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Laurent series

A doubly infinite series
∞∑

n=−∞
cn (z − z0)n, called the

Laurent series, is defined by

∞∑
n=−∞

cn (z − z0)n ≡
−1∑

n=−∞
cn (z − z0)n+

∞∑
n=0

cn (z − z0)n

provided the series on the right converges.
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Laurent series

I The Laurent series converges in an annulus
ρ1 < |z − z0| < ρ2.

I The inner and outer radii are given by :

ρ1 = lim sup
n∈N

|c−n|1/n

ρ2 =
1

lim supn∈N |cn|1/n

I If c−n = 0 ∀n ∈ N the Laurent series reduces to
a Taylor series and z0 is a regular point.

I If the set {n ∈ N : c−n 6= 0} is finite, the
Laurent series function has a pole at z0.

I Otherwise, the point z0 is an essential
singularity.
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Two important theorems

If a function is holomorphic in an open disc
Dr (z0) = {z : |z − z0| < r}, then it can be
expanded in a Taylor series centered at z0 which has
a radius of convergence ρ ≥ r .

If a function is holomorphic in an open annulus
Ar1,r2 (z0) = {z : r1 < |z − z0| < r2}, then it can be
expanded in a Laurent series centered at z0 which
converges in an annulus Aρ1,ρ2

(z0) ⊃ Ar1,r2 (z0).

The proofs of these theorem depend on the Cauchy
integral formula that we will derive later.



Two important theorems

If a function is holomorphic in an open disc
Dr (z0) = {z : |z − z0| < r}, then it can be
expanded in a Taylor series centered at z0 which has
a radius of convergence ρ ≥ r .

If a function is holomorphic in an open annulus
Ar1,r2 (z0) = {z : r1 < |z − z0| < r2}, then it can be
expanded in a Laurent series centered at z0 which
converges in an annulus Aρ1,ρ2

(z0) ⊃ Ar1,r2 (z0).

The proofs of these theorem depend on the Cauchy
integral formula that we will derive later.



Two important theorems

If a function is holomorphic in an open disc
Dr (z0) = {z : |z − z0| < r}, then it can be
expanded in a Taylor series centered at z0 which has
a radius of convergence ρ ≥ r .

If a function is holomorphic in an open annulus
Ar1,r2 (z0) = {z : r1 < |z − z0| < r2}, then it can be
expanded in a Laurent series centered at z0 which
converges in an annulus Aρ1,ρ2

(z0) ⊃ Ar1,r2 (z0).

The proofs of these theorem depend on the Cauchy
integral formula that we will derive later.



Differentiating Laurent series

If a Laurent series function

f (z) =
∞∑

n=−∞
cn (z − z0)n

converges in the annulus Aρ1,ρ2
(z0), then the term

by term differentiated Laurent series

g(z) =
∞∑

n=−∞
ncn (z − z0)n−1

also converges in this annulus and converges to the
derivative of f (z) there.

The idea behind the proof is the same as that for
Taylor series.
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Examples

Consider the function

3

(1 + z)(2− z)

=
1

1 + z
+

1/2

1− z/2

It has poles at z = −1 and z = 2.

The function is holomorphic in

I the disc D : |z | < 1,

I the annulus A : 1 < |z | < 2, and

I the region R : |z | > 2

We will find its Laurent series expansion in each of
these three regions.
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