent sequence is always a Cauchy sequence.
Is the converse true? Yes! C is Cauchy complete!
Every Cauchy sequence in C converges to a limit.

Contrast : On Q the sequence
1,1.4,1.41,1.414,1.4142, . ..

is a Cauchy sequence, but does not converge!
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Some properties of sequences

Let z, and w, be two convergent sequences
converging to the limits ¢ and w, respectively. Then

» The sequence cz, (c € C) converges to c(
» The sequence z, + w, converges to ( + w.

» The sequence z,w, converges to (w
» The sequence Vzv—n is
> well defined if all w, # 0
» converges to the limit é ifw#0
» diverges if w =10
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Proof that C is Cauchy complete
We will assume the result from real analysis that R
is Cauchy complete.

z, = X, + iy, being a Cauchy sequence, Ve > 0,
dN(e) € N such that

n,m> N(e) = |z, — zn| <€
But then,
X0 — Xm| < |zp — zm| <€

Thus the real sequence x, is a Cauchy sequence and
is thus convergent.

The same argument works for y, also!

Hence z, is convergent sequence.
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Proof.
Since lim z, =
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Since lim z, =
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Then
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Proof.
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< |Zn_CHWn‘+‘CHWn_w|



lim z,w, = (w
n—oo

Proof.

|ZaWn — Cw| < |z, — (| [wy| + [C] [wy — w

Since (w,) converges, it is bounded,



lim z,w, = (w
n—oo

Proof.

|zawy — Cw| < |z = (| [wa| + [C] [Wh — w|

Since (w,) converges, it is bounded,

IM e R, |w,| <M, Vn



lim z,w, = (w
n—oo

Proof.

|zawy — Cw| < |z = (| [wa| + [C] [Wh — w|

Since (w,) converges, it is bounded,
IM e R, |w,| <M, Vn
Choose M = max{M',|(|}.



lim z,w, = (w
n—oo

Proof.
|zawp — Q| < |2y — ] [wa| + [C] [wn — W
Since (w,) converges, it is bounded,
IM e R, |w,| <M, Vn

Choose M = max{M',|(|}.
Now Ve > 0, IN;(€), Na(e) € N such that



lim z,w, = (w
n—oo

Proof.

|zawy — Cw| < |z = (| [wa| + [C] [Wh — w|

Since (w,) converges, it is bounded,
IM e R, |w,| <M, Vn

Choose M = max{M',|(|}.
Now Ve > 0, IN;(€), Na(e) € N such that

€
n>N1(e) — ‘Zn—C|<W



lim z,w, = (w
n—oo

Proof.

|zawy — Cw| < |z = (| [wa| + [C] [Wh — w|

Since (w,) converges, it is bounded,
IM e R, |w,| <M, Vn

Choose M = max{M',|(|}.
Now Ve > 0, IN;(€), Na(e) € N such that

n>N(e) = |z,—(| <=—

n>Ny(e) = |w,—w|<—



lim z,w, = (w
n—oo

Proof.

|zawy — Cw| < |z = (| [wa| + [C] [Wh — w|

Since (w,) converges, it is bounded,
IM e R, |w,| <M, Vn

Choose M = max{M',|(|}.
Now Ve > 0, IN;(€), Na(e) € N such that

n>N(e) = |z,—(| <=—

n>Ny(e) = |w,—w|<—



lim z,w, = (w
n—oo

|1ZaWy — Cw| < |z — | [Wa| + [C] [wn — w

Choose N(e) = max{Ny(¢), Na(¢)}.



lim z,w, = (w
n—oo

|1ZaWy — Cw| < |z — | [Wa| + [C] [wn — w

Choose N(e) = max {Ny(e), Na(e)}.
Then n > N(e) =



lim z,w, = (w
n—oo

|1ZaWy — Cw| < |z — | [Wa| + [C] [wn — w

Choose N(e) = max {Ny(e), Na(e)}.
Then n > N(e) =

zwn — G| < 5wl + 1] 5



lim z,w, = (w
n—oo

|zawi — Cw| < |2y — ] [wa| + [C] [wy — w
Choose N(e) = max {Ny(e), Na(e)}.
Then n > N(e) =
€ €
|zaw — Cw| < M |Wal + || oY

€ €
< —M+—M
- 2M * 2M



lim z,w, = (w
n—oo

|1ZaWy — Cw| < |z — | [Wa| + [C] [wn — w

Choose N(e) = max {Ny(e), Na(e)}.
Then n > N(e) =

zwn — G| < 5wl + 1] 5
€ €
< — M+ —M=
= am am™M T
Ul



.z C
lim — ==
n—o0 Wn CL)

: .1 1 .
It suffices to prove that lim — = —, given that
n—oo W, = W

Vn, w, # 0 and w # 0.



.z C
[im — ==
n—o0 Wn CU

. . 1 .
It suffices to prove that lim — = —, given that
n—oo W,

Vn, w, # 0 and w # 0.
Since w, # 0 and w = lim w, #0,

dm >0 : Vn,|w,| > m



.z C
lim — ==
n—o0 Wn W

. . 1 .
It suffices to prove that lim — = —, given that
n—oo W, W

Vn, w, # 0 and w # 0.
Since w, # 0 and w = lim w, #0,

dm >0 : Vn,|w,| > m
Since lim w, =w, Ve > 0,3N(e) € N :

n—oo

n> N = |w, —w| <em|w|



.z C
[im — ==
n—o0 Wn CU

. . 1 .
It suffices to prove that lim — = —, given that
n—oo W, W

Vn, w, # 0 and w # 0.
Since w, # 0 and w = lim w, #0,

dm >0 : Vn,|w,| > m
Since lim w, =w, Ve > 0,3N(e) € N :

n—oo

n> N = |w, —w| <em|w|
Then

w_Wn

1 1 |

w, w ww,



.z C
[im — ==
n—o0 Wn CU

. . 1 .
It suffices to prove that lim — = —, given that
n—:oo Wn CL)

Vn, w, # 0 and w # 0.
Since w, # 0 and w = lim w, #0,

dm >0 : Vn,|w,| > m
Since lim w, =w, Ve > 0,3N(e) € N :

n—aoo

n> N = |w, —w| <em|w|
Then

W= W,| W, —w|

1 1 |

w, W WW, _|w|\w,,|



.z C
[im — ==
n—o0 Wn CU

. . 1 .
It suffices to prove that lim — = —, given that
n—:oo Wn CL)

Vn, w, # 0 and w # 0.
Since w, # 0 and w = lim w, #0,

dm >0 : Vn,|w,| > m
Since lim w, =w, Ve > 0,3N(e) € N :

n—aoo

n> N = |w, —w| <em|w|

Then
1 1| w—W,| W, — Wl
w, W WW, w| [w,|
em||w|

lw| |wh|



.z C
[im — ==
n—o0 Wn CU

. . 1 .
It suffices to prove that lim — = —, given that
n—:oo Wn CL)

Vn, w, # 0 and w # 0.
Since w, # 0 and w = lim w, #0,

dm >0 : Vn,|w,| > m
Since lim w, =w, Ve > 0,3N(e) € N :

n—aoo

n> N = |w, —w| <em|w|

Then
1 1 | w—W,| W, — Wl
w, W WW, w| [w,|
em||w| 0

lw| |wh|



1 .
lim — when w = lim w, =0
n—oo W, n—o00

L 1 . )
Let us assume that the limit lim — exists and is
n—00 Wn

equal to W.



1 .
lim — when w = lim w, =0
n—oo W, n—o00

L 1 . )
Let us assume that the limit lim — exists and is
n—00 W,7

equal to W.
Then



1 .
lim — when w = lim w, =0
n—oo W, n—o00

L 1 . )
Let us assume that the limit lim — exists and is
n—00 W,7

equal to W.
Then

n—o0 Wn



1 .
lim — when w = lim w, =0
n—oo W, n—o00

S 1 . )
Let us assume that the limit lim — exists and is

n—00 W,7
equal to W.
Then
1 1
1=1Ilmw,— = I|lim w, lim —

n—o0 Wn n—oo n—oo Wn



1 .
lim — when w = lim w, =0
n—oo W, n—o00

S 1 . )
Let us assume that the limit lim — exists and is

n—00 Wn
equal to W.
Then
. 1 : : 1
1=I|lmw,—=Ilmw, im —=wxW

n—o0 Wn n—oo n—oo Wn



1 .
lim — when w = lim w, =0
n—oo W, n—o00

S 1 . )
Let us assume that the limit lim — exists and is

n—00 Wn
equal to W.
Then
. 1 : .1
1=Ilmw,— = Imw, Iim — =wxW =0xW

n—o0 Wn n—oo n—oo Wn



1 .
lim — when w = lim w, =0
n—oo W, n—o00

S 1 . )
Let us assume that the limit lim — exists and is

n—00 Wn
equal to W.
Then
. 1 : .1
1=Ilmw,— = Imw, Iim — =wxW =0xW
n—oo Wn n—oo n—oo Wn

Which is impossible!



1 .
lim — when w = lim w, =0
n—oo W, n—o00o

L 1 . )
Let us assume that the limit lim — exists and is
n—00 Wn

equal to W.
Then

. 1 . .1
1=Ilmw,— = Imw, Iim — =wxW =0xW
n—oo Wn n—oo n—oo Wn

Which is impossible!

Thus lim — does not exist.
n—o0 Wp,



