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If the point z; be a regular singular point of the
SOHLODE

d>*f df

) P(z) + Q(2)f(z) =0
we expect to find two mdependent solutions having
the form

o0

f(2) =) clz—2)"", «#0

n=0

Remember, zj is a regular singular point if both

(z — 2) P(z) and (z — zp)* Q(z) are analytic at z
(Strictly speaking, they may have removable
singularities at z; ).



Indicial and recursion relations

We choose zy = 0 to simplify the notation without
loss of generality.
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Indicial and recursion relations

The indicial equation
F(s)=s(s—1)+sm+6y=0

can be solved to yield (in general) two values for the
index s.

For a given s, the coefficient ¢, can be calculated
from the recursion relation
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Its all in the roots

If two roots of the indicial equation are distinct and
do not differ by an integer then this method gives
rise to two independent solutions- which can be
linearly combined to get the most general solution.

» This method obviously gives only one solution if
the indicial equation has equal roots!
» If the two roots differ by an integer m > 0
» The series works for the bigger index.
» For the smaller index F(s+ m) = 0 and thus
the method fails to yield c,!

» In these cases the second solution can be found
by other methods - e.g.the Wronskian.
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Consider the differential equation
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Example - the Bessel equation
(sz—mz)CO:O = s==+m
([s+1]2—m2)c1:0 — ¢ =0

[(n+s)—m’]ci+tcro=0 =

—Cp-2
(n+s)?> — m?
We can use this to calculate the coefficients
C>,C4,Cq,---,Com, ... In terms of ¢y. All odd order
coefficients ¢y, c3, ... are zero.

Ch =
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Example - the Bessel equation

For the Bessel equation, the roots of the indicial
equation are s = +m.

» If m = 0 there is only one root of the indicial
equation.
» If 2m € Z \ {0} the roots differ by an integer.
» For m € N the two solutions are dependent.
» For odd-half integer m the series gives a
direct solution.

» Otherwise we get two solutions directly from the
Frobenius method.
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For the root s = +m of the indicial equation :
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Example - the Bessel equation

The second solution

o 00 —1)" Z\ 2n—m
yg(Z) = CO2 r(_m+1) ZO n|r(,§ _ 277—}- ]_) (5)

» This is an independent solution if m ¢ Z.

» For m = 0 this is the same as y;(z).

» For m € N the solution y», diverges.

» In this case we can get a solution by choosing
27 (1 — m) = dy so that dj is finite:

© (_]_)’7 Z\ 2n—m
ya(2) = do HZ:% nl(n—m+1) (5)

» This, though, is not an independent_solution!
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Example - the Bessel equation

The Bessel functions Jim(z)

The two Bessel functions are defined as
B > (_]_)” (Z)Qn:tm
Jem(2) = ; AT (n+1+m)\2

For m ¢ Z, Jym(z) are independent and the
general solution of the Bessel equation

y(z) = Adm(2) + BJ_p(2)

If me N :
J-ml(2) = (~1)"Jn(z2)

so this this does not give us the general solution.
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The general solution of the Bessel equation for
m = % 5

f(z) = agi(z)+ Ba(2)



Example - the Bessel equation with m = %

The general solution

The general solution of the Bessel equation for
m = % 5

f(z) = a¢i(z) + Bea(2)
= AJi(2)+ BJ 1(2)

1
3



Example - the Bessel equation with m = %

The general solution

The general solution of the Bessel equation for

_ 1
m—3|s

f(z) = a¢i(z)+ Bea(2)
— AJi(2)+ BJi(2)

16~ 896~ 35840~

:Azé<1—izz+iz4— 0 6+...)

+Bz 3 (1 — gz2 b ’

— z
320 10240

°+...)



Example - the Bessel equation with m =0

The indicial equation in this case is

=0
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=0 = s=0



Example - the Bessel equation with m =0

The indicial equation in this case is
=0 = s=0

We have only one root of the indicial equation!

(s+1)2cq =0



Example - the Bessel equation with m =0

The indicial equation in this case is
=0 = s=0

We have only one root of the indicial equation!

(s+1P2q=0 = =0

The recursion relation is
—Cp—2

= (e sp



Example - the Bessel equation with m =0

The indicial equation in this case is
=0 = s=0

We have only one root of the indicial equation!

(s+1P2q=0 = =0

The recursion relation is

—Cp—2 . Ch—2

e



Example - the Bessel equation with m =0

The indicial equation in this case is
=0 = s=0

We have only one root of the indicial equation!

(s+1P2q=0 = =0

The recursion relation is

—Cp—2 . Ch—2

e

All odd order coefficients are zero.
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Example - the Bessel equation with m =0

c Ch—2
L= —
n2
(o)) 1
Q = —57 = 7%
22
&}

42



Example - the Bessel equation with m =0

c Ch—2
= —
n2
(o)) 1
Q = —57 = 7%
22 4
C 1
C = = ——=Q

42 (2-4)2



Example - the Bessel equation with m =0

c _Cn—2
n n2
(o)) 1
Q = —57 = 7%
22 4
C 1 1
G, = = ——=C =

T2 (2429 2002



Example - the Bessel equation with m =0

Ch—2
Cn —_— n2
G = —ﬂ = —EC
2 22 4 0
1 1
oo -2 L 1
2 (2-4270 7 2021
Cy

C6:—§



Example - the Bessel equation with m =0

Ch—2
Cn —_— n2
G = —ﬂ = —EC
2 22 4 0
1 1
SR S NV
27 (2-42°0 7 202172
C 1

T e (24ep”



Example - the Bessel equation with m =0

Ch—2
Cn —_— n2
G = —ﬂ = —EC
2 22 4 0
1 1
SR S NV
27 (2-42°0 7 202172
C 1 1

T e 2EpY



Example - the Bessel equation with m =0

18))

C, =

C =

Om =

c Ch—2
n — n2
o 1
T2 g
165 1 1
2T 24T 22”
Cs 1 1

e (24P 2P

(=1)"

2m(miy2

€0



Example - the Bessel equation with m =0

One solution is

m2m

¢1(z) = COZ 2m m|)2



Example - the Bessel equation with m =0
One solution is
B o (_1)mz2m
n@) = @) iy

22 24 Z6
— o142
0 + "oa 2308 " )




Example - the Bessel equation with m =0

One solution is
B o (_1)mz2m
n@) = @) iy
m=0
z2 z0
= l—— 4+ —— — 4+ ...
C°< 5 64 2304 )
= CoJo(Z)



Example - the Bessel equation with m =0

One solution is

0 (z) = COZ (=1)mz™

= 2m(m!)?
zz 2
—ol1-Z4+Z -
C°< + "oa 2308 " )
= CoJo(Z)

How can we find the second independent solution,
Ko(Z)?



Second solution via the Wronskian

The Wronskian of two functions can be written as

Alh, ] (2) = A(2)f(2) — f{(2)f(2)



Second solution via the Wronskian

The Wronskian of two functions can be written as

Alfi, B](2) = (fi(2) 2% (28)




Second solution via the Wronskian

The Wronskian of two functions can be written as

Alfi, B](2) = (fi(2) 2% (28)

Thus, given a solution fi(z) to " + Pf' + Qf =0,
we can find another solution by




Second solution via the Wronskian

The Wronskian of two functions can be written as

Alfi, B](2) = (fi(2) 2% (28)

Thus, given a solution fi(z) to " + Pf' + Qf =0,
we can find another solution by

Az) = (2) —A([géf)])g%z




Second solution via the Wronskian

The Wronskian of two functions can be written as

Alfi, B](2) = (fi(2) 2% (28)

Thus, given a solution fi(z) to " + Pf' + Qf =0,
we can find another solution by

Az) = (2) —A([géf)])g%z

exp (—fP(z) dz)
x i) [ S




Back to Bessel (for m = 0)

P df
2071 4t _
2tz otz f(z)=0



Back to Bessel (for m = 0)

d*f  df
2071 ar | 5 _
zd22+zdz+z f(z)=0

P(z) %



Back to Bessel (for m = 0)

,d*f  df
z E+Z_+Z 2f(z) =0

Z:_:>/ z)dz = log z



Back to Bessel (for m = 0)

L d2f  df
ZE+ZE+Zf() 0

Pl2)= 1 — /P( \dz = log z —>

e (- [ ploe) -

N



Back to Bessel (for m = 0)

L d2f  df
ZE+ZE+Zf() O

1
z:—:>/ z)dz =logz =
z

exp (- / P(z)dz) :%

So, the second solution is

(2) = h(z) [ ﬁ



Back to Bessel (for m = 0)

1 1 1 2 2
S = [ (124 Z 4 ) d
/ng(z)Z /z( 4+64+ ) ‘



Back to Bessel (for m = 0)

/%ﬁdﬁ/%

z4 -
64 + . ) dz
5z3
EV) +. ) dz



Back to Bessel (for m = 0)

1 1 1 2 2
S dr = [ (12424 ) 4
/zjg(z)z /z( 4+64+ ) ‘
_/ 1+z+5z3+ J
- z 23 T )

2 524

= | — 4+ —+ ...
ogz—|—4+128+



Back to Bessel (for m = 0)

1 1 1 2 7 2
S dr = [ (12424 ) 4
/zjg(z)z /z( 4+64+ ) ‘
—/ S
- 2 a3y T ) ¥

2 524

= | — 4+ —+ ...
ogz—|—4+128+

Thus the second solution is

w(z) = JO(Z)/l ﬁdz

V4



Back to Bessel (for m = 0)

1 1 1 2 7 2
S dr = [ (12424 ) 4
/ZJ&(Z)Z /z( 4+64+ ) ‘
——/‘1+Z+5?+ d
- 2 a3y T ) ¥

g4l
= logz 1 TR
Thus the second solution is
1 1
f— —_ —d
.y2(Z) JO(Z)/Z Jg(z) 4

z2 57
= Jo(z) [lOgZJFZJFHSJF"']



An alternative derivation of the second solution
O
Remember that substituting f(z) = Z c,z™* in
n=0

the Bessel equation for m =0

Pf  df
2d71 4t _
gtz otz f(z)=0

leads to



An alternative derivation of the second solution
O
Remember that substituting f(z) = Z c,z™* in
n=0

the Bessel equation for m =0
,d*f df

2
gtz otz f(z) =0

leads to

s’z + (s + 1)z

+ Z {(n+5s)’ca+caa}z™ =0
n=2



An alternative derivation of the second solution
(0.8}
Remember that substituting f(z) = Z c,z™* in
n=0
the Bessel equation for m =0
,d*f df

2
gtz otz f(z) =0

leads to

s’z + (s + 1)z
o0
+ Z {(n+5s)’ca+caa}z™ =0
n=2
Choose ¢; = 0 and the other coefficients to satisfy

(n+s)°c, +cro=0



An alternative derivation of the second solution
O
Remember that substituting f(z) = Z chz™ in
n=0

the Bessel equation for m =0
d’f df
20T a9 _
' +zdz—|—z f(z)=0
leads to

s’z + (s + 1)z
o
+ Z {(n+5s)’ca+caa}z™ =0
n=2

Choose ¢; = 0 and the other coefficients to satisfy
Cr—2(5)

(n + 5)2Cn + Ch_p = 0 — Cn(S) = —m



An alternative derivation of the second solution
The recursion relation

Cn_2(s)

= ok oy



An alternative derivation of the second solution
The recursion relation
Cn_2(s)
cn(s) = —
(n+s)

leads to

cn(s) = (=1)° C
2 (2+s)2(4+s)2... (2n+s)?2 "

cn+1 = 0




An alternative derivation of the second solution
The recursion relation

_ cna(s)
C,,(S) — (n n 5)2
leads to
an(s) = (1) 1oy
! (2+5)%(4+5)%...(2n+5)?
ent1 = 0

We define the auxilliary function:

?(z7 s) = ca(s)2™



An alternative derivation of the second solution

The recursion relation

cy(s) = — cn-2(s)
(s) (n+ s)2
leads to
an(s) = (1) o)
! (2+5)2(4+5s)2...(2n+s)?
Cng1 = 0

We define the auxilliary function:

e =ar (1l e )



An alternative derivation of the second solution

The auxilliary function

f(z,s) = Z ca(s)z™*

n=0



An alternative derivation of the second solution

The auxilliary function

f(z,s) = Z ca(s)z""*

n=0

satisfies the equation



An alternative derivation of the second solution

The auxilliary function

f(z,s) = Z ca(s)z""*

n=0

satisfies the equation

F o,
228— + 28_ + 2*f(z,5) = s°cZ°

0z2 0z



An alternative derivation of the second solution

The auxilliary function

f(z,s) = Z cn(s)z™*

n=0
satisfies the equation
0*fF  OF s
2 2 2 _ _s
— 4+ z—+z°f(z,5) = s°cyz
2 922 + 0z (2.) 0

Differentiating partially with respect to s gives



An alternative derivation of the second solution

The auxilliary function

n=0
satisfies the equation
0*f  OF |,
2 2 2_ s
Z*—+z—+z°f(z,5) = s°cyz
0z * 0z +21(z5) 0

Differentiating partially with respect to s gives

S0 30 0F | of

e — 2 s
55972 25507 V% 55 = 75 (5 97)



An alternative derivation of the second solution

The auxilliary function

n=0
satisfies the equation
0*f  OF |,
2 2 2_ s
Z*—+z—+z°f(z,5) = s°cyz
0z * 0z +21(z5) 0

Differentiating partially with respect to s gives

SO0 0T of_

2
572 0s 29505 TZ e =@ (2s2° + s*2° log z)



An alternative derivation of the second solution

The auxilliary function

— Z ca(s)z™*

n=0
satisfies the equation
82 of
@ + ZE —+ Z2f(Z, S) = 52C()ZS

Differentiating partially with respect to s gives

262 a_? _|_a_ a_? _|_2 a_? —0
822 0s i Zaz 0s i z Os —o_



An alternative derivation of the second solution

<%) satisfies the equation.
*/ s=0



An alternative derivation of the second solution

(%) satisfies the equation.
5=0

7(2,5) = Zz° (1— (2—|—s)2+[(2+s)(4+s)]2+'”




An alternative derivation of the second solution

<%) satisfies the equation.
5=0

2 4
f(z,s) = z2° <1 z + z

(2452 [2+9)(4+9)

of < z?
g = Z |Og(Z) (1—m+>
< ( 272 2(2s +6)z*
+z

2+s) [2+s)4+9)P

v
v



An alternative derivation of the second solution

<%) satisfies the equation.
5=0

z

7(2,5~) - <1 (2 —:s)2 i [(2+5)Z(:+5)]2 o )
ot _ ZS|Og(Z)(1—(2i—2S)2+...)

[ 222 2(2s +6)z*
e ((2+s)3 DS +)




An alternative derivation of the second solution

<%) satisfies the equation.
5=0

z? z*

f(z.5) = f<L_Q+sV+K2+ﬂM+sW+_

of < z?
g = Z |Og(Z) (1-m+)
[ 222 2(2s +6)z*
+ (@+sﬁ_uz+gm+sm '

Same solution as the one found before!

)



1

Example - the Bessel equation with m = 3

The two Bessel functions J..1(z) are independent.
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Example - the Bessel equation with m = 3

The two Bessel functions J..1(z) are independent.

J+%(Z) = Z%(g)znﬁ

n=0
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Example - the Bessel equation with m = 3

The two Bessel functions J..1(z) are independent.
= (—=1)" Z\ 2n+5
o = S )
40 = Do (n+2) \2

B 00 _1)n z 2n+3
R2ricemenit

2
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Example - the Bessel equation with m = 3

The two Bessel functions J..1(z) are independent.

(—1)" (Z)2n+§

7 = 2 ey G

(—1)" z 2n+3

r(z) @6 (357) )
\/i(_l)nz2n+%

V24 2n)3-5-- (2n+ 1)]

I
NI

Il
o

n
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Example - the Bessel equation with m = 3

The two Bessel functions J..1(z) are independent.

% <§)2n+2

(—1)" z 2n+3
2 nlh () () B) - (5%7) )
\/i(_l)nz2n+%

: ﬁ[2-4---2n][3-5---(2n+1)]

/ o n 2n—|—1

J+%(Z) =

M 10

n

[
WK

Il
o
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Example - the Bessel equation with m = 3

The two Bessel functions J..1(z) are independent.

% <g)2n+2

(—1)" z 2n+3
2 nlh () () B) - (5%7) )
\/i(_l)nz2n+%

: ﬁ[2-4---2n][3-5---(2n+1)]

J+%(Z) =

M 10

n

[
WK

Il
o
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Example - the Bessel equation with m = 3

The two Bessel functions J.1(z) are independent.
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Example - the Bessel equation with m = 3

The two Bessel functions J.1(z) are independent.

J+%(Z) = %Sir/(zz)
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Example - the Bessel equation with m = 3

The two Bessel functions J:tl z) are independent.

o - [ i)

Ja(2) = 3
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Example - the Bessel equation with m = 3

The two Bessel functions J.1(z) are independent.

J(2) = \/g Si"j;)

J_%(z) _ %co\s/(}z)

The general solution is
Asin(z) 4+ B cos(z)
'z




Example - the Bessel equation with m = %

A small puzzle :

» The coefficient of z2 gives the indicial equation.
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Example - the Bessel equation with m = 3

A small puzzle :

» The coefficient of z2 gives the indicial equation.

» The coefficient of z3 is ((s+1)2—1)a.

» For s = % we have ¢; = 0.
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Example - the Bessel equation with m = 3

A small puzzle :

» The coefficient of z2 gives the indicial equation.

» The coefficient of z3 is ((s+1)2—1)a.

> Fors:%, we have ¢; = 0.

» The solution for s = +% has only one arbitrary
constant — ¢.
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» The coefficient of 23 is ((s+1)2—1)a.

> Fors:%, we have ¢; = 0.

» The solution for s = —l—% has only one arbitrary
constant — ¢.

» For s = —%, c1 is not forced to be 0!
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Example - the Bessel equation with m = 3

A small puzzle :

» The coefficient of z2 gives the indicial equation.

» The coefficient of 23 is ((s+1)2—1)a.

> Fors:%, we have ¢; = 0.

» The solution for s = —l—% has only one arbitrary
constant — ¢.

» For s = —%, c1 is not forced to be 0!
> J_% is the part that comes from ¢y, ¢, .. ..
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Example - the Bessel equation with m = 3

A small puzzle :

» The coefficient of z2 gives the indicial equation.

» The coefficient of 23 is ((s+1)2—1)a.

> Fors:%, we have ¢; = 0.

» The solution for s = —l—% has only one arbitrary
constant — ¢.

» For s = —1 ¢ is not forced to be 0!

21
> J_% is the part that comes from ¢, o, . . ..

» What about the part that involves ¢, c3,...7
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Example - the Bessel equation with m = 3

A small puzzle :

» The coefficient of z2 gives the indicial equation.

» The coefficient of 23 is ((s+1)2—1)a.

> Fors:%, we have ¢; = 0.

» The solution for s = —l—% has only one arbitrary
constant — ¢.

» For s = —1 ¢ is not forced to be 0!

21
> J_% is the part that comes from ¢y, ¢, .. ..
» What about the part that involves ¢, c3,...7

> This merely gives us back J,1(z)!
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Example - the Bessel equation with m = 3

A small puzzle :

» The coefficient of z2 gives the indicial equation.

» The coefficient of 23 is ((s+1)2—1)a.

» For s = % we have ¢; = 0.
» The solution for s = —l—% has only one arbitrary

constant — ¢.

» For s = —1 ¢ is not forced to be 0!

21
> J_% is the part that comes from ¢, o, . . ..

» What about the part that involves ¢, c3,...7
> This merely gives us back J,1(z)!

» We are saved from three independent solutions!
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For the Bessel equation



Example - the Bessel equation with m = 2

For the Bessel equation

,d*f df )
@+ZE+(Z —4) f(z)=0

the substitution f(z) = chz



Example - the Bessel equation with m = 2
For the Bessel equation
,d*f df

E+ZE+(22—4)1‘(Z):0

the substitution f(z) = ch "*leads to

(52 — 4) coz° + [(s +1)% - 4} az*t?

+Z{[(n+s)2 — 4]t o}z =0



Example - the Bessel equation with m = 2

The indicial equation

(52—4)c0:O



Example - the Bessel equation with m = 2

The indicial equation

(52—4)c0:O — s =12



Example - the Bessel equation with m = 2

The indicial equation

(52—4)c0:O — s =+2
The coefficient of z5t!

a=¢c=...=0,

gives ¢; = 0, and thus



Example - the Bessel equation with m = 2

The indicial equation

(°—4)c=0 = s==2

The coefficient of z5t1 gives ¢; = 0, and thus
c3 = ¢ = ... = 0, The recursion relation is
—Cp-2
Cn

:(n—i—s)2—4



Example - the Bessel equation with m = 2

The indicial equation
(°—4)c=0 = s==2

The coefficient of z5t1 gives ¢; = 0, and thus

c3 = ¢ = ... = 0, The recursion relation is
c. — —Cp-2
=
(n+5s)>—4

Here the roots of the indicial equation differ by an
integer.



Example - the Bessel equation with m = 2
The solution for s = 42 :




Example - the Bessel equation with m = 2
The solution for s = 42 :




Example - the Bessel equation with m = 2
The solution for s = 42 :

c. = —Cp—2 —Cp—2

" (hn+s)2—4 n(n+4)
Co

GO = ——



Example - the Bessel equation with m = 2
The solution for s = 42 :

c. = —Cp—2 _ —Cp—2

" (hn+s)2—4 n(n+4)
(o)) 1

G = ——=—"=Qq



Example - the Bessel equation with m = 2

The solution for s = +2 :

Cn

(8]

Ca

o —Cp—2 o —Cp—2
a (n+s)?>—4 a n(n+ 4)
(o)) . 1 ‘
2.6 127
&)



Example - the Bessel equation with m = 2

The solution for s = +2 :

Cn

(8]

Ca

o —Cp-2 o —Cp-2
a (n+s)?>—4 a n(n+ 4)
(o)) . 1 ‘
2.6 127
(8)) 1



Example - the Bessel equation with m = 2
The solution for s = 42 :

—Cp-2 —Cp-2
Cn f— f—
(n+s)?—4 n(n+4)
o = © _ 1 G
7 2.6 127
(8)) 1
G = ——— = —¢
4 4.8 384°
Ca
Ce = —




Example - the Bessel equation with m = 2
The solution for s = 42 :

—Cp—2 —Cp—2
Cn: f—
(n+s)?—4 n(n+4)
o = D _ 1C
27 2.6 1270
(8)) 1
L = ——— = ——
4 4.8 384°
Cy 1
% — — == ¢

6-10 23040



Example - the Bessel equation with m = 2
The solution for s = 42 :

—Ch-2 —Cp-2
Cn f— f—
(n+5s)>2—4 n(n+4)
C = © _ 1 G
27 2.6 127
. (8)) . 1
“ T T4 387
Cy 1
6 = — = — o
0 6-10 23040

Thus one solution is

2 1_2_2+z4_ /6 .\
12 384 23040




Example - the Bessel equation with m = 2
The solution for s = 42 :

—Ch-2 —Cp-2
Cn f— f—
(n+5s)>2—4 n(n+4)
C = © _ 1 G
27 2.6 127
. (8)) . 1
“ T T4 387
Cy 1
6 = — = — o
0 6-10 23040

Thus one solution is

2 4 6
9 z z z
1- 2 -
Z( 12 7384 23040 )OCJQ(Z)




Example - the Bessel equation with m = 2

The solution for s = —2 :

Here the recursion relation
[(n — 2)2 — 4} Ch+ Cho=0

is inconsistent at n = 4 unless ¢; = 0 and this in
turn, implies that ¢ = 0.



Example - the Bessel equation with m = 2

The solution for s = —2 :

Here the recursion relation
[(n—2)"—4]ci+cra=0

is inconsistent at n = 4 unless ¢; = 0 and this in
turn, implies that ¢ = 0.

This contradicts our initial assumption that ¢y # 0.



Example - the Bessel equation with m = 2

The solution for s = —2 :
Here the recursion relation

[(n—2)"—4]ci+cra=0

is inconsistent at n = 4 unless ¢; = 0 and this in
turn, implies that ¢ = 0.

This contradicts our initial assumption that ¢y # 0.
Let us ignore this inconsistency for the time being
and prese ahead!



Example - the Bessel equation with m = 2

The solution for s = —2 :



Example - the Bessel equation with m = 2

The solution for s = —2 :

= g2 1



Example - the Bessel equation with m = 2

The solution for s = —2 :

= g2 1



Example - the Bessel equation with m = 2

The solution for s = —2 :

Cy 1
6 = ———==——C
0 6-2 127
Co 1

%= g4 384"



Example - the Bessel equation with m = 2

The solution for s = —2 :

Cy 1
6 = ———==——=C
0 6-2 127
C = <6 = 1 C,
8~ 8.4 38"
Cs

10-6



Example - the Bessel equation with m = 2

The solution for s = —2 :

Cy 1
6 = ———==——=C
0 6-2 127
C = <6 = 1 C,
8~ 8.4 38"

Cs 1

cio = —

10-6 23040



Example - the Bessel equation with m = 2

The solution for s = —2 :

Cy 1
6 = ———==——=C
0 6-2 127
C = <6 = 1 C,
8~ 8.4 38"

Cs 1

‘0= T10.6 23040

Thus this solution turns out to be

2 24_Z_6+28 - /10 .,
12 384 23040




Example - the Bessel equation with m = 2

The solution for s = —2 :

Cy 1
6 = ———==——=C
0 6-2 127
C = <6 = 1 C,
8~ 8.4 38"

Cs 1

‘0= T10.6 23040

Thus this solution turns out to be
6 8 10

9 4_2_ V4 _ V4
g (Z 12 384 23040+"')O<J2(Z)




Example - the Bessel equation with m = 2

The solution for s = —2 :

Cy 1
p— —_——_— __C
“ 6.2 12°
C = 6 = 1 C,
8 7 8.4 383"
Cs 1

‘0= T10.6 23040

Thus this solution turns out to be
6 8 10

9 4_2_ V4 _ V4
g (Z 12 384 23040+"')O<J2(Z)

We do get a solution by pressing ahead - but not a
new solution!
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The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

» Choose ¢,(s) so that the recursion relation is
satisfied.

> f(z,5) = 30°, ca(5)z"** satisfies

» Choose ¢(s) = dy(s — 2)
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The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

» Choose ¢,(s) so that the recursion relation is
satisfied.

> f(z,5) = 30°, ca(5)z"** satisfies
2= +z—+ (22— 4) f(s,z) = (s —4) ¢z°

» Choose ¢(s) = dy(s — 2)
» This makes the right side (s — 2)?(s + 2)dpz°.

> <%) is a solution!
s s=2



Q>
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The gamma function
The Gamma function is defined for R(z) > 0 by

r(z):/ t* e tdt
0

Integration by parts gives
M(z+1) =2zl(2)

This equation helps us to define '(z) for all values
of z, except for 0 and negative integer values, for
which the gamma function diverges.
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The gamma function
The Gamma function is defined for R(z) > 0 by

r(z):/ t* e tdt
0

Integration by parts gives
M(z+1) =2zl(2)

This equation helps us to define '(z) for all values
of z, except for 0 and negative integer values, for
which the gamma function diverges.

F(n+m+1)
M(1+m)

(L+m)---(n+m) =



The gamma function
The Gamma function is defined for R(z) > 0 by

r(z):/ t* e tdt
0

Integration by parts gives
M(z+1) =2zl(2)

This equation helps us to define '(z) for all values
of z, except for 0 and negative integer values, for
which the gamma function diverges.

nl =T(1+ n)
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Jalz) = z%()

n=m

1)n+m Z\ 2(n+m)—m
Z “ (n+ m)'(n +m—m)! (_)

2
Z (n + m)'nI (_>2n+m



Dependence of Ji,(z) for me N

Jim(z) = nz_; n!F(/”E:—ll)n:t m) <§>2nim

For J_,(z) the coefficients vanish up to n = m— 1.

J_m(z)

)rtm 2~ 2(ntm)—m
Z(n+m)|(rl1+m m)! (5)

(=1)"

Z (n + m)'nI (_>2n+m
m(Z)



