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Series

I Given a complex sequence (zn) the formal
expression

∞∑
k=1

zk = z1 + z2 + . . . + zn + . . .

is called an infinite series and z1, z2 etc. are
called terms of the series.

I The sum of the first n terms of the series

Sn =
n∑

k=1

zk = z1 + z2 + . . . + zn

is called the n-th partial sum of the series.
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I The infinite series is said to converge to S if
the limit

S = lim
n→∞

Sn = lim
n→∞

n∑
k=1
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exists.

I In this case we write S =
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I If a series does not converge it is called
divergent.

I Note that changing a finite number of terms in
a series has no effect on its convergence or
divergence!
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Cauchy theorem for series

Theorem

If the series
∑∞

k=1 zk converges, then ∀ε > 0,
∃N(ε) ∈ N such that

n ≥ m > N(ε) =⇒ |zm + zm+1 + . . . zn| < ε

Proof.

∵ Sn converges, it is a Cauchy sequence.Thus
∀ε > 0,∃N(ε) ∈ N :

n,m > N(ε) =⇒ < ε
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Geometric series

If |z | < 1, the series
∑∞

k=0 zk converges to
f (z) = 1

1−z . If |z | ≥ 1, the series diverges.

Proof.

We have

Sn =
n−1∑
k=0

zk = 1 + z + z2 + . . . + zn−1 =
1− zn

1− z

∵ |z | < 1, we have limn→∞ zn = 0. Thus

f (z) = lim
n→∞

Sn = lim
n→∞

[
1

1− z
− zn

1− z

]
=

1

1− z

For |z | ≥ 1, the series diverges from the last
theorem.
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Absolute convergence

A series is called absolutely convergent if the real

series of magnitudes
∞∑

k=1

|zk | exists.

Example :
The geometric series

∑∞
k=0 zk converges absolutely

for |z | < 1.



Absolute convergence =⇒ convergence

Since the series
∞∑

k=1

|zk | converges, the sequence of

its partial sums S̃n =
n∑

k=1

|zk | is a Cauchy sequence.

∀ε > 0,∃N(ε) ∈ N :

n,m > N(ε) =⇒
∣∣∣S̃n − S̃m

∣∣∣ < ε

For the original series

|Sn − Sm| =

∣∣∣∣∣
n∑

k=m+1

zn

∣∣∣∣∣ ≤
n∑

k=m+1

|zn|

=
∣∣∣S̃n − S̃m

∣∣∣ < ε

zn is a Cauchy sequence. It is convergent!
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An application : the complex exponential

Consider the series

S = 1 + z +
z2

2!
+

z3

3!
+ . . . , z ∈ C

The corresponding series of magnitudes

S̃ = 1 + |z |+
∣∣z2
∣∣

2!
+

∣∣z3
∣∣

3!
+ . . . , |z | ∈ R

is known to converge for all |z | ∈ R from real
analysis.
The series S converges absolutely, and hence
converges for all z ∈ C.
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The converse

An absolutely convergent series is convergent,

the
converse is not necessarily true!
The series

S = 1− 1

2
+

1

3
− 1

4
+ . . .

is convergent. Why?

But

1 +
1

2
+

1

3
+

1

4
+ . . .

diverges. Why?

S is convergent, but not absolutely convergent.



The converse

An absolutely convergent series is convergent, the
converse is not necessarily true!

The series

S = 1− 1

2
+

1

3
− 1

4
+ . . .

is convergent. Why?

But

1 +
1

2
+

1

3
+

1

4
+ . . .

diverges. Why?

S is convergent, but not absolutely convergent.



The converse

An absolutely convergent series is convergent, the
converse is not necessarily true!
The series

S = 1− 1

2
+

1

3
− 1

4
+ . . .

is convergent. Why?

But

1 +
1

2
+

1

3
+

1

4
+ . . .

diverges. Why?

S is convergent, but not absolutely convergent.



The converse

An absolutely convergent series is convergent, the
converse is not necessarily true!
The series

S = 1− 1

2
+

1

3
− 1

4
+ . . .

is convergent. Why?

But

1 +
1

2
+

1

3
+

1

4
+ . . .

diverges. Why?

S is convergent, but not absolutely convergent.



The converse

An absolutely convergent series is convergent, the
converse is not necessarily true!
The series

S = 1− 1

2
+

1

3
− 1

4
+ . . .

is convergent. Why?

But

1 +
1

2
+

1

3
+

1

4
+ . . .

diverges. Why?

S is convergent, but not absolutely convergent.



Connection with real series

Theorem

Let zn = xn + iyn and S = U + iV . Then

S =
∞∑

n=1

zn

iff

U =
∞∑

n=1

xn, V =
∞∑

n=1

yn

The proof follows trivially from the corresponding
result for complex sequences.
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Applications

∞∑
n=1

1 + in(−1)n

n2

We have
∞∑

n=1

1 + in(−1)n

n2
=

∞∑
n=1

[
1

n2
+ i

(−1)n

n

]
We know that both the real series∞∑

n=1

1

n2
and

∞∑
n=1

(−1)n

n
are convergent.
The complex series above is convergent. �
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Tests of convergence for real series

I Term comparison test : If 0 ≤ an ≤ bn for
every n ∈ N, and if

∑
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∑
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I Corollary : If 0 ≤ an ≤ bn for every n ∈ N, and
if
∑

an diverges, then
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bn diverges.

I Limit comparison test : If 0 ≤ an ≤ bn for
every n ∈ N, and if 0 < lim an

bn
= c <∞, then∑

an and
∑

bn either both converge or both
diverge. Proof
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The sum
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Tests of convergence for real series

I Cauchy root test : Let α = lim sup |an|1/n.
Then the series

∑
an

1. absolutely converges is α < 1;
2. diverges if α > 1 or +∞.
I The root test fails if α = 1. In this case the series may either

converge or diverge. Proof

I d’Alembert’s ratio test : Let
∑

an be a series
of nonzero terms. Then the series

∑
an

1. converges absolutely if lim sup
∣∣∣an+1

an

∣∣∣ < 1;

2. diverges if lim inf
∣∣∣an+1

an

∣∣∣ > 1 or +∞.

I The series
∑

an may or may not converge if
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∣∣∣∣an+1
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In this case the ratio test fails. Proof
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Applications

Consider S =
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n!
.
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From the ratio test, S converges absolutely for all
values of x .
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Convergence of complex series

Comparison test :
Let

∑∞
n=1 Mn be a convergent real sequence of

nonnegative terms and |zn| < Mn for all n then

∞∑
n=1

zn

converges absolutely.

Proof.

Using the comparison test for real series we see that∑∞
n=1 |zn| is convergent.Thus the series is absolutely

convergent, and thus convergent.
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Convergence of complex series

Ratio test :
Given the series

∑∞
n=1 ζn of nonzero terms, let

lim sup

∣∣∣∣ζn+1

ζn

∣∣∣∣ = L

Then the series is absolutely convergent if L < 1
and divergent if L > 1.

Proof.

Use the ratio test for real series to show that the
real series of magnitudes

∑
|ζn| converges if

L < 1.Thus
∑
ζn is absolutely convergent.
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Convergence of complex series

Root test :
Given the series

∑∞
n=1 ζn, let

lim sup |ζn|1/n = L

Then the series is absolutely convergent for L < 1
and divergent for L > 1.





The harmonic series
∞∑

n=1

1

n
diverges.

Consider the sequence of partial sums (Sn), where

Sn =
∞∑

k=1

1

k
=

1

1
+

1

2
+ . . . +

1

n

S2n − Sn =
1

n + 1
+

1

n + 2
+ . . . +

1

n + n

>
1

2n
+

1

2n
+ . . . +

1

2n
=

1

2

The sequence (Sn) is not Cauchy.

The series does not converge! Go Back!
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The alternate harmonic series
1

1
− 1

2
+

1

3
− . . . converges

Consider the sequence of partial sums

Sn =
1

1
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2
+

1

3
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(−1)n−1

n

|Sn+p − Sn| =

∣∣∣∣ 1
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n + 2
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∣∣∣∣
=

1

n + 1
− 1

n + 2
+ . . .− (−1)p

n + p
<

1

n + 1

We can make |Sn+p − Sn| as small as we want by
choosing a large enough n!
The sequence (Sn) is a Cauchy sequence.
The sequence converges! Go Back!
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Proof of the term comparison test

Let sn =
∑n

k=1 ak and tn =
∑n

k=1 bk .

Suppose
∑∞

k=1 bk = t.
∵ ∀n ∈ N : 0 ≤ an ≤ bn we have

0 ≤ sn ≤ tn ≤ t

Thus (sn) is a bounded and monotone sequence - it
converges.
∴ The series

∑∞
k=1 ak converges.

Go Back!



Proof of the term comparison test

Let sn =
∑n

k=1 ak and tn =
∑n

k=1 bk .
Suppose

∑∞
k=1 bk = t.

∵ ∀n ∈ N : 0 ≤ an ≤ bn we have

0 ≤ sn ≤ tn ≤ t

Thus (sn) is a bounded and monotone sequence - it
converges.
∴ The series

∑∞
k=1 ak converges.

Go Back!



Proof of the term comparison test

Let sn =
∑n

k=1 ak and tn =
∑n

k=1 bk .
Suppose

∑∞
k=1 bk = t.

∵ ∀n ∈ N : 0 ≤ an ≤ bn we have

0 ≤ sn ≤ tn ≤ t

Thus (sn) is a bounded and monotone sequence - it
converges.
∴ The series

∑∞
k=1 ak converges.

Go Back!



Proof of the term comparison test

Let sn =
∑n

k=1 ak and tn =
∑n

k=1 bk .
Suppose

∑∞
k=1 bk = t.

∵ ∀n ∈ N : 0 ≤ an ≤ bn we have

0 ≤ sn ≤ tn ≤ t

Thus (sn) is a bounded and monotone sequence - it
converges.
∴ The series

∑∞
k=1 ak converges.

Go Back!



Proof of the term comparison test

Let sn =
∑n

k=1 ak and tn =
∑n

k=1 bk .
Suppose

∑∞
k=1 bk = t.

∵ ∀n ∈ N : 0 ≤ an ≤ bn we have

0 ≤ sn ≤ tn ≤ t

Thus (sn) is a bounded and monotone sequence - it
converges.

∴ The series
∑∞

k=1 ak converges.
Go Back!



Proof of the term comparison test

Let sn =
∑n

k=1 ak and tn =
∑n

k=1 bk .
Suppose

∑∞
k=1 bk = t.

∵ ∀n ∈ N : 0 ≤ an ≤ bn we have

0 ≤ sn ≤ tn ≤ t

Thus (sn) is a bounded and monotone sequence - it
converges.
∴ The series

∑∞
k=1 ak converges.

Go Back!



Proof of the limit comparison test

Suppose lim an

bn
= c > 0.

Thus ∃N ∈ N :

n > N =⇒
∣∣∣∣an

bn
− c

∣∣∣∣ < c

2
=⇒ c

2
<

an

bn
<

3c

2

Thus ∀n > N we have
c

2
bn < an <

3c

2
bn.

If
∑

an converges, then so does
∑

c
2bn - so does∑

bn.

If
∑

an diverges, then so does
∑

3c
2 bn - so does∑

bn. Go Back!
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Proof of Cauchy root test

Suppose α = lim sup |an|1/n < 1.

Select ε > 0 such
that α + ε < 1.
∵ limn→∞

(
sup
{
|an|1/n

})
= α, ∃N(ε) ∈ N :

n > N(ε) =⇒ α− ε < sup
{
|an|1/n

}
< α + ε

Thus for n > N(ε), 0 ≤ |an| < (α + ε)n.
∵ 0 < α + ε < 1 the geometric series

∑
(α + ε)n is

convergent.
From the term comparison test, we see that

∑
an

converges. Go Back!
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Proof of d’Alembert’s ratio test

For the proof we need the lemma

lim inf

∣∣∣∣an+1

an

∣∣∣∣ ≤ lim inf |an|1/n

≤ lim sup |an|1/n ≤ lim sup

∣∣∣∣an+1

an

∣∣∣∣

Proof of the lemma as well as the rest of the proof
is left as an exercise.
Implications :

I If lim
∣∣∣an+1

an

∣∣∣ exists, then so does lim |an|1/n

I If the root test fails, the ratio test will fail too.

Go Back!
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