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» The sum of the first n terms of the series

n
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is called the n-th partial sum of the series.
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Series

» The infinite series is said to converge to S if
the limit

n
S=1Im3S,= lim E Zk
n—oo n—aoo
k=1
exists.

o
» In this case we write S = E Z.
k=1
» If a series does not converge it is called

divergent.

» Note that changing a finite number of terms in
a series has no effect on its convergence or
divergence!
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Cauchy theorem for series

Theorem
If the series >\ | zx converges, then Ve > 0,
dN(e) € N such that

n>m>N(e) = |zm+ Zmi1+ ... 20| <€

Proof.

"+ 5, converges, it is a Cauchy sequence.Thus
Ve > 0,dN(e) e N :

nm> N(e) = |zm+2zmi1+...2, <€



An important corollary

If the series Y., zx converges, then lim,_ z, = 0



An important corollary

If the series >\ | zx converges, then lim, .z, =0

In the last theorem, choose m = n > N(e).



An important corollary

If the series >\ | zx converges, then lim, .z, =0

In the last theorem, choose m = n > N(e).

|z, — 0| < €
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Geometric series
If |z] < 1, the series Y_,”, z converges to
f(z) = £&. If |z| > 1, the series diverges.
Proof.
We have

n—

S, = K=14z4224.. . +2" =
0

[y

1—2"

11—~z

=
I

" |z| < 1, we have lim,_,» z" = 0. Thus
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Geometric series

If |z] < 1, the series Y_,”, z converges to

f(z) = £&. If |z| > 1, the series diverges.

Proof.

We have
n—1 1_ "
S, = K=14z+22+.. . 42"t =
1—=z
k=0
" |z] < 1, we have lim,_ ., z" = 0. Thus
1 z" 1
f(z) = lim S, = li — =
() 0o n|—>n;o[1—z 1—z] 1—-z

For |z| > 1, the series diverges from the last
theorem. =]



Absolute convergence

A series is called absolutely convergent if the real
oo

series of magnitudes g |zk| exists.
k=1

Example :
The geometric series Y,z
for |z| < 1.

k converges absolutely
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Absolute convergence = convergence
(0.9]

Since the series E |zx| converges, the sequence of

k=1
n

its partial sums S, = Z |z| is a Cauchy sequence.

k=1
Ve > 0,dN(e) € N :

n,m> N(e) = gn—gm‘ <€
For the original series

|Sn_5m| - Z z,| < Z ‘an

z, is a Cauchy sequence. It is convergent!
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An application : the complex exponential

Consider the series
2 3

Z
5:1+z+§+§+”" zeC

The corresponding series of magnitudes

2 2 |2

5:1+‘Z|+7+?+..., |zl € R
is known to converge for all |z| € R from real
analysis.

The series S converges absolutely, and hence
converges for all z € C.
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The converse

An absolutely convergent series is convergent, the
converse is not necessarily true!

The series
1 1 1
S=1—-—-+-—-—+...
2+3 4Jr
is convergent.
But
1+1+1+1+
2 3 4
diverges.

S is convergent, but not absolutely convergent.
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Connection with real series

Theorem

Let z, = x, +1iy, and S = U +iV. Then

o0
S= Z,

n=1
iff

U= ix,,, V = iyn
n=1 n=1

The proof follows trivially from the corresponding
result for complex sequences.
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We know that though the real series Z (=1) is
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Applications

Z(—l)”—i—i
n
n=1
We have
—(-1)"+i (=) 1
; n _; n Jrln

oo _1 n
We know that though the real series Z (=1) is

n
n=1
=1
convergent, the real series g — diverges.
n
n=1

The complex series above is divergent.
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Tests of convergence for real series

» Term comparison test : If 0 < a, < b, for
every n € N, and if > b, converges, then > a,
converges.

» Corollary : If 0 < a, < b, for every n € N, and
if > a, diverges, then > b, diverges.

» Limit comparison test : If 0 < a, < b, for
every n € N, and |f0<||ma"—c<oo then
> a, and Y b, either both converge or both
diverge.
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Applications
The sum >~ 22 3 3+1 diverges.

am. (?ngnj 1> / G)

2n3 2

Proof.

= |lim —— = I|im = -

n—oo3m3 +1 n—oo3 —|—
Since 2 diverges, so does Z T 3+1
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Applications

The sum " 322 converges.

Proof.

3n+5 1 5
li — | =1 g
im (%) 1 (35) = Jm3+ 5 =3>0

Smce the geometric series Z converges, so does
> 3 3n3+1 ]
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Tests of convergence for real series

» Cauchy root test : Let o = limsup|a,|”/".
Then the series > a,

1. absolutely converges is a < 1;
2. diverges if a > 1 or +00.

» The root test fails if @ = 1. In this case the series may either
converge or diverge.

» d’Alembert’s ratio test : Let ) _ a, be a series
of nonzero terms. Then the series ) a,

<1;

1. converges absquter if limsup %

> 1 or +o00.

» The series > a, may or may not converge if

+1

liminf | ——| <1 <limsup

an an

In this case the ratio test fails.
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Consider S = Z %

X
Here a, = —.
n!
ani1 B Xn+1 . X_n ‘X|
an (n+1)  n n+1
Thus | |
: dn+1 . X
lim |— = |im =0
n—oo | ap n—oo N+ 1

From the ratio test, S converges absolutely for all
values of x.
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Consider § = Z %

X
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n
api| [ x™ X" n|x|
an n+1 n n+1
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Applications

Consider § = Z %

X
Here a, = —
n
dn+1
dn
Thus
lim
n—oo

B Xn+1 . X" I7|X|
|n+1" n| n+1
dn+1 T n‘X‘ -

= lim ——— = |x|
an n—oo n+ 1

From the ratio test, S converges absolutely for
|x| < 1 and diverges for |x| > 1.
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Convergence of complex series

Comparison test :
Let >°°, M, be a convergent real sequence of
nonnegative terms and |z,| < M, for all n then
©¢)
2=
n=1
converges absolutely.

Proof.

Using the comparison test for real series we see that
> | |zn| is convergent. Thus the series is absolutely
convergent, and thus convergent. ]
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Convergence of complex series

Ratio test :
Given the series Zzozl ¢, of nonzero terms, let

Cn+1

lim sup =1L

n

Then the series is absolutely convergent if L < 1
and divergent if L > 1.

Proof.

Use the ratio test for real series to show that the
real series of magnitudes > |(,| converges if

L < 1.Thus > (, is absolutely convergent.



Convergence of complex series

Root test :
Given the series > 2| (,, let

limsup |G| = L

Then the series is absolutely convergent for L < 1
and divergent for L > 1.
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. H m

.. The series ) ,~ | ax converges.
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Suppose a = limsup |a,|"/" < 1. Select € > 0 such
that o +€ < 1.

limy s (sup {\a,,]l/"}) =, IN(e) e N

n> N(e) = cv—e<sup{\a,,]1/”}<oz+e

Thus for n > N(€),0 < |a,| < (o + €)".

"0 < a+ € < 1 the geometric series Y (a+€)" is
convergent.

From the term comparison test, we see that ) a,
converges.
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For the proof we need the lemma

dp+1
dp

lim inf 1/n

< liminf |a,|

. . ant1
< limsup |a,|*" < lim sup | 22+

n
Proof of the lemma as well as the rest of the proof
is left as an exercise.

Implications :

an+1

> If lim E&

exists, then so does lim |a,

n

» If the root test fails, the ratio test will fail too.



