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The Frobenius method

If the point z0 be a regular singular point of the
SOHLODE

d2f

dz2
+ P(z)

df

dz
+ Q(z)f (z) = 0

we expect to find two independent solutions having
the form

f (z) =
∞∑

n=0

cn (z − z0)n+s , c0 6= 0

Remember, z0 is a regular singular point if both
(z − z0) P(z) and (z − z0)2 Q(z) are analytic at z0

(Strictly speaking, they may have removable
singularities at z0 ).
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Indicial and recursion relations

We choose z0 = 0 to simplify the notation without
loss of generality.

z2 d2f

dz2
+z (π0 + π1z + . . .)

df

dz
+(θ0 + θ1z + . . .) f = 0

∞∑
n=0

(n + s)(n + s − 1)cnzn+s

+ (π0 + π1z + . . .)
∞∑

n=0

(n + s)cnzn+s

+ (θ0 + θ1z + . . .)
∞∑

n=0

cnzn+s = 0
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The indicial equation (from the coefficient of z s):

F (s) ≡ s(s − 1) + sπ0 + θ0 = 0
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Indicial and recursion relations

The indicial equation

F (s) ≡ s(s − 1) + sπ0 + θ0 = 0

can be solved to yield (in general) two values for the
index s.

For a given s, the coefficient cn can be calculated
from the recursion relation

F (s + n)cn = −
n−1∑
k=0

(s + k)πn−kck −
n−1∑
k=0

θn−kck
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Its all in the roots

If two roots of the indicial equation are distinct and
do not differ by an integer then this method gives
rise to two independent solutions

- which can be
linearly combined to get the most general solution.

I This method obviously gives only one solution if
the indicial equation has equal roots!

I If the two roots differ by an integer m > 0

I The series works for the bigger index.
I For the smaller index F (s + m) = 0 and thus

the method fails to yield cm!

I In these cases the second solution can be found
by other methods - e.g.the Wronskian.
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Example - the Bessel equation

Consider the differential equation

z2 d2f

dz2
+ z

df

dz
+
(
z2 −m2

)
f = 0

∞∑
n=0

(n + s)(n + s − 1)cnzn+s +
∞∑

n=0

(n + s)cnzn+s

+
∞∑

n=0

cnzn+s+2 −
∞∑

n=0

m2cnzn+s = 0

∞∑
n=0

[
(n + s)2 −m2

]
cnzn+s +

∞∑
n=

cnzn+s = 0

(
s2 −m2

)
c0z s +

(
[s + 1]2 −m2

)
c1z s+1

+
∞∑

n=2

{[
(n + s)2 −m2

]
cn + cn−2

}
zn+s = 0
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Example - the Bessel equation

(
s2 −m2

)
c0 = 0

=⇒ s = ±m

(
[s + 1]2 −m2

)
c1 = 0 =⇒ c1 = 0

[
(n + s)2 −m2

]
cn + cn−2 = 0 =⇒

cn =
−cn−2

(n + s)2 −m2

We can use this to calculate the coefficients
c2, c4, c6, . . . , c2m, . . . in terms of c0. All odd order
coefficients c1, c3, . . . are zero.
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Example - the Bessel equation

For the Bessel equation, the roots of the indicial
equation are s = ±m.

I If m = 0 there is only one root of the indicial
equation.

I If 2m ∈ Z \ {0} the roots differ by an integer.

I For m ∈ N the two solutions are dependent.
I For odd-half integer m the series gives a

direct solution.

I Otherwise we get two solutions directly from the
Frobenius method.
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Example - the Bessel equation

For the root s = +m of the indicial equation :

cn =
−cn−2

(n + s)2 −m2

= − cn−2

n(n + 2m)

c2 = − 1

2(2 + 2m)
c0 = − 1

221(1 + m)
c0

c4 = − c2

4(4 + 2m)
= − 1

222(2 + 2m)
c2

=
1

241 · 2(1 + m)(2 + m)
c0

c6 = − 1

261 · 2 · 3(1 + m)(2 + m)(3 + m)
c0
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Example - the Bessel equation
The first solution

The general coefficient :

c2n =
(−1)n

22n1 · 2 · 3 · · · n(1 + m)(2 + m) . . . (n + m)
c0

=
(−1)nΓ(m + 1)

22nn!Γ(n + m + 1)
c0

Why?
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I For m = 0 this is the same as y1(z).
I For m ∈ N the solution y2 diverges.
I In this case we can get a solution by choosing
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y2(z) = d0
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I This, though, is not an independent solution!
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Example - the Bessel equation
The Bessel functions J±m(z)

The two Bessel functions are defined as

J±m(z) =
∞∑

n=0

(−1)n

n!Γ(n + 1±m)

(z

2

)2n±m

For m /∈ Z, J±m(z) are independent and the
general solution of the Bessel equation

y(z) = AJm(z) + BJ−m(z)

If m ∈ N :

J−m(z) = (−1)mJm(z)

so this this does not give us the general solution.
Why?
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Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
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n + 2

3

)
c2 =

−c0

2
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2 + 2

3
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c4 =
−c2

4
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4 + 2

3

) = − 3

56
c2 =

9
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c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3
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z2 +

9
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z4 − 9
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z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)

c2 =
−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

)

= − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

)

= − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2

=
9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

)

= − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4

= − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)

∝ J 1
3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = + 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n + 2

3

)
c2 =

−c0

2
(
2 + 2

3

) = − 3

16
c0

c4 =
−c2

4
(
4 + 2

3

) = − 3

56
c2 =

9

896
c0

c6 =
−c4

6
(
6 + 2

3

) = − 1

40
c4 = − 9

35840
c0

The solution for s = +1
3 is

φ1(z) = c0z
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
∝ J 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)

c2 =
−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

)

= −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

)

= − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2

=
9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

)

= − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4

= − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)

∝ J− 1
3
(z)



Example - the Bessel equation with m = 1
3

The solution for s = − 1
3

cn =
−cn−2

(n + s)2 − 1
9

=
−cn−2

n
(
n − 2

3

)
c2 =

−c0

2
(
2− 2

3

) = −3

8
c0

c4 =
−c2

4
(
4− 2

3

) = − 3

40
c2 =

9

320
c0

c6 =
−c4

6
(
6− 2

3

) = − 1

32
c4 = − 9

10240
c0

The solution for s = +1
3 is

φ2(z) = c0z−
1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)
∝ J− 1

3
(z)



Example - the Bessel equation with m = 1
3

The general solution

The general solution of the Bessel equation for
m = 1

3 is

f (z) = αφ1(z) + βφ2(z)

= AJ 1
3
(z) + BJ− 1

3
(z)

= Az
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
+Bz−

1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)



Example - the Bessel equation with m = 1
3

The general solution

The general solution of the Bessel equation for
m = 1

3 is

f (z) = αφ1(z) + βφ2(z)

= AJ 1
3
(z) + BJ− 1

3
(z)

= Az
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
+Bz−

1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)



Example - the Bessel equation with m = 1
3

The general solution

The general solution of the Bessel equation for
m = 1

3 is

f (z) = αφ1(z) + βφ2(z)

= AJ 1
3
(z) + BJ− 1

3
(z)

= Az
1
3

(
1− 3

16
z2 +

9

896
z4 − 9

35840
z6 + . . .

)
+Bz−

1
3

(
1− 3

8
z2 +

9

320
z4 − 9

10240
z6 + . . .

)



Example - the Bessel equation with m = 0

The indicial equation in this case is

s2 = 0

=⇒ s = 0

We have only one root of the indicial equation!

(s + 1)2c1 = 0 =⇒ c1 = 0

The recursion relation is

cn =
−cn−2

(n + s)2
= −cn−2

n2

All odd order coefficients are zero.



Example - the Bessel equation with m = 0

The indicial equation in this case is

s2 = 0 =⇒ s = 0

We have only one root of the indicial equation!

(s + 1)2c1 = 0 =⇒ c1 = 0

The recursion relation is

cn =
−cn−2

(n + s)2
= −cn−2

n2

All odd order coefficients are zero.



Example - the Bessel equation with m = 0

The indicial equation in this case is

s2 = 0 =⇒ s = 0

We have only one root of the indicial equation!

(s + 1)2c1 = 0

=⇒ c1 = 0

The recursion relation is

cn =
−cn−2

(n + s)2
= −cn−2

n2

All odd order coefficients are zero.



Example - the Bessel equation with m = 0

The indicial equation in this case is

s2 = 0 =⇒ s = 0

We have only one root of the indicial equation!

(s + 1)2c1 = 0 =⇒ c1 = 0

The recursion relation is

cn =
−cn−2

(n + s)2

= −cn−2

n2

All odd order coefficients are zero.



Example - the Bessel equation with m = 0

The indicial equation in this case is

s2 = 0 =⇒ s = 0

We have only one root of the indicial equation!

(s + 1)2c1 = 0 =⇒ c1 = 0

The recursion relation is

cn =
−cn−2

(n + s)2
= −cn−2

n2

All odd order coefficients are zero.



Example - the Bessel equation with m = 0

The indicial equation in this case is

s2 = 0 =⇒ s = 0

We have only one root of the indicial equation!

(s + 1)2c1 = 0 =⇒ c1 = 0

The recursion relation is

cn =
−cn−2

(n + s)2
= −cn−2

n2

All odd order coefficients are zero.



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22

= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42

=
1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0

=
1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62

= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0

= − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

cn = −cn−2

n2

c2 = −c0

22
= −1

4
c0

c4 = −c2

42
=

1

(2 · 4)2
c0 =

1

22(2!)2
c0

c6 = −c4

62
= − 1

(2 · 4 · 6)2
c0 = − 1

23(3!)2
c0

...

c2m =
(−1)m

2m(m!)2
c0

...



Example - the Bessel equation with m = 0

One solution is

φ1(z) = c0

∞∑
m=0

(−1)mz2m

2m(m!)2

= c0

(
1− z2

4
+

z4

64
− z6

2304
+ . . .

)
= c0J0(z)
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Second solution via the Wronskian

The Wronskian of two functions can be written as

∆ [f1, f2] (z) = f1(z)f ′2(z)− f ′1(z)f2(z)

Thus, given a solution f1(z) to f ′′ + Pf ′ + Qf = 0,
we can find another solution by

f2(z) = f1(z)

∫
∆ [f1, f2] (z)

(f1(z))2 dz

∝ f1(z)

∫
exp
(
−
∫

P (z) dz
)

(f1(z))2 dz
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Back to Bessel (for m = 0)

z2 d2f

dz2
+ z

df

dz
+ z2f (z) = 0

P(z) =
1

z
=⇒

∫
P(z)dz = log z =⇒

exp

(
−
∫

P(z)dz

)
=

1

z

So, the second solution is

y2(z) = J0(z)

∫
dz

z [J0(z)]2
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An alternative derivation of the second solution

Remember that substituting f (z) =
∞∑

n=0

cnzn+s in

the Bessel equation for m = 0

z2 d2f

dz2
+ z

df

dz
+ z2f (z) = 0

leads to

s2c0z s + (s + 1)2c1z s+1

+
∞∑

n=2

{
(n + s)2cn + cn−2

}
zn+s = 0

Choose c1 = 0 and the other coefficients to satisfy

(n + s)2cn + cn−2 = 0 =⇒ cn(s) = − cn−2(s)

(n + s)2

but leave s arbitrary for the time being.
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An alternative derivation of the second solution

The recursion relation

cn(s) = − cn−2(s)

(n + s)2

leads to

c2n(s) =
(−1)n

(2 + s)2(4 + s)2 . . . (2n + s)2
c0

c2n+1 = 0

We define the auxilliary function:

f̃ (z , s) =
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An alternative derivation of the second solution

The auxilliary function

f̃ (z , s) =
∞∑

n=0

cn(s)zn+s

satisfies the equation

z2∂
2f̃

∂z2
+ z

∂ f̃

∂z
+ z2f̃ (z , s) = s2c0z s

Differentiating partially with respect to s gives
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Same solution as the one found before!
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Example - the Bessel equation with m = 1
2

The two Bessel functions J± 1
2
(z) are independent.

J+ 1
2
(z) =

∞∑
n=0

(−1)n

n!Γ
(
n + 3

2

) (z

2

)2n+ 1
2

=
∞∑

n=0

(−1)n

n!Γ
(

1
2

) (
1
2

) (
3
2

)
. . .
(

2n+1
2

) (z

2

)2n+ 1
2

=
∞∑

n=0

√
2(−1)nz2n+ 1

2

√
π[2 · 4 · · · 2n][3 · 5 · · · (2n + 1)]

=

√
2

πz

∞∑
n=0

(−1)nz2n+1

(2n + 1)!
=

√
2

π

sin(z)√
z
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Example - the Bessel equation with m = 1
2

A small puzzle :

I The coefficient of z
1
2 gives the indicial equation.

I The coefficient of z
3
2 is

(
(s + 1)2 − 1

4

)
c1.

I For s = 1
2 , we have c1 = 0.

I The solution for s = +1
2 has only one arbitrary

constant — c0.

I For s = −1
2 , c1 is not forced to be 0!

I J− 1
2

is the part that comes from c0, c2, . . ..

I What about the part that involves c1, c3, . . .?

I This merely gives us back J+ 1
2
(z)!

I We are saved from three independent solutions!
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Example - the Bessel equation with m = 2

For the Bessel equation

z2 d2f

dz2
+ z

df

dz
+
(
z2 − 4

)
f (z) = 0

the substitution f (z) =
∞∑

n=0

cnzn+s leads to

(
s2 − 4

)
c0z s +
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Example - the Bessel equation with m = 2
The solution for s = −2 :

Here the recursion relation[
(n − 2)2 − 4

]
cn + cn−2 = 0

is inconsistent at n = 4 unless c2 = 0 and this in
turn, implies that c0 = 0.

This contradicts our initial assumption that c0 6= 0.
Let us ignore this inconsistency for the time being
and prese ahead!
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The second solution :

The second solution can be found by using the
Wronskian.

Alternatively we can modify our
“auxilliary function method” as follows :

I Choose cn(s) so that the recursion relation is
satisfied.

I f̃ (z , s) =
∑∞

n=0 cn(s)zn+s satisfies

z2 d2f̃

dz2
+ z

d f̃

dz
+
(
z2 − 4

)
f̃ (s, z) =

(
s2 − 4

)
c0z s

I Choose c0(s) = d0(s − 2)

I This makes the right side (s − 2)2(s + 2)d0z s .

I

(
∂ f̃
∂s

)
s=2

is a solution!



The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

I Choose cn(s) so that the recursion relation is
satisfied.

I f̃ (z , s) =
∑∞

n=0 cn(s)zn+s satisfies

z2 d2f̃

dz2
+ z

d f̃

dz
+
(
z2 − 4

)
f̃ (s, z) =

(
s2 − 4

)
c0z s

I Choose c0(s) = d0(s − 2)

I This makes the right side (s − 2)2(s + 2)d0z s .

I

(
∂ f̃
∂s

)
s=2

is a solution!



The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

I Choose cn(s) so that the recursion relation is
satisfied.

I f̃ (z , s) =
∑∞

n=0 cn(s)zn+s satisfies

z2 d2f̃

dz2
+ z

d f̃

dz
+
(
z2 − 4

)
f̃ (s, z) =

(
s2 − 4

)
c0z s

I Choose c0(s) = d0(s − 2)

I This makes the right side (s − 2)2(s + 2)d0z s .

I

(
∂ f̃
∂s

)
s=2

is a solution!



The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

I Choose cn(s) so that the recursion relation is
satisfied.

I f̃ (z , s) =
∑∞

n=0 cn(s)zn+s satisfies

z2 d2f̃

dz2
+ z

d f̃

dz
+
(
z2 − 4

)
f̃ (s, z) =

(
s2 − 4

)
c0z s

I Choose c0(s) = d0(s − 2)

I This makes the right side (s − 2)2(s + 2)d0z s .

I

(
∂ f̃
∂s

)
s=2

is a solution!



The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

I Choose cn(s) so that the recursion relation is
satisfied.

I f̃ (z , s) =
∑∞

n=0 cn(s)zn+s satisfies

z2 d2f̃

dz2
+ z

d f̃

dz
+
(
z2 − 4

)
f̃ (s, z) =

(
s2 − 4

)
c0z s

I Choose c0(s) = d0(s − 2)

I This makes the right side (s − 2)2(s + 2)d0z s .

I

(
∂ f̃
∂s

)
s=2

is a solution!



The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

I Choose cn(s) so that the recursion relation is
satisfied.

I f̃ (z , s) =
∑∞

n=0 cn(s)zn+s satisfies

z2 d2f̃

dz2
+ z

d f̃

dz
+
(
z2 − 4

)
f̃ (s, z) =

(
s2 − 4

)
c0z s

I Choose c0(s) = d0(s − 2)

I This makes the right side (s − 2)2(s + 2)d0z s .

I

(
∂ f̃
∂s

)
s=2

is a solution!



The second solution :

The second solution can be found by using the
Wronskian. Alternatively we can modify our
“auxilliary function method” as follows :

I Choose cn(s) so that the recursion relation is
satisfied.

I f̃ (z , s) =
∑∞

n=0 cn(s)zn+s satisfies

z2 d2f̃

dz2
+ z

d f̃

dz
+
(
z2 − 4

)
f̃ (s, z) =

(
s2 − 4

)
c0z s

I Choose c0(s) = d0(s − 2)

I This makes the right side (s − 2)2(s + 2)d0z s .

I

(
∂ f̃
∂s

)
s=2

is a solution!





The gamma function

The Gamma function is defined for <(z) > 0 by

Γ(z) =

∫ ∞
0

tz−1e−tdt

Integration by parts gives

Γ(z + 1) = zΓ(z)

This equation helps us to define Γ(z) for all values
of z , except for 0 and negative integer values, for
which the gamma function diverges.
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n! = Γ(1 + n)

Go Back!



Dependence of J±m(z) for m ∈ N Go Back!

J±m(z) =
∞∑

n=0

(−1)n

n!Γ(n + 1±m)

(z

2

)2n±m

For J−m(z) the coefficients vanish up to n = m− 1.

J−m(z) =
∞∑

n=m

(−1)n

n!(n −m)!

(z

2

)2n−m

=
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(−1)n+m

(n + m)!(n + m −m)!

(z
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)2(n+m)−m

= (−1)m
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(n + m)!n!
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)2n+m

= (−1)mJm(z)
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