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Continuous functions on R

Precise definition :

A function f : S C R — R is continuous at xg € S
if Ve >0, 30 >0 :

Ix — x| <0 = |f(x)—f(x)| <e€
We can prove rigorous results with this.

ool
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Geometric meaning

No matter how finicky we are, we can confine the value
of f(x) to a narrow enough band centered at f (xg),




Continuous functions on R

Geometric meaning

No matter how finicky we are, we can confine the value
of f(x) to a narrow enough band centered at f (xg),
by keeping x confined to a sufficiently narrow band
centered at xy.
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Continuous functions on R

Geometric meaning - a different look

We can picture map f : x — f(x) as carrying points
in one copy of the real line to another.
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Continuous functions on R

Geometric meaning - a different look

It carries the point at xp to the point at f (xp).
Consider the interval (f (xg) — €, f (x0) + €) of width
2¢ centered around f (xp).

The definition of continuity means that we can al-
ways find a sufficiently small open interval cen-
tered at xp so that f carries it inside the interval

(f(x0) — €, f (x0) +¢€).



Limits on the real line

If f : S CR — R is defined in a neighbourhood of
Xp, except possibly at xp, then it has a limit a at
xp€ SifVe>0,36>0:

0<|x—xo| <0 = |f(x)—a|l <e

We write
lim f(x) =a

X—X0



Limits on the real line

If f : S CR — R is defined in a neighbourhood of
Xp, except possibly at xp, then it has a limit a at
xp€ SifVe>0,30>0:

0<|x—xo| <0 = |f(x)—a|l <e

We write
A, fl) =2
A function f is continuous at xg iff :
» (x0) exists.
» lim,_x, f(x) exists.
> limy_y, F(x) = f (x0).
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Distance on the real line
The geometric viewpoint stresses the importance of

open intervals, and hence, distance in the discussion

of limits and continuity.
The distance between two points x,y € R is

x—y forx>y
x—yl=
y—x forx<y

It has the following properties

» |x — y| > 0 with equality holding iff x = y.
> x =yl =1y —x]

=2 < x—yl+ly — 2]
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Using the precise definition - an example

Theorem

If the functionsf : SCR—-Randg : S—R
are both continuous at x = xg € S, then so is the
function f + g : S — R.

Proof.
e For a given ¢, we can find d1, 9> > 0 such that

Ix — x| <01 = |f(x)—f(x)| <

and |x — x| <9 = |g(x)—g(x)| <

e Choose 6 = min {41, d>}.
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Using the precise definition - the example continued

e Then [x — x| < =

|(F(x) + &(x)) = (f (x0) + & (x0))|
= |(f(x) = f (x0)) + (&(x) — & (x0))l
< [F(x) = F (o) + [g(x) — & ()]
< g + g = €.

e What did we use in this proof?
e The inequality :

x —z| < [x =yl + ]y — 2|
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Continuity beyond the real line

We can introduce the notion of continuity of an
function between arbitrary sets U and V' if there is
a notion of distance on the two sets.

The distance function (formally called the metric)
onaset Uisamapd : Ux U — R" with the
following properties :

» d(x,y) > 0 with equality holding iff x = y.
> d(x,y) =d(y,x).
- d(x,2) < d(x,y) + d(y,2).
The ordered pair (U, d) where d is a metric
function defined on U is called a metric space.
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Continuity beyond the real line

We can introduce the notion of continuity of an
function between arbitrary sets U and V if there is
a notion of distance on the two sets.

Given two metric spaces (U, dy) and (V,dy), a
function f : U — V is defined to be continuous at
uwe Uif Ve>0, 30 >0 :

dy (u, Uo) <) = dy (f(u), f(UO)) < €.
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R? as a metric space

» The plane R? has a natural metric defined on it.

» The Euclidean distance function assigns the
positive real number

d(x,y) = \/(Xl —y1)° + (2 — o)

to the pair of points x = (x1, x2) and
y = (1, 2)-

» It satisfies all the properties of a distance
function.




Limits and continuity on R?

A functionu : SCR? =R, (x,y) +— u(x,y)
defined in some neighbourhood of the point (xg, yo),

except possibly at (xp, yo), has the limit uy at
(X(),yo) if Ve > 0, 36 > 0 :

0 < Vix—0)P+(—-n)? <6 = |u(x,y) — u| <€



Limits and continuity on R?

A function u : SCR?2 =R, (x,y) — u(x,y)
defined in some neighbourhood of the point (xg, yo),
except possibly at (xp, yo), has the limit uy at
(Xo,yo) if Ve >0, 40 > 0 :

0 < Vix—0)P+(—-n)? <6 = |u(x,y) — u| <€

A function u : SCR?> =R, (x,y) — u(x,y)
defined in some neighbourhood of the point (xg, yo),
is continuous at (xp, yp) if Ve >0, 36 > 0 :

Vi=x)+y-n) <6 = |u(x,y) — u(xo, y0)| < e
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Examples
3

lim wu(x,y)=0, where u(x,y) = =
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Proof.
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lim wu(x,y)=0, where u(x,y) = =
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Examples

x3

lim u(x,y) =0, where u(x,y) =

(x.y)—(0,0) Xyt
Proof.
If x =rcosf, y = rsinf, we have

r3cos3h

— rcos’ 0

(X, - .
(x.y) r2sin? @ + r2 cos? 6

Since v/(x — 0)2+ (y — 0)2 = r, we have

u(x,y) — 0] = rcos® 0| < e

whenever 0 < /x? + y? = r < €. Hence, taking
0 = € allows the inequality in the definition of the
limit to be satisfied.
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An important property

If the limit  lim  u(x,y) = yp exists, then
(x.y)=(0.¥0)

u(x,y) must approach ug as the point (x, y)
approaches the point (xg, yo) along any curve.

If we can find two curves C;, C, going through
(x0, Yo) along which u(x, y) approaches two
different values vy and wu as (x,y) approaches

(x0, ¥0), then  lim  u(x,y) does not exist.
(x.y)—(x0.0)
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Examples

. X .
[im % does not exist
(x.y)—(0,0) X* + y
Proof.

If (x,y) approaches (0, 0) along the x-axis, then

. . (x)(0)
| — | —
(x,o)|—>m(0.,0) u(x, 0) b X2 + 02 0

However, if (x,y) approaches (0,0) along the line
y = x, then

() 1

li =i =
oMo Y X) = lim e T 2
The limit  lim  u(x,y) does not exist. O

(x.y)—(0,0)
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C as a metric space

To discuss analysis on C we must have a metric
function defined on it.

Fortunately, we already have one!

d(z1,2)=|z1 — 2

The open ball plays the role of the open interval!
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Continuity on the complex plane

A function f : D C C — C is continuous at
z=z0€DifVe>0,30>0:

z—2z| <6 = |f(z2)—f(20)] <€

Geometrically, this means that given any open e-ball
centered at f (z), D, (f (z)), there exists an open
d-ball centered at zy, D5 (z), every point of which
is carried by the map f inside D, (f (z)) :

f(Ds (20)) C De(f (20))



Continuity on the complex plane

y "4

f maps z=x+1iy to w = u+iv.



Continuity on the complex plane
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Given Dy = D, (f (z)),
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Continuity on the complex plane

y v
/

® de

Given D; = D.(f (z)), we can find an open disc
Ds (zp) that is sufficiently small so that it maps en-
tirely inside D;.
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Properties of continuity

Suppose that f and g are continuous at the point
zo9. Then the following functions are continuous at
20 .
» Their sum f(z) + g(z).
» Their difference f(z) — g(z).
» Their product f(z)g(z).
z)
)

» Their quotient E provided that g (z) # 0.

» Their composition f(g(z)) provided that f(z) is
continuous in a neighborhood of the point

g (20)-
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Limits of complex functions

A function f : D C C — C has a limit w, at
z=z0€DifVe>0,30>0:

0<|z—2z|<d = |f(z) —w| <e¢

We write
wo = lim f(z)

Z—2p

Corollary : A function continuous at zy has a limit
at z and the value of the limit is f (z).



Theorem

Let f(z) = u(x,y) +iv(x,y) be a complex function
that is defined in some neighbourhood of z,, except
perhaps at zy = xg + iyg. Then

lim f(z) = wp = up + ivg

iff

lim u(x,y) = u, lim vix,y) = v
(x.y)—(x0.y0) ( y) ’ (x.y)—(x0.50) ( y) ’
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limf = limu, limv

Proof.
From the definition, Ve > 0, 40 > 0 :

0<|z—2z|<d = |f(z) — w| <e¢

But, f(z) — wp = u(x,y) —up +1i(v(x,y) — w) so
that

u(x,y) = ol [v(x,y) = w| < [f(z) — wl
Thus, 0< |z— 27| <d =

|U(X7y) - U0| <€, |V(X7.y) o VO‘ <€
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Proof.
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Proof.
Ve >0, 01,0, >0 :

0<|z—z| <01 = |u(x,y)— wl| <

NI N

0<|z—2z| < = |v(x,y) = w| <
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