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Real sequences

» A real sequence is a map N — R.

» We often denote a real sequence by (a,),., OF
simply as (a,), or even simply as a,.

» A real sequence a, is said to converge to a

(written as lim, ., a, = a) if Ve > 0,
dN(e) e N :

n>N(e) = |a,—a| <e¢

» A real sequence a, is called a Cauchy
sequence if Ve > 0, IN(¢) € N :

n>N(e),pe N = |a,p—a,| <e¢

» A real sequence converges iff it is Cauchy.
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Diverging to o0
A real sequence (a,) is said to

» diverge to +oo if VM > 0, IN(M) € N such
that n > N(M) = a, > M.

» diverge to —oo if YM > 0, IN(M) € N such
that n > N(M) = a, < —M.
If a sequence diverges to +oo (resp. —oo) then we
define lim, . a, = 400 (resp. lim, .o a, = —00)
For sequences that converge or that diverge to 00
the limit exists on the extended real line

R* =R U {—00,4+00}.
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Examples

» The sequence a, = n diverges to +o0.
» Here N(M) = int(M) + 1.
2

» The sequence a, = —an“, a > 0 diverges to
—00.

» Here N(M) = int (\/M—/Oz) + 1.
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Examples
a,=+vn+5

For every M > 0, let N'(M) = int (M? —5) € N.
Then
n>N(M) = n>M>—-5 = n+5> M2

— a,=+vVn+5> M.

So for N(M) in our definition we can choose
max {N'(M), 1}
Thus

lim a, = +00

n—o0
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Some important definitions about real sequences

A real sequence (a,) is called

» bounded if 3M > 0 such that |a,| < M for all
n.

increasing if a, < a,1 for all n.

v

nondecreasing if a, < a,1 for all n.

v

decreasing if a, > a,1 for all n.

v

v

nonincreasing if a, > a, 1 for all n.

v

monotonic if it is either nonincreasing or
nondecreasing.

Note that for these properties - the fact that R is
ordered is crucial - in particular, they don’t make
sense for complex sequences!
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Theorem
A bounded monotone real sequence (a,) converges.

Proof.
We will prove the result for a nondecreasing
sequence which has an upper bound.

» " (a,) is bounded, the set {a,: n € N} is

bounded.
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Subsequences

Let a = (an),cy be a sequence and f : N — N be
an increasing function. Then ao f is called a
subsequence of the sequence a. We denote
a(f(k)) = a,, where f : k — ny.

Theorem

Let a = (an),y be a convergent sequence. Then
every subsequence a = (a,,) of a= (a,) is a
convergent sequence and (@)

lima,, = lima,
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Cluster points

A number a € R is called a cluster point of a real
sequence (a,) if it can be expressed as the limit of
some subsequence of (a,) .

Example : The sequence +1,—1,+1,—1,... has
two cluster points - +1 and —1.

A convergent sequence has only one cluster point -
the limit!

Bolzano-Weirstrass theorem : Every bounded
sequence of real numbers has at least one cluster
point.
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Upper and lower limits

Let (a,) be a bounded real sequence.
For each fixed n € N consider the set

Th= {3n+p :p € N} ={ani1, ap40,. ..}

Let (u,) and (v,) denote the sequences defined
respectively by

up, =inf(T,), v, =sup(T,)
.+ Thi1 C T, we have
m<w<w<...andvy>wvn>v>...

(u,) and (v,) are bounded monotone sequences.
Both the sequences converge.
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Upper and lower limits
For a bounded real sequence (a,), the limits

lim u, = u
n—oo
lim v, = v
n—o0

exist.
If the sequence is not bounded above we define

lim v, = +o0.
n—oo

If the sequence is not bounded below we define

lim u, = —o0.
n—oo

These limits always exist on the extended real line
R* =R U {—00,+00}.
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For a real sequence (a,) we define its upper and
lower limits by

limsupa, = lim (sup{an:p:p € N})
liminfa, = lim (inf{a,:p: p € N})

The following facts are obvious :

inf{a, : n € N} <liminfa, <limsupa, <sup{a,:ne N}
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Example

For the sequence (a,) = (—1,1,—-1,1,—1,...), we
have

T1:17—1,1,—1,.., U1:—1,V]_:1
T2:—1,]_7—].,1,... U2:—17V2:]_

Thus
{u,} ={-1,-1,-1,...} and {v,} ={1,1,1,...}.



Example

For the sequence (a,) = (—1,1,—-1,1,—1,...), we
have

le]_,—].,].,—].,.., U1:—1,V]_:1
T2:—1,]_7—]_,1,... U2:—1,V2:]_

Thus

{u,} ={-1,-1,-1,...} and {v,} ={1,1,1,...}.

Thus, liminfa, = —1 and limsup a, = +1.
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Some theorems
» For a real sequence (a,) the limit lim a, exists iff
liminf a, = limsup a,. (
» In such a case, we have

lima, = limsup a, = liminf a,

» limsup a, is the largest cluster point of (a,).

» liminf a, is the smallest cluster point of (a,).

» limsup a, = a iff for every € > 0 there is only a
finite number of n's such that a, > a+ ¢ and an
infinite number of n's for which a, > a — ¢.

» liminf a, = a iff for every € > 0 there is only a
finite number of n's such that a, < a — ¢ and an
infinite number of n's for which a, < a + €.
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Sequence of functions

Let S C C and F = {functions from S to C}.
Then a sequence of functions is a map N — F.

For each k =1,2,... we have a function f,.

e Compare : a complex sequence is a map N — C.
e There, for each k =1,2,... we have a complex
number z.

Given a sequence of functions fi, the values taken
by the functions at a fixed value of z € S C C yield
a complex sequence fi(z).

This gives us the simplest notion of convergence of
a sequence of functions.
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Sequence of functions - pointwise convergence

» The sequence of functions f; is called pointwise
convergent on S if for each z € S the
sequence f1(z), (z), ... is convergent.

» The function f : S — C, f(z) = limk_ fx(2)
is called a limit function of the sequence.

» This means that Vz € S and Ve > 0,
dko(z,€) € N:

k> ko(z,e) = |f(z) —f(2)| <eVzeS.

» In general, the value of ky(z, €) depends on the
point z as well as the value of e.
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. a, converges to, say a, we have
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Sequence converges = Subsequence converges!

We need the following lemma :

If f :N — N, k> ny is increasing, then
ng Z k.

. a, converges to, say a, we have
Ve >0, IN(e) e N :

k> N(e) = |ax—a| <e
g >k, k> N(e) = ng > N(e).

k> N(e) = |a, —al <e

ap, converges to a.
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limsup a, = liminf a, <= a,, converges

Casel : lima, = +o0
VM > 0,IN(M)e N: n> NM) = a,> M.

— inf({apsp: pEN}) > M

— liminfa, > M

".* M is arbitrary

liminf a, = +oo"." liminf a, < limsup a, we have
limsup a, = +00, too!

Case 2 : The proof for lima, = —oc is similar.



limsup a, = liminf a, <= a,, converges



limsup a, = liminf a, <= a,, converges
Let ima, = a € R exist.



limsup a, = liminf a, <= a,, converges
Let lima, = a € R exist. Then Ve > 0,3N(¢) € N :

n> N(e) = |a,—a| <e



limsup a, = liminf a, <= a,, converges
Let lima, = a € R exist. Then Ve > 0,3N(¢) € N :

n> N(e) = |a,—a| <e

xeT,={app: peN} = a—e<x<a+e



limsup a, = liminf a, <= a,, converges
Let lima, = a € R exist. Then Ve > 0,3N(¢) € N :

n> N(e) = |a,—a| <e

xeT,={app: peN} = a—e<x<a+e

a—e<inf(T,), sup(T, <a+e



limsup a, = liminf a, <= a,, converges
Let lima, = a € R exist. Then Ve > 0,3N(¢) € N :

n>N() = |a,—a| <e
xeT,={app: peN} = a—e<x<a+e
a—e<inf(T,), sup(T,) <a-+e
Thus

a—e<Iliminfa,



limsup a, = liminf a, <= a,, converges
Let lima, = a € R exist. Then Ve > 0,3N(¢) € N :

n>N() = |a,—a| <e
xeT,={app: peN} = a—e<x<a+e
a—e<inf(T,), sup(T,) <a-+e
Thus

a—e<liminfa, <limsupa,



limsup a, = liminf a, <= a,, converges
Let lima, = a € R exist. Then Ve > 0,3N(¢) € N :

n>N() = |a,—a| <e
xeT,={app: peN} = a—e<x<a+e
a—e<inf(T,), sup(T,) <a-+e
Thus

a—e<liminfa, <limsupa, <a+¢



limsup a, = liminf a, <= a,, converges
Let lima, = a € R exist. Then Ve > 0,3N(¢) € N :

n>N() = |a,—a| <e
xeT,={app: peN} = a—e<x<a+e
a—e<inf(T,), sup(T, <a+e
Thus
a—e<liminfa, <limsupa, <a+¢
€ > 0 is arbitrary, we must have

liminf a, = limsupa, = a=Ilima,



limsup a, = liminf a, = a,, converges



limsup a, = liminf a, = a,, converges

Left as an exercisel!



