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The function z
1
2

“Double” polar form :

f : z = re iθ

7→ r
1
2e i θ

2

Thus

R(r , θ) = r
1
2

Θ(r , θ) =
θ

2

We restrict the domain D for f to r > 0,
−π < θ ≤ π.
The image of the whole complex plane is the region
R > 0, −π

2 < Θ ≤ π
2 - the right half plane.
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The function z
1
2 , arg(z) ∈ (−π, π]

• The complex plane maps into a half plane.

z
1
2



z
1
2 - the other branch : arg(z) ∈ (π, 3π]

z
1
2

• What if we take the domain of θ to be (π, 3π]?

• Then the whole complex plane maps onto the left
half plane!
• The same point re iθ = re i(θ+2π) maps to two

different points r
1
2e i θ

2 and r
1
2e i( θ

2 +π) = −r
1
2e i θ

2 !
• z 7→ z

1
2 is multi-valued!
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Multifunctions

I We can not do calculus if a function takes
ambiguous values on the domain!

I However, fractional powers and logarithms are
multi-valued!

I In general, if a function f : D ⊂ C→ C is
many to one then the “inverse map” defined by

z 7→ w : f (w) = z

is multivalued as a map from C to C!

I The map z 7→ z
1
2 is such an example.

I Such functions are called multifunctions.
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The multifunction z 7→ z
1
2

As the point z traverses a closed curve, the point z
1
2

traverses another curve at half the angular velocity.
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The multifunction z 7→ z
1
2

If the closed path encloses the origin, winding round
it once, the value of arg(z) changes by 2π, and thus

that of arg
(
z

1
2

)
changes by π.
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Dealing with multifunctions - branch cuts

A multifunction f (z) assigns to each value
z ∈ D ⊂ C a set of values in C.

Given a multivalued function f (z), which takes n
distinct values for each value of z ∈ D, we can
define a branch of f as a single-valued function fi
that is continuous in some domain and to each z in
that domain assigns one of the values taken by f (z).

A multifunction can be then thought of as a set of
such branches

f (z) = {fi(z), i = 1, 2, . . . , n}

where each z 7→ fi(z) is a genuine function in the
sense of calculus.
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1
2 we can have two

possible branches (with θ ∈ (−π, π] ):

I f1 : re iθ 7→ r
1
2e i θ
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I f2 : re iθ 7→ −r
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2

I Each function f1, f2 are discontinuous across the
half line θ = −π (the negative real axis)( Why? ).

I This half line θ = −π is called a branch cut.
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Dealing with multifunctions

I A multifunction can be continuous on the entire
complex plane.

I However, it is multivalued.

I On the other hand, each branch is single valued.

I They have discontinuities across a branch cut.
I Two possible solutions :

I Restrict the domain - delete the branch cut
from the complex plane.

I Extend the domain - Riemann surfaces.

I Both leads to single valued continuous functions.
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I If we delete the branch cut
from the complex plane, the
multifunction stays always in
one branch - so that we can
deal with a single valued
continuous function.

I On the other hand, any closed
curve that crosses the branch
cut causes the function to

I either enter the other branch of the
function if it is to stay continuous.

I or stay in the same branch - but
suffer a discontinuity.
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Dealing with multifunctions

I The choice θ ∈ (−π, π] for the domain of each
branch for the multifunction z 7→ z

1
2 is not

unique!

I We can choose the interval θ ∈ (α, α + 2π], and
the branches :

I f1 : re iθ 7→ r
1
2e i θ
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I Each function f1, f2 are discontinuous across the
half line θ = α.

I In this case the branch cut is the half line θ = α.

I There are infinite number of ways of defining
the branches - one for each value of α.
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Dealing with multifunctions

I For each value of α there is a
distinct branch cut.

I Indeed, α need not even be a
constant!

I We could even use a different
interval θ ∈ (α(r), α(r) + 2π]
for each value of r .

I Thus the branch cut will be
the line
{z = re iθ : r > 0, θ = α(r)}



Dealing with multifunctions

I For each value of α there is a
distinct branch cut.

I Indeed, α need not even be a
constant!

I We could even use a different
interval θ ∈ (α(r), α(r) + 2π]
for each value of r .

I Thus the branch cut will be
the line
{z = re iθ : r > 0, θ = α(r)}



Dealing with multifunctions

I For each value of α there is a
distinct branch cut.

I Indeed, α need not even be a
constant!

I We could even use a different
interval θ ∈ (α(r), α(r) + 2π]
for each value of r .

I Thus the branch cut will be
the line
{z = re iθ : r > 0, θ = α(r)}



Dealing with multifunctions

I For each value of α there is a
distinct branch cut.

I Indeed, α need not even be a
constant!

I We could even use a different
interval θ ∈ (α(r), α(r) + 2π]
for each value of r .

I Thus the branch cut will be
the line
{z = re iθ : r > 0, θ = α(r)}



Branch points

I The multifunction z 7→ z
1
2 enters into a different

branch every time a curve encloses the origin.

I The origin is the common point of all branch
cuts for this function.

I A point which is common to all branch cuts of a
multifunction is called its branch point.

I It is not possible to encircle the branch point
once without either encountering a discontinuity
or entering another branch.



Branch points

I The multifunction z 7→ z
1
2 enters into a different

branch every time a curve encloses the origin.

I The origin is the common point of all branch
cuts for this function.

I A point which is common to all branch cuts of a
multifunction is called its branch point.

I It is not possible to encircle the branch point
once without either encountering a discontinuity
or entering another branch.



Branch points

I The multifunction z 7→ z
1
2 enters into a different

branch every time a curve encloses the origin.

I The origin is the common point of all branch
cuts for this function.

I A point which is common to all branch cuts of a
multifunction is called its branch point.

I It is not possible to encircle the branch point
once without either encountering a discontinuity
or entering another branch.



Branch points

I The multifunction z 7→ z
1
2 enters into a different

branch every time a curve encloses the origin.

I The origin is the common point of all branch
cuts for this function.

I A point which is common to all branch cuts of a
multifunction is called its branch point.

I It is not possible to encircle the branch point
once without either encountering a discontinuity
or entering another branch.



Branch points

For a single valued function - traversing a closed
contour once makes the function return to the
original value.
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1
2 a closed curve
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returns to its original value.

I For this map the origin is called a branch point
of order 1, or a simple branch point.

I In general, if a closed curve encircling a branch
point of a multifunction has to go around it n
times in order that the function returns to its
original value, then we say that the branch point
is of order n − 1.

I If the function never returns to the original
value, the branch point is called a logarithmic
branch point.
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A case with multiple branch points

z 7→
√

z2 − 1 = (z − 1)
1
2 (z + 1)

1
2

I The function has two branch
points : z = 1 and z = −1.

I Consider a closed curve
enclosing z = −1.

I After traversing the curve,
θ1 = arg(z + 1) changes by
2π, while θ2 = arg(z − 1)
does not change.

I f (z) picks up a minus sign.

I The situation is similar for a
curve enclosing z = +1.
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point is transported along a closed curve that goes
around either of the two branch points z = ±1 once -
but not when the closed curve goes around both once!
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this new branch.
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either branch point.
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Branch cut(s) for z 7→
√

z2 − 1

Another possible branch cut is [−1, 1].
This only allows closed curves that either do not en-
close the branch points or encloses both of them!
Any curve joining z = −1 with z = +1 will do!



The Mobius transformations

A Mobius transformation is a mapping of the form

z 7→ M(z) =
az + b

cz + d

Apparently simple - but lies at the heart of several
exciting areas of modern mathematical research!

I Non-Euclidean geometries.

I Even the special theory of relativity!
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• For ad − bc = 0 the transformation maps every z
into the single number a

c - this case is called
singular.

• A Mobius transformation for which ad − bc 6= 0 is
called non-singular.
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A given Mobius transformation
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can be considered as a sequence of “simple”
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Complex Inversion

C
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1
z

The image of z = re iθ under
complex inversion is

z 7→ 1

z
=

1

r
e−iθ

This can be achieved in two steps :

I Geometric inversion :

z = re iθ 7→ 1

r
e iθ =

1

z̄
I Complex conjugation z 7→ z̄

Complex conjugation has a trivial
geometry - so all the excitement
comes from the geometric inversion!
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I The map z 7→ 1
z̄ is the same

as IC - inverion in a unit
circle.

I General inversion IK in a
circle K of radius R maps a
point P at distance r from
the origin Q to another at a
distance R2

r , on the line
joining P to O.
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Geometry of inversions:

Theorem

If inversion in a circle centered at q maps two
points a and b into a′ and b′, respectively, then the
triangles aqb and b′qa′ are similar.

q

a

a′

b

b′

I ∠bqa and ∠b′qa′ is common.

I [qa] [qa′] = R2 = [qb] [qb′]

I =⇒ [qa]
[qb] = [qb′]

[qa′]

I The two triangles are similar!
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Geometry of inversions

I Under inversion in a circle centered at q, a
straight line passing through q maps into itself.

I A straight line not passing through q maps onto
a circle passing through q ( Proof ) and vice versa.

I A circle not passing through q maps into
another circle, again not passing through q.

I Should remind you of the steroegraphic
projection!

I This is a hint of the deep connection between
the Riemann sphere and Mobius
transformations!
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Straight line 7→ a circle!
b is an arbitary point on a straight line whose point
closest to q is a.

q

a

b

a′b′



Straight line 7→ a circle!
The triangles abq and b′qa′ are similar.
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Straight line 7→ a circle!
The angle qb′a′ is equal to qab - a right angle.

q

a

b

a′b′



Straight line 7→ a circle!
As the point b moves along the straight line, the point
b′ always moves in a path such that qa′ always subtend
a right angle at it.

q

a

b

a′b′



Straight line 7→ a circle!
The locus of b′ is a circle with qa′ as diameter!

Go Back!

q

a

b

a′b′



Why restrict θ to (−π, π]?

The same complex number z = re iθ can be written
also as re i(θ+2π)
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Why restrict θ to (−π, π]?

The same complex number z = re iθ can be written
also as re i(θ+2π)

z 7→
{

r
1
2e i θ

2 , − r
1
2e i θ

2

}
It seems that a possible single-valued branch could

be
z = re iθ 7→ r

1
2e i θ

2

However, such an assignment would be ambiguous
- since the choice of θ is ambiguous for a given z .
The ambiguity can be lifted by keeping θ restricted
to any semi-closed 2π interval!

Go Back!



Why are f1 and f2 discontinuous?

Consider two points z1 = re i(π−ε) and z2 = re−i(π−ε)

which are very close for small ε.
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Under f1 the neraby points z1 and z2 map onto
far-off points!

Go Back!



Why are f1 and f2 discontinuous?

Consider two points z1 = re i(π−ε) and z2 = re−i(π−ε)

which are very close for small ε.

z1

z2

f2 (z2)

f2 (z1)
f2

f2

The same thing happens under f2!
Go Back!


