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The topology of complex numbers
Curve a.k.a. contour

e Intutively, a piece of string meandering
on a flat surface!



The topology of complex numbers
Curve a.k.a. contour

e A curve C is defined as the range of a
complex valued function

z : [a,b)CR—C:

C={z(t) =x(t) +iy(t) : a<t<b}

where x(t) and y(t) are continuous real
valued functions.
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m parametrization of C.



The topology of complex numbers
Curve a.k.a. contour

The parametrization also defines a
direction for the curve : we say that the
curve goes from z(a) = x(a) +iy(a) to

z(a) z(b) z(b) = x(b) + iy(b).



The topology of complex numbers
Curve a.k.a. contour

The parametrization also defines a
direction for the curve : we say that the
curve goes from z(a) = x(a) +iy(a) to

z(a) z(b) z(b) = x(b) + iy(b).
The curve —C is one which is
/\ parametrized by a function Z'(t) which
has the same range as z(t), but with the
Z'(b) Z'(a) initial and final points switched :

Z'(a) = z(b), Z'(b) = z(a)
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e If both x(t) and y(t) are
differentiable, then the curve C is called

smooth!



The topology of complex numbers
Curve a.k.a. contour

e If both x(t) and y(t) are
differentiable, then the curve C is called

smooth!

e If x(t) and y(t) are differentiable
except at a finite number of points, then
C is called piecewise smooth.
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» A curve is called simple if it
does not cross itself.
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Simple and non-simple curves

» A curve is called simple if it
does not cross itself.

» This means that z (t;) # z (t,)
whenever t; # t,, except
possibly when t; = a and
tr = b.

» A self-intersecting curve is called
non-simple.
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Closed curves

A simple closed curve is
called positively oriented if its
parametrization is such that
when it is traversed, the
interior is to the left.

If C is positively oriented, then
—C is negatively oriented.
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Curves vs. Paths

» We can think of t as time and

z(t) = (x(t), y(t)) as the
coordinates of a moving point.

» A possible parametrization of a
/ straight line from zy to z; is
Y R

zZ(t)=z+(z1—2)t, 0<t<1

» Another possible parametrization is

N| —

2 z(t) = z+2(z1 — z)t, 0<t<

» Different parametrizations lead to
different paths - but the same curve.
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If two curves (7, (), parametrized
respectively by z;,z, : [0,1] — C
are such that the final point of C is
the same as the initial point of G,

71(1) = z(0)

then Ci» = G U G is a curve.
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A curve we will meet later

It is simpler to think of the curve

r in terms of its ’pieces :
M o:oz(t)=¢€f 0<t<m
@ Mo z(t)=t, -1<t<-3
M3 : z(t)=—-05+0.1le" ",
[ [4 T<t<2rm

My o z(t)=t, —2<t<-1
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The e-neighbourhood of the point z
is the set of all points z closer to the
point zy than € :

Dc(z0) ={z€C : |z— 2| <€}

The closed disk of radius € centered
at zy is defined as :

D.(z)=1{z€C : |z—z| <€}

The punctured disk of radius ¢
centered at zy is defined as :

D! (z)={z€C : 0<|z— 2| <€}
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boundary

interior

exterior

Givenaset SC C:
e The point zy € C is an interior
point of S if:

de >0 : De(Zo)CS

e The point zy € C is an exterior
point of S if:

de>0: D (z)NS=10

e The point zy € C is a boundary
point of S if:

Ve >0 : D.(2)NS # 0, D.(2)NS # 0
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» A set S is called open if every
point of S is an interior point of
S.

» The unit open disk D ={z : |z| <1}
Is an open set.

» A set is called closed if its
complement is open.

» The unit closed disk D = {z : |z| <1}
is a closed set.

» A set is closed iff it contains all its
boundary points.
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» A set S is called open if every
point of S is an interior point of
S.

» The unit open disk D = {z : |z] < 1}
is an open set.

» A set is called closed if its
complement is open.

> The unit closed disk D = {z : |z| <1}
is a closed set.

» A set is closed iff its complement is
closed.
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» A set is called connected if every
pair of points belonging to the
set can be joined by a curve
lying entirely within the set.

» The unit open disk D = {z : |z] < 1}
is connected.

» So is the annular region
{z : 1<|z] < 2}.

» The set D1((0,0)) U Dy((2,2)) is not
connected.




Some useful vocabulary

» An open connected set is called
a domain.




Some useful vocabulary

» An open connected set is called
a domain.

» The unit open disc is a domain.




Some useful vocabulary

» An open connected set is called
a domain.

> The unit open disc is a domain.
» The closed disc is not.




Some useful vocabulary

» An open connected set is called
a domain.

> The unit open disc is a domain.
» The closed disc is not.

> Neither is the set D;((0,0)) U D1((2,2)).



Some useful vocabulary

» An open connected set is called
a domain.

> The unit open disc is a domain.
» The closed disc is not.

> Neither is the set D;((0,0)) U D1((2,2)).
» A domain, along with some,

none or all of its boundary
points is called a region.



Some useful vocabulary

» An open connected set is called
a domain.

> The unit open disc is a domain.
» The closed disc is not.

> Neither is the set D;((0,0)) U D1((2,2)).
» A domain, along with some,

none or all of its boundary
points is called a region.

» A set formed by the union of a

domain and its boundary is
called a closed region.




Some useful vocabulary

» An open connected set is called
a domain.

» The unit open disc is a domain.
» The closed disc is not.
» Neither is the set D;((0,0)) U D;1((2, 2)).

» A domain, along with some,
none or all of its boundary

points is called a region.

» A set formed by the union of a
domain and its boundary is
called a closed region.

» The unit open disc is a region.




Some useful vocabulary

» An open connected set is called
a domain.

» The unit open disc is a domain.
» The closed disc is not.
» Neither is the set D;((0,0)) U D;1((2, 2)).

» A domain, along with some,
none or all of its boundary
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none or all of its boundary
points is called a region.

» A set formed by the union of a
domain and its boundary is

called a closed region.

» The unit open disc is a region.
» So is the disc with a part of the circle.
» The unit closed disc is a closed region.
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Some useful vocabulary

» A set S is called bounded if it
can be contained in a disc of
some finite radius.

»3dR>0: z€eS§S — z¢€
Dg(0), where
Dr(0) ={z : |z| < R}

» A set which is not bounded is
called unbounded.
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The Jordan curve theorem

e A simple closed curve is positively oriented if the

interior is on the left when it is being traversed.

e How are we sure that every simple closed curve

has an interior?

e The answer lies in the Jordan curve theorem :
The complement of any simple closed curve
C can be partitioned into two mutually
exclusive domains | and E in such a way
that | is bounded, E is unbounded, and C is
the boundary of both | and E.

e Easy to state - very hard to prove!
e Jordan's original faulty proof was finally corrected
by Oswald Veblen in 1905.



