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Example - the hypergeometric DE

z(1− z)
d2f

dz2
+ [γ − (α + β + 1)z ]

df

dz
− αβf = 0

P(z) =
γ − (α + β + 1)z

z(1− z)
, Q(z) = − αβ

z(1− z)

Two regular singular points can be seen immediately
:

z = 0, z = 1

There is one more regular singular point - at z =∞!
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Behaviour at infinity

The behaviour at ∞ of

d2f

dz2
+ P(z)

df

dz
+ Q(z)f (z) = 0

is found by considering the behaviour at t = 0 of
the equation obeyed by g(t) = f

(
1
t

)
.

d2g

dt2
+

[
2

t
− 1

t2
P

(
1

t

)]
dg

dt
+

1

t4
Q

(
1

t

)
g(t) = 0

Why?

The point at ∞ is a regular singular point if

1

t
P

(
1

t

)
and

1

t2
Q

(
1

t

)
are analytic at t = 0.
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When is the point at infinity a regular singularity?
1

t
P

(
1

t

)
analytic at t = 0

=⇒

P

(
1

t

)
= t (p1 + p2t + . . .) = p1t+p2t

2+. . . =⇒

P(z) =
p1

z
+

p2

z2
+ . . .

1

t2
Q

(
1

t

)
analytic at t = 0 =⇒

Q

(
1

t

)
= t2 (q2 + q3t + . . .) = q2t

2+q3t
3+. . . =⇒

Q(z) =
q2

z2
+

q3

z3
+ . . .
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When is the point at infinity regular?

The point at ∞ will be a regular point if t = 0 is a
regular point

of both
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For the point at ∞ to be regular, we must have

p1 = 2 and q2, q3 = 0
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Behaviour at ∞ of the hypergeometric DE

For the hypergeometric DE, we have

P(z) =
γ − (α + β + 1)z

z(1− z)
, Q(z) = − αβ

z(1− z)

2

t
− 1

t2
P

(
1

t

)
=

→ First order pole!
1

t4
Q

(
1

t

)
= − αβ

t2(t − 1)
→ Second order pole!

z =∞ is a regular singular point of the
hypergeometric DE
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Definition

The number and nature of singularities of a
differential equation play a very important role in
determining the nature of its solutions.

A LHODE with single valued analytic coefficients is
called a Fuchsian DE if it has, at worst, regular
singular points in the entire extended complex plane.

The hypergeometric equation is one example.
Indeed, all SOHLODEs with three regular singular
points can be recast in the form of the
hypergeometric DE by a change of dependent and
independent variables!
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independent solutions to the Bessel equation
Jm(z) and J−m(z).

I However, when m = 0, we get only one solution!

I When m ∈ Z, the two solutions are dependent!

I How do we get the second solution in these
cases?

I One way is via the Wronskian.
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The Wronskian

Given two solutions f1(z) and f2(z) of the
SOLHODE

d2f

dz2
+ P(z)

df

dz
+ Q(z)f (z) = 0

their Wronskian is defined to be

∆ [f1, f2] (z) =

∣∣∣∣ f1(z) f2(z)
f ′1(z) f ′2(z)

∣∣∣∣

= f1(z)f ′2(z)−f2(z)f ′1(z)

∆ [f1, f2] (z) vanishes identically if f2(z) = kf1(z).
The converse is also true!
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The Wronskian

The Wronskian obeys

d∆

dz
+ P(z)∆(z) = 0

=⇒

∆(z) = ∆ (z0) exp

(
−
∫ z

z0

P (z ′) dz ′
)

Corrolary : Wronskian of two solutions is
identically positive, identically negative, or
identically zero.
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Second solution via the Wronskian

The Wronskian of two functions can be written as

∆ [f1, f2] (z) = f1(z)f ′2(z)− f ′1(z)f2(z)

Thus, given a solution f1(z) to f ′′ + Pf ′ + Qf = 0,
we can find another solution by

f2(z) = f1(z)

∫
∆ [f1, f2] (z)

(f1(z))2 dz

∝ f1(z)

∫
exp
(
−
∫

P (z) dz
)

(f1(z))2 dz
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f2(z) ∝ f1(z)
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If f1(z) is analytic at z0

I If P(z) is analytic at z0, then f2(z) is analytic
there.

I If P(z) has a simple pole at z0,

P(z) =
a−1

z − z0
+
∞∑

n=0

an (z − z0)n

I f2(z) has a pole at z0 if a−1 ∈ N \ {1}.
I f2(z) has a factor of log (z − z0) if a−1 = 1.
I f2(z) has a branch point if a−1 /∈ Z.

I f2(z) has an essential singularity if P has a
stronger pole.
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An example :

Consider u′′ − 6u′ + 9u = 0

We try the solution u(z) = exp(λz)

λ2 − 6λ + 9 = 0 =⇒ λ = 3, 3

One solution to the DE is exp(3z).What about the
second independent solution?

exp

(
−
∫

P(z)dz

)
= e6z

g(z) = e3z

∫ [
e6z

(e3z)2

]
dz

= e3z

∫
dz = ze3z
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Back to Bessel (for m = 0)
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1
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∫
P(z)dz = log z =⇒
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−
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P(z)dz

)
=

1

z

From the recursion relation, we get

J0(z) = 1− z2

4
+

z4

64
− z6

2304
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