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Integrands with branch points
/ x“f(x)dx, 0>a>-1
0

» f(z) is analytic in a domain containing the real
axis and the upper half plane, except for a finite
number of isolated singularities, none of which
lie on the non-negative part of the real axis.

» f(z)=0(z71), as |z| — oo

» This is most commonly used for integrals of the
type

> o P(x)
/0 gt dea(P(x) < deg (Q(x)

where P(x) and Q(x) are polynomials
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Integrands with branch points

X dx, 0>a>-1
0 X2—|—1

Consider the integral

Za
d
/Cz2—|—1 ‘

where C = Cg U(-L)UC, UL
To make the integrand
single-valued, we choose the branch

0

z=re¥ — 2% =r%Y 0<0<2r

so that the branch cut joins the
branch points 0 and co along the
positive real axis.
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Integrands with branch points
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dx, 0>a>-1

dz:i/
0

2 Ra+1ei(a+1)0
R2ei20 +1

do

2w Ra—l—lde
< - 77
<[ '
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7

XO(I

x2 41

dx, 0>a>-1

dz:i/
0

2 Ra+1ei(a+1)0
R2ei20 +1

do

27TRa+1
<
- R2-1




Integrands with branch points

ol dx, 0>a>-1
0 X2+1

27 pa+1 ji(a+1)0
Ro+1gi(a+1)
dz =i : do
‘ 1/0 R?e20 + 1

QxR+l
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ol dx, 0>a>-1
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Iim/Lf(z)dz = /000 f(x +1i€)dx

R—o00

p—0

Ilil?o/Lf(z)dz = /Of(x—ie)dx

p—0 " o




Integrands with branch points
o0 o
/ x dx, 0>a>-1
0

x2 41

Iim/Lf(z)dz = /000 f(x +ie)dx

R—o00

p—0

0
Iim/ f(z)dz = / f(x —ie)dx
e x

Because of the discontinuity of the
branch f(z) across the branch cut,
the two integrals above do not
cancell




Integrands with branch points

ol dx, 0>a>-1
0 X2+1

\im /Lf<2> = /OOO

p—0

0« t27ra
Iim/ f(z)dz = / X °
R—o0 —L 00 X

p—0
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Integrands with branch points

7

dx, 0>a>-1

s 2" =

§ /Cz2—i—1z

L 1 — i2ma <X d
o e [

calculating the contour integral on
the left will yield the value of the
real integral that we want.
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Integrands with branch points
o0 o
/ x dx, 0>a>-1
0

x2 41

The two poles of the integrand
are at z = =i.
To calculate the residues at these
poles, we have to keep the choice of

the branch of the function in mind.
Thus




Integrands with branch points
o0 Xa
/ dx, 0>a>-1
0

z¢ (z — elf)
lim 5
z—>ei% z° + 1
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«

d O0>a>-—1
/0 S o

z% ra 1
Res = €2 |lim —
O\ 241 Seid 27
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Integrands with branch points
o0 Xa
/ dx, 0>a>-1
0

x2 41

z% ez
Res 5 =
—e52°+1 2i
z¢ ei’s
Res 5 = -
i3r 74 + 1 21
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e'
21

i3ma

e' 2
2
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Integrands with branch points
o0 Xa
/ dx, 0>a>-1
0

x2 41

Cr
T\ / Toxt
. 0 X2 + 1

PO 1 - eiﬂ—a
dX — WelT—.
1 — et27ra
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Integrands with branch points
o0 Xa
/ dx, 0>a>-1
0

x2 41

Cr

o= =

dx —
x2+1 X

T

;T

er 4 e %



Integrands with branch points
«

d O0>a>-—1
/0 S o

“
a / Cx
0

X

x2+1

dx =

T

2cos(%§)
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X dx, 0>a>-—-1
0 X2—|—1
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Integrands with branch points

x2+1
» Can | use any other branch of the multivalued
function z2z4a-1?
» Yes!
> You just have to be careful in chosing the
argument for the complex numbers involved!
» Can | make use of any other branch cut?

» Yes!

/ X dx, 0>a>-—-1
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Integrands with branch points

x2+1
» Can | use any other branch of the multivalued
function z2z4a-1?
» Yes!
> You just have to be careful in chosing the
argument for the complex numbers involved!
» Can | make use of any other branch cut?
» Yes!

» You must take a straight cut, though!

/ X dx, 0>a>-—-1
0
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Integrands with logarithmic branch points

This method works for real integrals of the kind

/OOO f(x)dx or /OOO f(x)(log x)*dx

where

» except for a finite number of singularities, none
of which lie on the non-negative part of the real
axis, the function f(z) is analytic on the entire
complex plane.

> f(z) > O(z7%) as z — o0
If f(x) is an even function, we can convert the
integral [, f(x)dx to 3 [*° f(x)dx and use the
earlier method.
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0 (]. + X)2
We will develop a recursion
formula for this integral.
Consider the integral

(log )M
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and choose the branch

log : z=re — logr+if, 0 <6 <27




Integrands with logarithmic branch points
|- / * (logx)"
o (I1+x)2
We will develop a recursion
formula for this integral.
Consider the integral

(log 2)"
Y{C (L+22”

and choose the branch

log : z=re — logr+if, 0 <6 <27

Thus the branch cut joins the
branch points 0 and oo along the
positive real axis.
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The integrals over Cj and C
vanish in the limits R — oo and
p — 0, respectively.




Integrands with logarithmic branch points

_ [ (logx)"
/"—/0 (1—|—X)2d

The integrals over Cj and C
vanish in the limits R — oo and
p — 0, respectively.
The integrals over L and —L do not
cancel because of the discontinuity
in log z across the branch cut.
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Integrands with logarithmic branch points

_ [ (logx)"
/"—/0 (1+X)2d

(] N 0 | 27 N
Eloi);))zdx / (Og(f j x)?) ox
> (log x)V — (log x + 27i)N

: (11 ) o




Integrands with logarithmic branch points
I, = / (log )" 4
o (1+x)2
| N
Hmt%‘(ogz)2dz
oo (1+2)

_ /OO (log x)N — (log x + 27i)N
0 (14 x)?

dx

. T ( N ) (271)"* (log x)*
:_/0 =R (1+ x)? ax
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On the other hand it is easy to
calculate the value of

lim }'{ (log2)"

using the Residue theorem.



Integrands with logarithmic branch points

_ [ (logx)"
/"—/0 (1—|—X)2d

On the other hand it is easy to
calculate the value of

N
|im]§ (log2)"
A AR

p—0

using the Residue theorem.

One has to be careful, though, to
use the correct branch ogf the log
function.
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Integrands with logarithmic branch points
oo (| n
J = / log )"
0 (]. + X)2

The only singularity of the
‘ integrand inside the contour is a
second order pole at z = —1.

(log 2)"
R —
z:gsl (1 + 2)2

1 d*! , (log z)V
G- 1id2t |1 H2) (1+z)2]

z=-—

1
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Integrands with logarithmic branch points

_ [ (logx)"
/"—/0 (1+X)2d

The only singularity of the

integrand inside the contour is a
second order pole at z = —1.
| N
Res (1082)"
z=—1(1 + z)?
N
—(log z)N!




Integrands with logarithmic branch points
o0 I n
= / (logx)" o
0 (]. + X)2
The only singularity of the

integrand inside the contour is a
second order pole at z = —1.
(log 2)"

R —
z:e—sl (1 + 2)2

N
| N—-1
Z(ogZ)

z=—1
For the branch we have chosen,
log(—1) = im



Integrands with logarithmic branch points

_ [ (logx)"
/"—/0 (1+X)2d

The only singularity of the
integrand inside the contour is a
second order pole at z = —1.

N
Res (Iog Z) =
z:—l(]_ + 2)2

— N(i7r)N_1




Integrands with logarithmic branch points

_ [ (logx)"
ln_,/o (1+x)2d

Thus

(log 2)" = 27mix { —N(ir)"V~?
£(1+Z)2dz_2 [~ N(im)" 1)
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_ [ (logx)"
I —/0 (1+x)2d

We have

1
< >2me@—2Mm)
0

N—

k:
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k=0

Putting N =1, we get [y =1
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_ [ (logx)"
/n_/o (1+X)2d

We have
N-1

2 ( ) > (2mi)" "l = 2N (im)"

k=0

Putting N =1, we get [y =1
Putting N = 2,

—47?ly + 4ril = —47?



Integrands with logarithmic branch points

_ [ (logx)"
/n_/o (1+x)2d

We have
N-1

3 ( ; > (2ri) "1, = 2N (i)

k=0

Putting N =1, we get [y =1
Putting N=2, =0




Integrands with logarithmic branch points
J = / log )"
0 (]. + X)2
We have

N-1

, . Z ( ’;’ ) ri)V k1, = 2N(in)V

k=0

Putting N =1, we get [y =1
Putting N=2, L =0
Putting N = 3,

(27i)* lp+3x (2mi)?h+3x (27i) h, = 6(ir)?



Integrands with logarithmic branch points
J = / log )"
0 (]. + X)2
We have

N-1

> ( //\</ ) (2mi)N K = 2N (i)

k=0

Putting N =1, we get [y =1
Putting N=2, L =0
Putting N = 3,

—87m3ily — 12721l + 67il, = —67°0



Integrands with logarithmic branch points

_ [ (logx)"
/n_/o (1+X)2d

Putting N =1, we get [y =1
Putting N=2, L =0
Putting N =3, | = %Wz




Integrands with logarithmic branch points

_ [ (logx)"
/n_/o (1+X)2d

Putting N=1, we get [ =1
Putting N=2, L =0
Putting N =3, | = %Wz
and so on ...
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Integrands with logarithmic branch points

* X
d u
,/0 1+x3 Ch

C, _

This can be calculated using

zlog z
j{ & 54z
C 1 +z
where C is the same contour as in the previous
problem and we use the same branch of log.
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< x
dx X
/0 143 Co

zlogz
d
1+ 23 z

zlog z
dz —
%C1+z3 ‘

folod
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/ ol 3dx X
0 ].—|—X C+

| |
|im7{2 %82 dz = lim U+/ ] Z 8%,
R Jel+z pui R TR ETN I

p—



Integrands with logarithmic branch points

X
dx X
,/0 1+ x3 Ch

i j{ zlogde:/OOongde+/0 x(logx-|—27ri)dx
C 0

Rox Jo 1+ 23 1+ x3 OO 1+ x3
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X
d
/0 1+X3X
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Integrands with logarithmic branch points

oy The integrand has three simple
/ dx poles at /3, el™ and €%/3,
0 respectively.
The residues are

Res —=> =i'—e'5, p=1,3,5

From the residue theorem :

j{ zlog z 4y
—3dz: ——
cl+z 3Vv3




Integrands with logarithmic branch points
The integrand has three simple

poles at /3, el™ and €%/3,
[0.9) .
/ X dx respectively.
o 1+x3 The residues are

Res —=> =i'—e5, p=13,5

From the residue theorem :

j{ zlog z 472
—3dz: ——
cl+z 3\/§

* x A2
—27Ti/ dx = —1——
0 1 —+ X3 3\/§



Integrands with logarithmic branch points
The integrand has three simple

poles at €!7/3, ™ and €%7/3,

o0 .
/ X dx respectively.
o 1+x3 The residues are
zlog z pT
Res =1 e =1,3,5
g 1+ z3 9 P
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dx by a different contour
We integrate

j{ z dz
o C1—|—Z3

AR where C is the contour shown
L' . alongside.

. S The integral along the arc Ag
L R vanishes in the limit R — oo.
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Calculating [, 125 dx by a different contour
We integrate

z
d.
j{C1+z3 ‘

Ap  Where C is the contour shown
I . alongside.

The integral along the arc Ag
:L R Vanishes in the limit R — oo.

. R
z X
dz = d
/Ll+z3 ‘ /o g
V4 0 Xel%ﬂ 221
/1 50z :/ € 3 dx
vtz R1—|—(xei2§>




Calculating [, %5dx by a different contour

1+x3 )
We integrate

z
d.
j{c~1—{—z3 ‘

AR where C is the contour shown
. alongside.
The integral along the arc Ag

'L R vanishes in the limit R — oo.

¢ R
z X
dz = d
/Ll+z3z /0 113

z R xels
L’ ]. + Z3 0 ]. + X3

dx



Calculating [;° dx by a different contour

1+3

L’ .
7 ooX(].—ei437T>
' L RALmoofHﬁdz_/o i3 &




Calculating [;°

2

Re's

Ll

Tix ——=dx by a different contour

7 oox(l—eﬁaﬂ>
Iim% 3dz:/ 3 dx

The only pole of inside C is e'3

z
1+23



Calculating [;°

2

Re's

Ll

Tix ——=dx by a different contour

P 0o X (1 — ei43ﬂ>
AR ||m \% dZ = / dX
Rooo Jc 1+ 23 0 1+ x3

The only pole of %5 inside C is €' 3
T R Using the residue theorem

z 2T i«
—  dz=—¢'3
j{C1+z3 z 3 €



Calculating [;° dx by a different contour

X

e
Z oo X (1 — ei43ﬂ>
, li dz = d
Re's A Rme%C 11287 /0 1+ x3
L . The only pole of 725 inside C is e'3
X Using the residue theorem
) L R j{ z dy — @e_lﬁ

C 1 + Z3 3




Calculating [;° dx by a different contour

1+ 1+x3
7 0o X (]. — 6‘1437:)
lim dz = dx
Re's A R—wojil—l—? /0 14 x3
L . The only pole of %5 inside C is €' 3
Using the residue theorem
) L R
. j{ Z_ _dr— @e_“3r
C 1 —|— Z3 3




Calculating [;° dx by a different contour

1+ 1+x3
7 o X (1 — 6143ﬂ>
i2m lim j{ ;dz = / 3—dx
Re's ARR—>oo cl+z 0 1+ x
/! . The only pole of Z5 inside C is '3
A - Using the residue theorem
L R
y j{ Z _dz = @e '3
C 1 + Z3 3




Calculating [;° dx by a different contour

1+3

5 X (1 — ei43ﬂ>

i2m lim j{ ;dz = / 3—dx

Re'3 __4 ARR—>oo C1+Z 0 1—|—X
[/ . The only pole of Z5 inside C is '3
A - Using the residue theorem
L R
° % z dz = @e 1;:

C 1 + Z3 3




Calculating [;° dx by a different contour

1+3

5 X (1 — ei43ﬂ>
i2m lim j{ ;dz = / 3—dx
Re's ARR—>oo cl+z 0 1+ x
/! . The only pole of Z5 inside C is '3
A Using the residue theorem
L R ~
° % z dz = @e i%
C 1 + Z3 3

/°° X J 27
X = ——=
o 1+4+x3 3v3
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Sums using the residue calculus

A special function :
The function
cos(mz
COt(7TZ) = M
sin(7z)
has simple poles at 0, &1, £2, .. ..
The residues at these poles are

Res cot(nz) = lim cos(r1z)(z — n)

z=neN z—n Sin(ﬂ’Z)
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A special function :
The function
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has simple poles at 0, &1, £2, .. ..
The residues at these poles are
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Sums using the residue calculus

A special function :

The function
cot(rz) = 2T2)
sin(7z)

has simple poles at 0, &1, £2, .. ..
The residues at these poles are

cos(mz)(z—n) 1

R t =i =
meN (72) 20 sin(rz) 7T

Thus the function
7 cot(mz)

has a residue of 1 at all integer values of z.



Sums using the residue calculus

A summation formula
Let f be a function that is analytic on C except for
a finite set
E={z,2,...,2n}
of isolated singularities. Also suppose that
dM,R >0 :

M
z| >R = |f(2)| < a>1

e

Then
d o fny==) Res f(2) cot(mz2)

neZ\E zieE
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V4
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» f(z) has an isolated singularity at 0.
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Choose f(z) = .
» f(z) has an isolated singularity at 0.

. E = {0}
1 194 w323 202>
»ooocot(mz) = = - B - T - S
4
» Res WCOt(fZ) = -
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Application

Choose f(z) = .
» f(z) has an isolated singularity at 0.

» E = {0}
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»ooocot(mz) = = - B - T - S
4
» Res 7TCOt(7TZ) = —2—5
z=0
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