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the point z;. Then f has a Laurent series
representation

o

f(z)= ) an(z—2)"

n=—oo

valid for 0 < |z — zy| < R for some R > 0.

The coefficient a_; is called the residue of f at zj.



The Residue theorem

Let D be a simply connected domain, and let C be
a simple closed positively oriented contour that lies
in D. If f is analytic inside C and on C, except at
the points z, 2, . .., z, that lie inside C, then

/ f(z)dz = 2712 Res,_,, f
C

k=1
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Calculating residues

Inspection

By inspection (along with some thought, and
possibly some calculation) you can often figure out

in the expansion of f.

the coefficient of
Z — 2y

V4

Consider —Z-e!/Z You can write it as

z+1
1\ * 1 11
1+— ez = 1——+... 1+—+—2—|—...
z z z 2z

Collecting terms it is easy to see that the
coefficient of % is zero!

N =
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Calculating residues
Simple pole
If zy is a simple pole of f, then it has a Laurent
expansion
-1

f(z) =

—|—ao-|—31(Z—Zo)—|—...
Z — 2

Then the function (z — z) f(z) has the Taylor
expansion
3_1—|—30(Z—Z())—|—...

and thus

Res,_,, f(z) = lim [(z — z) f(2)]

Z—2y



Calculating residues
Higher order pole

If zy is a pole of f of order n it has a Laurent

expansion
-1
d_n
flz) =+——F+...
(2) (z— 20)"+ e 2

+ap+a (Z — Zo)+. ..



Calculating residues
Higher order pole

If zy is a pole of f of order n it has a Laurent

expansion

a_, -1

f(z) = e — .

(2) (z—zo)"+ +Z_Zo+ao+a1 (z — z0)+
Then the function (z — z)" f(z) has the Taylor
expansion

ant+...+a1(z—z)" " +alz—2)"+...



Calculating residues
Higher order pole

If zy is a pole of f of order n it has a Laurent

expansion

a_, -1

f(2)

-G _ZO),,+...+Z_ZO

Then the function (z — z)" f(z) has the Taylor
expansion
ant+...+a1(z—z)" " +alz—2)"+...

Hence a_; is the coefficient of (z — z)" " in the
Taylor expansion of (z — z)" f(2)

+ap+a (Z — Zo)+. ..



Calculating residues
Higher order pole

If zy is a pole of f of order n it has a Laurent

expansion
-1

d_n
f(z) = e — o
(2) (Z—Zo)n+ +Z_Zo+ao-|-a1 (z — z0)+
Then the function (z — z)" f(z) has the Taylor
expansion

ant+...+a1(z—z)" " +alz—2)"+...
Hence a_; is the coefficient of (z — z)" " in the

Taylor expansion of (z — z)" f(z) and thus

(n - 1)! il =)' (2) .

Res,_,, f(z) =
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Fun with residues

A formula for Fibonacci numbers

The Fibonacci numbers 1,1,2,3,5,8, ... are defined
recursively by

fn:fn—1+fn—2; fE):fl:]-

Define the generating function for Fibonacci
numbers by

F(z):anz"——l_Z_Z2
0

f, is the residue at z = 0 of
F(z) 1

Zn+l — on+l (1—2z—2z2)
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Fun with residues

A formula for Fibonacci numbers

Consider the integral

/_j{ dz
o Czn+1(1_z_22)

where C is a circle |z| = R.
On the circle C, we have
1
Zn+1 (1 — 7 — 22)

1 1
= <
z[" 1 —z— 22| = R™I|R2 — R —1




Fun with residues

A formula for Fibonacci numbers

Consider the integral

/_j{ dz
o Czn+1(1_z_22)

where C is a circle |z| =
On the circle C, we have
1 1 1
21 (1= z — 22) |Z|n+1|1_2_22’ Rn+1’R2 R _ 1
The ML theorem shows that

27R
R*1|R?> — R — 1|

1] <




Fun with residues

A formula for Fibonacci numbers

Consider the integral

/_j{ dz
o Czn+1(1_z_22)

where C is a circle |z| = R.
On the circle C, we have

1 1 1
= <
zt (1 —2z—2%) |z|"t11—z—2?] ~ RM1|R?— R—1
The ML theorem shows that
27R

= pe—r—1 = 4m/=0
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Fun with residues

A formula for Fibonacci numbers

j{ dz 0
CZ”+1(1—Z—Z2)_

The three singular points of the integrand are

1

1, V5

2 2

The residues at these three points must add up to
zero.

O,Z:t: -

1
f, = — Z ReSz:zp Zn+1 (]_ —Z— 22)

Zp=2Zy,7_
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Fun with residues

A formula for Fibonacci numbers

T2 (1 - z — 2?) V5 2

1_\/5 n+1
ozl (1 -z —22) +\/§( 2 )

n+1
1 1 <\/§+ 1) '
Res,_ = -
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Applications of the residue theorem

Calculation of trigonometric integrals

2m
Integrals of the form / f (cos(0),sin(8)) db :
0

» Substitute z = €.
> Then cos(f) = 5 (z+ 1) ,sin(0) = 5 (z — %)
» Also df = —iz ldz

» The integral becomes

) 3 e

where C is the positively oriented unit circle,
|z| = 1.
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Calculation of trigonometric integrals

/27r df l1<e<+1
— —1l<c¢
o 1+ecos(h)’

Write

c z=¢€" = cos(d)=1(z+1).

2 (71 X /% o / —iz ldz
U 0 1+8cos(9)_ C1+§(z+%)
where C is the unit circle |z| = 1.

The integrand
of

Z2+2 — has simple poles at the roots

e +2z+e=0=c(z—2)(z— )

the larger of which, z, is inside the unit circle.
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where C is the positively oriented unit circle.

¥ converts this to

The integrand
, (22 + 1)2n
—t 22n ,2n+1

has a pole of order 2n+ 1 at z = 0.
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2m
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Substituting z = e
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¥ converts this to

The residue is the coefficient of z~1 in its Laurent
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Calculati%n of trigonometric integrals

/ cos®"(0)d0 :
0

Substituting z = e

/ i1 " dz
— Z J— —
c 22" z z

where C is the positively oriented unit circle.

The residue is the coefficient of z~1 in its Laurent

expansion, which is the 2_7‘ times the coefficient of

¥ converts this to

: . . ) on .
z°" in the binomial expansion of (22 + 1) " e

i (2
22” n
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Calculation of trigonometric integrals

2m
/ cos®"(0)d0 :
0

Substituting z =€

/ i1 " dz
— Z J— —
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where C is the positively oriented unit circle.

¥ converts this to

The integral is

/0 TF cos®"(0)dd = 2722(3(,:7)!!)2




Applications of the residue theorem

Calculation of real integrals - case 1

Consider a real integral of the form

= /_: F(x)dx



Applications of the residue theorem

Calculation of real integrals - case 1

Consider a real integral of the form
| = / f(x)dx

» f(z) is analytic on an open set containing the
region (z) > 0 (the real axis and the upper
half plane), except possibly for a finite number
of isolated singular points, none of which lie on
the real axis.

where



Applications of the residue theorem

Calculation of real integrals - case 1

Consider a real integral of the form
| = / f(x)dx

» f(z) is analytic on an open set containing the
region (z) > 0 (the real axis and the upper
half plane), except possibly for a finite number
of isolated singular points, none of which lie on
the real axis.

where

» f(z) — 0 at least as fast as X+ as |z| — oo in

|Z|”

the upper half plane for a > 1.
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Applications of the residue theorem

Calculation of real integrals - case 1

Evaluate ¢ f(z)dz along the contour I':

composed of

» a straight line segment [; from
—R to +R along the real axis.

I > » a semicircle I'; of radius R
centered at the origin.

]{f(z)dz:/r1 1‘(z)dz+/r2 f(z)dz

~ ~"

h h
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Applications of the residue theorem

Calculation of real integrals - case 1

> Jr, f(2)dz = f_RR f(x)dx, so that

/ f(x)dx = Rllnoo h

.¢]

> IimR_)oo /2 =0
» The real integral can be calculated by

/_OO f(x)dx = Rli_)moojéf(z)dz

o

» The residue theorem says that this is
27mix Sum of residues of f(z) at its poles
in the upper half plane.
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Calculati%g of real integrals
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o 14 x4
Consider the complex integral
M % dz
- Y ri+z
where [ is the contour compsed of
dz » [1 : Straight line joining —R to
/I'l 1+ 24 R.

/"’ dx
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Applications of the residue theorem

Calculati%g of real integrals

dx
o 14 x4
Al _ _
Consider the complex integral
/\ jé .
- > 1+ 24
-R R '

where [ is the contour compsed of
» [1 : Straight line joining —R to
dz
[~ R
I 1 + z

» [, : Semicircle in the upper half
™ iRel’dd plane of radius R centered at
o 1+ R*ef the origin.
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[s
/ / dz +/ dz
M 1+ 24 r11+24 r21—|—24

’ ?{ dz ’ /R dx i /” iRe’dd
m = m m —_—
R—oo J1 1+ z4 R—oo J_p 1+ x4 R—o0 /o 1+ R4ei40

L ST
— m
—ool+X4 Rﬂooz




Applications of the residue theorem

Calculation of real integrals

[s
/ / dz +/ dz
M 1+ 24 r11+24 r21—|—24

, dz ) R dx _
[im = |im + |lim
R—oo Jr 1+ z4 R—oo J_p 1+ x4 R—o0

L ST
— m
0 1+ x4 R—oo 2

s limp_o b = 0 we have

/°° dx _ j{ dz
= |im
o l+x* Rooo Sy 1424

™ iRel’d#
0 1 + R4ei40



Applications of the residue theorem

Calculation of real integrals

/‘\ / T x4 = Sum of residues at the

poles of ;= in the upper half plane.




Applications of the residue theorem

Calculation of real integrals

* d
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Calculation of real integrals
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/ X Sum of residues at the
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57 (7n poles of ?124 in the upper half plane.
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1
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plane.
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Calculation of real integrals
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Calculation of real integrals
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Calculation of real integrals
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Calculation of real integrals
° cos ax
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The integral over the semicircle vanishes in the limit
R — oo, and so
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Calculation of real integrals

X
e
Consider the integral
elaZ
r ‘ 7{ e ————dz, a>0,b>0
R R

The integral over the semicircle vanishes in the limit
R — o0, and so

00 eiax eiaz
————=dx = lim ———dz
/OCX2+b2X RLm£22+b2

Of the two poles, only +ib is in the upper half
plane
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Calculation of real integrals
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R — oo, and so

o0 eiax o (Z o ib)eiaz
/oc x2 + b2dX a 2mz|'j?b z? + b?

Consider the integral




Applications of the residue theorem

Calculation of real integrals
° cos ax

— 5
o X2+ b

1az
r 7{ € b2dz a>0b>0

>

R | R
The integral over the semicircle vanishes in the limit
R — oo, and so

o0 1ax laz
e e
5 2dx = 27t lim
o X*+ b z—ibz +1b

Consider the integral




Applications of the residue theorem

Calculation of real integrals
°° cosax

— 5
o X2+ b

132
r 7{ € b2dz a>0,b>0

>

R R
The integral over the semicircle vanishes in the limit
R — oo, and so

o0 eiax e—ab
/ b2 —dx = 271—21[3

Consider the integral




Applications of the residue theorem

Calculation of real integrals
°° cosax

— 5
o X2+ b

132
r 7{ € b2dz a>0,b>0

>

R R
The integral over the semicircle vanishes in the limit
R — oo, and so

Consider the integral




Applications of the residue theorem

Calculation of real integrals
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Applications of the residue theorem

Calculation of real integrals - case 2

Consider a real integral of the form

/_OO f(x) sin®(x)dx or /OO f(x) cos*(x)dx

where

» (z) is analytic on an open set containing the
region (z) > 0 (the real axis and the upper
half plane), except possibly for a finite number
of isolated singular points.

» f(z) — 0 at least as fast as # as |z| — oo in
the upper half plane for o > 1.

» The only singularities of f(z) on the real axis
coincides with the zeros of sin x (or cos x) and
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> sind x
5—dx
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Since sin® x = %sinx — %sin 3x
consider the integral
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Applications of the residue theorem

Calculation of real integrals - case 2

The imaginary part of the sum of

the two integrals over the two

straight line pieces is our answer in
R _plp R thelimit R — oo and p— 0
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Calculation of real integrals - case 2

The integral over the larger
semicircle vanishes.
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Calculation of real integrals - case 2

We need the value of the integral
over the smaller semicircle, in the
- limit p — 0
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we look at the Laurent expansion of the integrand.
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Calculation of real integrals - case 2

. %eiz o %6132
im [ A2 dz
p—0 ~ V4

Since we are integrating over a very small semicircle,
we look at the Laurent expansion of the integrand.
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Applications of the residue theorem

Calculation of real integrals - case 2
. %elz o %6132
im [ A——t—dz
p—0 5 V4

Since we are integrating over a very small semicircle,
we look at the Laurent expansion of the integrand.

3 Liz 1 i3z 2 3
ze¥ — se 1|3

z3 73 2! 1§
1 : 23222 ;337
— Z<1+13z+1 o +1 30 + ...
1 N 3 + g(2)
= — +— z
273 47 8

where g(z) is analytic at z = 0.
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» f(x) is an odd function of x.
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Calculation of real integrals - case 3

Consider integrals of the form

/ f(x)sinxdx:2/ f(x) sin xdx
- 0

oo

where
» f(x) is an odd function of x.

» Except for at most a finite number of singular
points, f(z) is analytic in an open set containing
the real axis and the upper half plane.

» All singularities of f(z) on the real axis are
simple poles coinciding with the zeroes of sin x.

» |zf(z)| — 0 as |z| — oo in the upper half plane.
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Applications of the residue theorem

Calculation of real integrals - case 3

For this we integrate

7{ f(z)e?dz

A where the contour [ is composed of

» Straight line segments along the
real axis.

» Small semicircular indentations
to avoid singular points of f(z)
on the real axis, if any.

» Large semicircle in the upper
half plane.
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Jr f(2)e'*dz, where [ is the semicircle of radius R

in the upper half plane centered at the origin,
vanishes in the limit R — oc.
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Calculation of real integrals - case 3

Jordan’s lemma

Under the conditions stated on f(z), the integral
[+ f(z)e?dz, where I is the semicircle of radius R
in the upper half plane centered at the origin,
vanishes in the limit R — oc.

Using the parameterization z(f) = Re!’, 0 < 0 < ,

/, f(z)e*dz
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Calculptiony of real jntegrals - case 3
Jordan‘s [&Mma

Under the conditions stated on f(z), the integral
i f(z)e“dz, where [ is the semicircle of radius R
in the upper half plane centered at the origin,
vanishes in the limit R — oc.

Using the parameterization z(f) = Re?, 0 < 0 < 7,
. ™M .
/ f(z)edz| < R / —e Rsinfyp
) 0 R

wlimpy Lo [2f(2)] = 0, for any M > 0, 3p > 0 such
that |zf(z)| < M for |z| > p. Choose R > p.
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Jordan’s lemma

Under the conditions stated on f(z), the integral
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Using the parameterization z(f) = Re!’, 0 < 0 < ,
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Calculation of r?al integrals - case 3
Jordan’s lemma

Under the conditions stated on f(z), the integral
fr/ f(z)e?dz, where I is the semicircle of radius R
in the upper half plane centered at the origin,
vanishes in the limit R — oc.

Using the parameterization z() = Re'’, 0 < 6 < 7,

// f(z)edz

(From Jordan's inequality.)
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Jordan’s lemma

Under the conditions stated on f(z), the integral
[+ f(z)e?dz, where I is the semicircle of radius R
in the upper half plane centered at the origin,
vanishes in the limit R — oc.

Using the parameterization z(f) = Re!’, 0 < 0 < ,
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Jordan’s lemma

Under the conditions stated on f(z), the integral
[+ f(z)e?dz, where I is the semicircle of radius R
in the upper half plane centered at the origin,
vanishes in the limit R — oc.

Using the parameterization z(f) = Re!’, 0 < 0 < ,
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Applications of the residue theorem

Calculation of real integrals - case 3

X sin x
d
7oox2—i—1X
r ze'? J / ze'? J +/ zeZ J
7 = 7 7
rZ2+1 rlz2+1 r222+1
R Ir;, R

By Jordan’s lemma the second integral — 0 as

R — oo. .
0 xe™ i
5 dz = —
e X +1 e

Taking the imaginary part of both sides :

/OO X sin x T
> dz = —
o Xe+1 e
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Jordan’s inequality

/ e Rinlgp < Z(1—e ) R>0
0 R

» Consider the function g(¢) = siné — 6 cos¥.
» g'(0) =0sind >0for0 <0< 7.
» - g(0)=0

» we have

sinf —6fcosf >0, 0<6O<

I
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