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Integrands with branch points∫ ∞
0

xαf (x)dx , 0 > α > −1

I f (z) is analytic in a domain containing the real
axis and the upper half plane, except for a finite
number of isolated singularities, none of which
lie on the non-negative part of the real axis.

I f (z) = O
(
z−1
)
, as |z | → ∞.

I This is most commonly used for integrals of the
type∫ ∞

0

xα
P(x)

Q(x)
dx , deg (P(x)) < deg (Q(x))

where P(x) and Q(x) are polynomials
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Integrands with branch points∫ ∞
0

xα

x2 + 1
dx , 0 > α > −1

C+
R

C−ρ

L

−L

Consider the integral∫
C

zα

z2 + 1
dz

where C = C+
R ∪ (−L) ∪ C−ρ ∪ L.

To make the integrand
single-valued, we choose the branch

z = re iθ 7→ zα = rαe iαθ, 0 < θ ≤ 2π

so that the branch cut joins the
branch points 0 and ∞ along the
positive real axis.
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C+

R

zα

z2 + 1
dz = i

∫ 2π

0

Rα+1e i(α+1)θ

R2e i2θ + 1
dθ
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ρ→0 0
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lim
R→∞
ρ→0

∫
L

f (z)dz =

∫ ∞
0

f (x + iε)dx

lim
R→∞
ρ→0

∫
−L

f (z)dz =

∫ 0

∞
f (x − iε)dx
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Because of the discontinuity of the
branch f (z) across the branch cut,
the two integrals above do not
cancel!
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∫
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zα

z2 + 1
dz =(

1− e i2πα
) ∫ ∞

0

xα

x2 + 1
dx

calculating the contour integral on
the left will yield the value of the
real integral that we want.
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−i

The two poles of the integrand
are at z = ±i.

To calculate the residues at these
poles, we have to keep the choice of
the branch of the function in mind.
Thus

+i = e iπ
2 , −i = e i 3π

2
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z=ei π

2

zα

z2 + 1
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z→ei π
2

zα
(
z − e iπ

2

)
z2 + 1
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Integrands with branch points

∫ ∞
0

xα

x2 + 1
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I Can I use any other branch of the multivalued
function zα

z2+1?

I Yes!
I You just have to be careful in chosing the

argument for the complex numbers involved!

I Can I make use of any other branch cut?

I Yes!
I You must take a straight cut, though!
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Integrands with logarithmic branch points

This method works for real integrals of the kind∫ ∞
0

f (x)dx or

∫ ∞
0

f (x)(log x)kdx

where

I except for a finite number of singularities, none
of which lie on the non-negative part of the real
axis, the function f (z) is analytic on the entire
complex plane.

I f (z)→ O
(
z−2
)

as z →∞

If f (x) is an even function, we can convert the
integral

∫∞
0 f (x)dx to 1

2

∫∞
−∞ f (x)dx and use the

earlier method.
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Integrands with logarithmic branch points

In =

∫ ∞
0

(log x)n

(1 + x)2
dx

C+
R

C−ρ

L

−L

We will develop a recursion
formula for this integral.
Consider the integral∮

C

(log z)N

(1 + z)2
dz

and choose the branch

log : z = re iθ 7→ log r+iθ, 0 ≤ θ < 2π

Thus the branch cut joins the
branch points 0 and ∞ along the
positive real axis.
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The integrals over C+
R and C−ρ

vanish in the limits R →∞ and
ρ→ 0, respectively.
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The integrals over C+
R and C−ρ

vanish in the limits R →∞ and
ρ→ 0, respectively.
The integrals over L and −L do not
cancel because of the discontinuity
in log z across the branch cut.
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N
k
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(2πi)N−k(log x)k

(1 + x)2
dx
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On the other hand it is easy to
calculate the value of

lim
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(log z)N

(1 + z)2
dz

using the Residue theorem.
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On the other hand it is easy to
calculate the value of

lim
R→∞
ρ→0

∮
C

(log z)N

(1 + z)2
dz

using the Residue theorem.
One has to be careful, though, to
use the correct branch ogf the log
function.
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The only singularity of the
integrand inside the contour is a
second order pole at z = −1.
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The only singularity of the
integrand inside the contour is a
second order pole at z = −1.
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(log z)N
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=

1

(2− 1)!
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[
(1 + z)2 (log z)N
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]∣∣∣∣
z=−1
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The only singularity of the
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second order pole at z = −1.
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Integrands with logarithmic branch points

In =

∫ ∞
0

(log x)n

(1 + x)2
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The only singularity of the
integrand inside the contour is a
second order pole at z = −1.

Res
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z
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∣∣∣∣
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For the branch we have chosen,
log(−1) = iπ
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The only singularity of the
integrand inside the contour is a
second order pole at z = −1.

Res
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Thus∮
C

(log z)N

(1 + z)2
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{
−N(iπ)N−1

}
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C−ρ

L
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We have

N−1∑
k=0

(
N
k

)
(2πi)N−k Ik = 2N(iπ)N

Putting N = 1, we get I0 = 1
Putting N = 2, Putting N = 3,

and so on ...
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(
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N−1∑
k=0

(
N
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)
(2πi)N−k Ik = 2N(iπ)N
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N
k
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(2πi)N−k Ik = 2N(iπ)N

Putting N = 1, we get I0 = 1
Putting N = 2, I1 = 0
Putting N = 3,

−8π3iI0 − 12π2I1 + 6πiI2 = −6π3i
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Integrands with logarithmic branch points∫ ∞
0

x

1 + x3
dx

C+
R

C−ρ

L

−L

This can be calculated using∮
C

z log z

1 + z3
dz

where C is the same contour as in the previous
problem and we use the same branch of log.



Integrands with logarithmic branch points∫ ∞
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C+
R
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L

−L

∮
C

z log z

1 + z3
dz =

[∮
C+

R

+

∫
−L

+

∮
C−ρ

+

∫
L

]
z log z

1 + z3
dz
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lim
R→∞
ρ→0

∮
C

z log z

1 + z3
dz = lim

R→∞
ρ→0

[∫
L

+

∫
−L

]
z log z

1 + z3
dz
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C+
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C−ρ
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lim
R→∞
ρ→0

∮
C

z log z

1 + z3
dz =

∫ ∞
0

x log x

1 + x3
dx+

∫ 0

∞

x(log x + 2πi)

1 + x3
dx



Integrands with logarithmic branch points∫ ∞
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1 + x3
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C−ρ
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R→∞
ρ→0

∮
C

z log z

1 + z3
dz = −2πi

∫ ∞
0

x

1 + x3
dx



Integrands with logarithmic branch points

∫ ∞
0

x

1 + x3
dx

C+
R

C−ρ

L

−L

The integrand has three simple
poles at e iπ/3, e iπ and e5iπ/3,
respectively.
The residues are

Res
z=ei

pπ
3

z log z

1 + z3
= i

pπ

9
e−i pπ

3 , p = 1, 3, 5

From the residue theorem :∮
C

z log z

1 + z3
dz = −i

4π2

3
√

3
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The residues are
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Calculating
∫∞

0
x

1+x3dx by a different contour

R

Re i 2π
3

L

AR

L′

We integrate∮
C

z

1 + z3
dz

where C is the contour shown
alongside.

The integral along the arc AR

vanishes in the limit R →∞.∫
L

z

1 + z3
dz =

∫ R

0

x

1 + x3
dx∫

L′

z

1 + z3
dz =
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Sums using the residue calculus
A special function :

The function

cot(πz) =
cos(πz)

sin(πz)

has simple poles at 0,±1,±2, . . ..

The residues at these poles are

Res
z=n∈N

cot(πz) = lim
z→n

cos(πz)(z − n)

sin(πz)
=

1

π

Thus the function

π cot(πz)

has a residue of 1 at all integer values of z .
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Sums using the residue calculus
A summation formula

Let f be a function that is analytic on C except for
a finite set

E = {z1, z2, . . . , zm}
of isolated singularities. Also suppose that
∃M ,R > 0 :

|z | > R =⇒ |f (z)| ≤ M

|z |a
, a > 1

Then ∑
n∈Z\E

f (n) = −
∑
zi∈E

Res
zi

πf (z) cot(πz)



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}
I ∵ cot(πz) = 1

πz −
πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}
I ∵ cot(πz) = 1

πz −
πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}

I ∵ cot(πz) = 1
πz −

πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}
I ∵ cot(πz) = 1

πz −
πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}
I ∵ cot(πz) = 1

πz −
πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}
I ∵ cot(πz) = 1

πz −
πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}
I ∵ cot(πz) = 1

πz −
πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
Application

Choose f (z) = 1
z4 .

I f (z) has an isolated singularity at 0.

I E = {0}
I ∵ cot(πz) = 1

πz −
πz
3 −

π3z3

45 −
2π5z5

945 + . . .

I Res
z=0

π cot(πz)
z4 = −π4

45

I
∑

n∈Z\{0}
1
n4 = π4

45

∞∑
n=1

1

n4
=
π4

90



Sums using the residue calculus
A special family of contours :

γN

For each N ∈ N consider the
contour γN

A square with vertices at(
N + 1

2

)
(+1 + i),(

N + 1
2

)
(−1 + i),(

N + 1
2

)
(−1− i),(

N + 1
2

)
(+1− i)

traversed in order.
• ∃R > 0 : N > R =⇒ | cot(πz)| ≤ 2 on γN . Proof?

• ∀N ∈ N we have Proof?∫
γN

π cot(πz)

z
dz = 0
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Sums using the residue calculus
Proof of the summation formula

I |z | ≥ N + 1
2 on γN .

I If N > R , |f (z)| ≤ M

(N+ 1
2)

α on γN .

I Thus |π cot(πz)f (z)| ≤ 2πM

(N+ 1
2)

α .

I Length of the contour γN is 8
(
N + 1

2

)
.

I From the ML theorem,∣∣∣∣∮
γN

π cot(πz)f (z)

∣∣∣∣ ≤ 16πM(
N + 1

2

)α−1

I limN→∞
∮
γN
π cot(πz)f (z) = 0.
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Sums using the residue calculus
Proof of the summation formula

lim
N→∞

∮
γN

π cot(πz)f (z) = 0

I Sum of all residues of π cot(πz)f (z) vanishes.

I The set of singularities is Z ∪ E .

I Z ∪ E = (Z \ E ) ∪ E and (Z \ E ) ∩ E = ∅
I Sum over Z ∪ E = Sum over Z \ E + Sum over

E .

I Residue at z = n ∈ Z \ E is f (n).
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∃R > 0 : N > R =⇒ | cot(πz)| ≤ 2 on γN

For z = x + iy

cot(πz) =
cos(πz)

sin(πz)

= i
e iπz + e−iπz

e iπz − e−iπz

= i
e i2πz + 1

e2iπz − 1
= i

e2iπxe−2πy + 1

e2iπxe−2πy − 1

|cot(πz)| =

∣∣∣∣e2iπxe−2πy + 1

e2iπxe−2πy − 1

∣∣∣∣

I On the vertical sides, x = ±
(
N + 1

2

)
, then

e2iπx = −1 and | cot z | ≤ 1
I On the horizontal sides, y is fixed at ±

(
N + 1

2

)
,

the maximum of | cot z | occurs at e2iπx = 1, i.e.
x ∈ N.

I These maximum values are
∣∣∣e±(2N+1)π+1
e±(2N+1)π+1

∣∣∣ −→
N→∞

1.

I The existence of R follows.

Go Back!
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∫
γN

π cot(πz)
z dz = 0

The integrand π cot(πz)
z has poles at z = n ∈ N.

Res
z=0

π cot(πz)

z
= 0

Res
z∈N\{0}

π cot(πz)

z
=

1

n

∫
γN

π cot(πz)

z
dz =

N∑
n=−N

Res
z=n

π cot(πz)

z
= 0

Go Back!
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