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Integral of f : R — C

Let f(t) be a complex valued function of a real
variable t

f(t)=u(t)+iv(t) fora<t<b

where u(t) and v(t) are real valued functions of t.
Define

/ab F()dt — /ab u(t)dt +1/ab v(t)dt

F(t)=U(t)+iV(t) = F'(t) = U'(t)+iV'(¢) :

/b f(t)dt = F(b) — F(a)
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Properties of the complex integral

> /ab f(t)dt = —/a f(t)dt

> b(cf(t))dt:: bf(t)dt
/ /

»/ab(f(t)Jrg(t))dt:/abf(t)dt+/abg(t)dt

» Integral triangle inequality :

/abf(t)dt < /ab\f(t)\dt




The integral as a limit

b
Remember that the real integral f(x)dx can be

a
expressed as the limit as max; [x; — xj_1| — 0 of the
Riemann sum

Z f (%) (% — xj-1)

where x;, j =0,1,..., n form a partition of [a, b] :
Aa=X<Xx3<X%<...<X_1<XxX,=2>b

and X; € [xj_1, x;] are arbitrary.
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The integral as a limit

» We divide the interval [a, b] into pieces.

» We evaluate the function f(x) at an arbitrary
point in each piece,

» multiply by the length of the piece

» and sum up!

» Take the limit in which the largest piece
“shrinks to a point”.

» The complex integral over a contour is defined
in a similar way!

» Except that while there is only one way to go
from a to b on the real line,

» there are infinite number of contours that can
take you from z; to z, on the complex plane.
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The integral as a limit

To define the contour integral
of f : C — C over a contour C :

/C f(z)dz

» we first split the contour into partitions.

» choose an arbitrary point Z; in the piece of the
curve between z;_; and z;.

» sum up f (Zj)(z; — zj_1) over each piece.
» take the limit of this sum as the largest of these
pieces “shrink to a point”!
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The integral as a limit
z () 2 (1) To define the contour integral
z (tj-1) / of f : C — C over a contour C :

/C f(2)dz

» We can use a parameterization z(t),a <t < b
of the curve C.

» Partition the interval [a, b] by

a=th<th<b<..<t1<t,=b

» The jth interval has endpoints z(tj—1) and z(t))
and an arbitrary point in this interval is z ().
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The integral as a limit

To define the contour integral
of f : C — C over a contour C :

/Cf(z)dz

In terms of parameterization z(t), the Riemann sum

Z f(Z) (zj — z-1) becomes
j=1

n

=Y FEE)Z(5) (6 t)

j=1
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2 (%) To define the contour integral
of f : C— C over a contour C :

/C f(z)dz

In terms of parameterization z(t), the Riemann sum

Z f (%) (zj — zj_1) becomes

. / £ (2(£)) Z(t)dt
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Integration along a contour

Suppose f(z) : S C C— Cis a continuous
complex valued function defined on a set S containg
a contour C. Let z(t) be any parameterization of C
fora<t<b. Then

/Cf(z)dz—/abf(z(t))z’(t)dt

The value of the integral is indpendent of the actual
parameterization chosen.
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Examples
Consider the integral j{ f(z)dz where

C
C is the positively oriented circle
z(0) =z + Re’ 0< 0 <2r
of radius R centered at z.
C »
Z'(0) = iRé'

Our integral is

2r
iR / f (z0+ Re"’) e”df
0
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dz
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[T iReYd
C o /0 Rel?

2w
:i/ do
0

= 2m
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Examples
If f(z) has the Laurent expansion

f(z)= ) an(z—2)"
we have
7{ dz—%Zanz—zo dz
Z a, P (z—2)"dz
= 2m d_1

The coefficient a_; is called the residue at z; of f.
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Examples
Consider

%Cf(z)dz = 241:/0 f(z)dz

/ f(z)dz = / f (Re") iRe’d0
C 0

—d—r
i R [ f@dz= [

R

0
/ f(z)dz = / f(—d + re) ire’do
G W



