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» A power series is somewhat like a polynomial
N

Z Cn (Z — Zo)n =+ (Z — Zo)+. .. tCpn (Z — Zo)N
n=0

» Only there is no last term!

» A polynomial can be differentiated simply by

% (Z cn(z — Zo)") = Z ncy(z —z)""
n=0 n=0

» |t seems plausible that this can be done for
power series too :

% <ch z— z7) > Z (n+1)cpy1 ( z0)"

n=0
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Rediscovering the exponential function
The familiar function exp R — R defined by

o0 n

f(x):Z%

n=0

can be generalized to the complex domain by
directly looking at the series.
We have already seen that the power series function

exp(z) = ) %

converges everywhere on C.
Thus it defines a unique analytic function that
matches e* on the real line.



Rediscovering the exponential function

Another way in which we could introduce the
complex exponential function is to generalize the
property

f'(x) = f(x), f(0)=1

of the real exponential.



Rediscovering the exponential function

Another way in which we could introduce the
complex exponential function is to generalize the
property

f'(x) = f(x), f(0)=1

of the real exponential.

We define the complex exponential function by

df
f:C—C, —=f(z), £(0)=1
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Rediscovering the exponential function
Let's assume

f2)=a+taztaz +az’+.. . +cz'+...
Then
f'(z) = a+20z+3¢2° +4az’+. . .+nc,z" '+ ..
" f(z) = f'(z) we have
G = C
aq = 20

¢ = (n+1)cnn
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Rediscovering the exponential function

We have the recursion relation :
Cn

n+1
as well as the initial condition :

f(O):]. — ¢ =1

Cht1 =

Solution of this recursion relation is
1
Ch = —
n!
This can be proven trivially by induction!

We have once again recovered the exponential
function.
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Just for practice, let us re-derive the recursion
relation that follows from the equation f'(z) = f(z).

Assume a power series solution of the form
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Rediscovering the exponential function

o0 0
0=""(z)—f(z) = g nc,z" ! — g cnz"
n=0 n=0
o0 o0
= g nc,z" 1 — E cpz"
n=1 n=0
o0 0
= E (n+1)cp12" — E cnz"
n:O n:O
o0

= Z [(n+1)cpi1 — ] 27

which implies (n+ 1)c,.1 — ¢, = 0 as before!
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A more complicated example
Substituting these in Hermite's equation we have

Z(n+1)(n+2)c,,+22”—2z Z nc,z" 4-2v Z cz" =0
n=0 n=0 n=0

= > [(n+1)(n+2)cpr2+2(v — n)c,] 2" =0
n=0
2(n —v)
(n+1)(n+2
This recursion relation allows us to calculate

: Cn+2 — )Cn
€2, C4,y...,Com,... Interms of ¢

C3,C5,...,Cms1,... IN terms of ¢
General solution : f(z) = copo(z) + c101(2)
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Can this method be used always?
Consider the equation z°f"(z) — f(z) = 0.
Assume a power series solution f(z) = >  c,z"

0=2*"(z) — f(z) = 2 Z n(n —1)c,z" > — Z cnz"
n=0 n=0
e Z[n(n — 1) — 1]ann
n=0

This leads to the condition [n(n — 1) — 1]c, =0
VneNn(n—1)—-1#£0, ".¢c,=0

Thus the only power series that will satisfy our
equation is identically zero - the trivial solution!
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Can this method be used always?

For the equation z%f"(z) — f(z) = 0, the power
series method only gives the trivial solution!

In this case, however, we can use a modified version
of the power series method, called the Frobenius
method.

In this method we use an “extended power series”

where s is a constant - can be positive, negative,
fractional or even complex!. Even that does not
work for all equations!
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Hurdles that we have (conveniently) overlooked - so far
The term by term formula for derivative looks
plausible. But ...

» Power series is not really a sum!

» There is a limiting process involved.
» Important points to worry about :

» Does the term-by-term differentiated series
converge?
» If it does, does it converge to the derivative
of the original series?
» Can we sum up power series term by term?
» Also, if two power series match over a region -
must the coefficients match, too?
» The answer to all these is - YES!
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The arithmatic of power series
Let f(z) = > " a,(z — z)" and

g(z) =5y bn(z— z)" have radii of convergence
p1 and po, respectively.
Let p = min{p1, po}. Then
» The power series >~ (a, + b,) (z — z)" has a
radius of convergence p and within D, (z) it
converges to the sum f(z) + g(z).

» The power series >~ ¢, (z — zp)" with

n
Ch = E akbn—k
k=0

has a radius of convergence p and within D, (z)
it converges to the product f(z)g(z).
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A theorem on differentiation of power series :

Suppose a power series function
0

f(z) = Z cn(z — 2)" has a radius of convergence

n=0
p > 0. Then

» f is infinitely differentiable Vz € D, (z).
» Vk € N, we_ have
F0(z) = Z n(n—1)...(n—k+1)c,(z— z)"

n=k
F0) (z0)
k!
We need only to prove this for k = 1. Repeated
application then gives the general case!

> Ci =
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Uniqueness of power series expansions - a simple corollary :

Let the function f : S C C — C have two power
series expansions centered around the same point z,

f(2)=> an(z—2)"=) bi(z—2)"

Then we have a, = b, Vn.

Proof.
From the previous theorem, we have
f(n) (z
dn = ( 0) — bn
n!
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Differentiating power series - proof :
Given a power series function

f(z2) =) cn(z—2)"

with a radius of convergence p and a “formal”
derivative function

(0.9]
g(z) :ch,, z—z)""
n=0
we need to prove that

» The radius of convergence of g(z) is p

df . (Z)—f(2)

= = —
gl 10
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Differentiating power series - proof :

Radius of convergence of g(z) :

lim sup {|(n + 1)cn+1\1/”} = lim(n

—> the radius of convergence of the power series
for g(z) is the same as that for f(Zz).
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ch(z—2)"
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=
O
I
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+

n—j

Let z € D,(z) and
choose € > 0.

Choose r < p so that
zeD, (zo)and 01 >0
such that

Ds,(z) € Dr(20) € D, ()

DA
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Take Z' € Ds,(2).

f(z) - f(2) _ 5 +RI(E) -5+ R](Z)

—g(2)

7z —z 7z —z

—g(2)
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Take z' € Dy, (2).

f(Z)—f(z2) glz) = (S + R (Z) — [S; + R (2)
—g(2)
_ [51 (Z') = 5(2) S{(Z):|

+[S/(2) — &(2)]
+[B= R )

7z —z



Differentiating power series - proof :

f(z) - f(2)

7z —z
Ny
TV

A B

—g(z) _ |:SJ (Z/) - SJ(Z) _ g

+[5(2) — 8(2)]
C
. [f@ )~ 5(2)]
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f(z) - f(2)

7z —z

—g(2) =
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A

A=B+C+D

[$€) =500 _g

;\[SJ{(Z)V;?(Z)}J J
C
. [&(zz'; - fj(z)]
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f (z’? - f(z) glz) — {51 (2’2 - 5(2) _ SJf(z)}
; + 5@ - E(Z)l
C
+\[ (zzgvf( )]}

A=B+C+D = |A < |B|+|C|+ D]
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e I ]
" S > ’

+[5(2) — 8(2)]
C
. [f@ )~ 5(2)]

A=B+C+D = |A < |B|+|C|+ D]
We need to show that by taking z’ sufficiently close
to z we can make each term smaller than £ > 0.
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o
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/

zZ —Z zZ —Z
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(2 — z) — (z — z)
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7z -z Z -z
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< C
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o
Z |cnl ‘s”_l + 5"t 4 ‘
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Term D :

R:

z —Z

o
Z Ch [(z/ —z)" —(z - ZO)H}
n=j+1
zZ —z

, " (2 — z9) — (z — z0)
n=j+1

o
5 el (8177 1< 2le] + ..
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R R _ |
- (2 —2)" = (z — z)"
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Differentiating power series - proof :
Term D :

o0
< Z cp| nr" 7t

n=j+1

R (Z) - R(2)

Z/

" r < p, the series Y07 |c,| nr™! converges.

|D|, the magnitude of its tail, can be made as small
as you may want!

Ve > 0 we can choose Ny(¢) € N :

€

Jj > Ni(e) = |D\<3
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" Si(2) = ZJ,;:O ncy(z — 2)" ', and g(z) =
Y o cn (2 — Zo)"f1 we have

lim $(z) = g(2)
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Term C :

o 5i(2) = Joncy(z—2)""", and g(z) =
Y o cn (2 — Zo)"f1 we have

lim 5i(z) = g(2)

j—00
EINQ(E) € N:

> M) = 1€l =|Si2) - 8] < 5
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Differentiating power series - proof :
Term B :

So far, we have
Jj>Ni(e) = |D| <§

J> No(e) = |C|<§

Choose N(€) = max {Ni(e), Na(e)}, set j > N(e).
5()=S5() _ gy

J

o lim
zl—z z —z

1z —z| < 6 = |B| = 51(22_51(2)_5]’(2) <
zZ—z

Wl m
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Putting it all together :

Choose § = min{d1,d,}, then

|2 —z[ <6 = |A| < [B|+[C|+]D] < §+§+§



Differentiating power series - proof :
Putting it all together :

Choose § = min{d1,d,}, then

1z —z| <6 = |A| < |B|+|C|+|D| < 3+3+§ =



