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Differentition in R and elsewhere

Recall that for a map f

: R — R, the derivative at
Xp € R is defined by

' (xg) = lim 1) =" 10)

X—X0 X — Xo

Can we extend thistoamapf : U— V7

The prerequisites for differentiation

X — Xp Subtraction must be defined on U.
f(x) — f (xo) Subtraction must be defined on V.
%;EXO) Division must be possible.

limy_ 5, Limits must be defined on V

All of this works for f : C — ClI
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Differentiation in C

For a function f : C — C we define

' (20) = lim &)= (20)

Z—2p Z — 2y

Very similar to what we did on R!
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An example :

f(z) =23

3.3
fl(z) = lim 22

zZ—20 Z — 2
(z — 20) (28 + 20z + 22)

= |lim
zZ—2 Z — 2
= |im (zg + zpz + 22)
Z—2p

_ 2,2
= 3z
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Some important results

> %C = 0 where C is a constant.
> %z” — nz""! where n € N.

- £ [CF(2)] = CF(2).
» Z1f(2) + 8(2)] = F(2) + £(2).
- 2I(2)8(2)] = F(2)8(2) + &'(2)F (2)

. % ;8 _ f/(Z)g(f;(;i;(z)f(z)' orovide g(z) % 0.

> £f(g(2)) = '(g(2))g'(2).
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The difference

» On the real line,a point xp can be approached
only from the left or from the right.

> Thus lim,_, 2L exists iff both left hand and

right hand limits exist and are equal.

» On a complex plane, the point zy can be
approached in an infinite number of ways!

» A complex function is differentiable if the limit
lim,_, ,, % approaches the same value for all of

these directions.

» The condition for differentiability is more
stringent on C.
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A non-differentiable function
f(z)=z

If (x,y) approaches (xo, yo) along a line parallel to
the Y axis :

F (z) - i (xo — x0) — ?(y — ¥0)
(x0,y)—(x0,¥0) (XO - XO) +1 (y - )/0)
y=yo i(y — yo)

f(z) = z is differentiable nowhere!
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A condition for differentiability

A complex function f : C — C can be regarded as
a pair of real functions :

f i z=x+iy—w=u+iv
where

u = u(xy)
v = v(x,y)

What conditions must the functions u,v : R> = R
satisfy for f to be differentiable?
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A condition for differentiability

» For f(z) to be differentiable at z = zj, the limit

lim,_, % must be the same as z approaches z

from all directions.
» In particular the two limits
» z — Zg along the real axis
» z — zy along the imaginary axis

must be equal.
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A condition for differentiability

z — zy along the real axis :

- Af L u(x+ Ax,y) — u(xo, yo)
[im — = Ilim
Az—0 Az Ax—0 Ax
i lim (x0 + Ax, yo) — v (x0, Y0)
Ax—0 Ax

or _ou, ov
0z  Ox 18x
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A condition for differentiability
z — z along the imaginary axis :

Az = (xo+ifyo+Ay]) — (% +in) =iAy

Af = [u(xo, y0 + Ay) +iv(x0, 0 + Ay)]
— [u (%0, y0) + iv (x0, Y0)]
= [u(x0, Yo + Ay) — u(x0, yo)]
+i[v (x0, Yo + Ay) — v (x0, y0)]



A condition for differentiability

z — z along the imaginary axis :

Af  u(x,y0 +Ay) — u(x0, y0)

Az iAy

v (xo,yo + Ay) -V (X07)/0)
+1 -
iAy



A condition for differentiability

z — z along the imaginary axis :

. Afu(xo, ¥+ Ay) — u(x0, o)
lim — = I|im ,
Az—0 Az Ay—0 1Ay

Av) —
4 lim v (X0, Yo + ‘Y) v (X0, ¥0)
Ay—0 1Ay



A condition for differentiability

z — zy along the imaginary axis :

. Afu(xo, 0+ Ay) — u(x0, Yo)
Iim — = l|im -
Az—0 Az Ay—0 1Ay
i lim V(Xoy)/o+4)/)— v (X0, Yo)
Ay—0 1Ay
of B Ou  Ov

oz 8y+0y
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A condition for differentiability

The two limits must coincide!

@—f—i@_—i@—l—@
Ox Ox Oy Oy

Necesary condition for f to be differentiable :

8u_8v
ox Oy
8v_ ou
ox Oy

— the Cauchy-Riemann conditions!
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fl(z)y=z=x—1y

U(X7y) = X, V(X7y) =y

ou
Ox 1#

X

The Cauchy-Riemann condltlons are not satisfied
anywhere!
This function is differentiable nowhere.
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Example
f(z) =23

u(x,y) = x> = 3xy%, v(x,y) = 3%y — y°

We already know that this function is differentiable
everywhere.

ou ., , Ov
M _ e 9V
Dy Y= T ox

The Cauchy-Riemann conditions are satisfied
everywhere!
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Example
f(z) = x* + y* +1i2xy

u(x,y)=x>+y?  v(x,y)=2xy

Uy = 2X, u, =2y
vy = 2V, v, = 2x
The CR equation uy, = v, is satisfied everywhere.
The other equation, u, = —v, leads to
2y = —2y.

This is satisfied only on the X axis.
f(z) is only differentiable on the X axis.
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A gap in the logic
» Are we correct in concluding that
f(z) = x> + y* +i2xy

is differentiable on the X axis?
» We are,
» but the logic is faulty!

» We have proven that the CR equations are
necessary conditions for differentiability.

» The question is, are they also sufficient?
» No!

» To see this, all that we neeed is a single
counterexample!
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Sufficient conditions for differentiability
Let f(z) = u(x,y) +iv(x, y) be a continuous
function that is defined in some neighborhood of
Zo = xo + iyp. If all the partial derivatives uy, uy, vy
and v, are continuous at the point (xo, yo) and if
the Cauchy-Riemann equations

ux (X0, ¥0) = vy (%0, ¥0) » uy (X0, ¥0) = —vx (%0, Y0)
hold, then f(z) is differentiable at z,.
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Let f(z) = u(x,y) +iv(x, y) be a continuous
function that is defined in some neighborhood of
Zo = xo + iyp. If all the partial derivatives uy, uy, vy
and v, are continuous at the point (xo, yo) and if
the Cauchy-Riemann equations

ux (X0, Y0) = vy (%0, ¥0) ; uy (%0, ¥0) = —Vx (X0, Y0)
hold, then f(z) is differentiable at z,.
In this case, we can calculate the derivative using
either

f'(20) = ux (X0, Y0) + ivx (X0, Y0)
or

f'(20) = vy (x0, ¥0) — iuy (X0, Y0)



Example
f(z) = e = e (cosy +isiny)



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = e“cosy



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,



Example
f(z) = e = e (cosy +isiny)

u(x,y) =e€e“cosy, v(x,y)=¢€"siny

u, = ecosy =y,

_ X <1
u, = —e'siny



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,
_ X a1 _
u, = —e*siny = —v,

The CR equations are satisfied everywhere.



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,
_ X a1 i
u, = —e’siny = —vy
The CR equations are satisfied everywhere.

The derivatives uy, vy, u, and v, are also continuous
everywhere.



Example
f(z) = e = e (cosy +isiny)

u(x,y) =e€e“cosy, v(x,y)=¢€"siny

u, = ecosy =y,
u, = —e’siny = —vy
The CR equations are satisfied everywhere.
The derivatives uy, vy, u, and v, are also continuous

everywhere.
f(z) = e is differentiable everywhere.



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,
u, = —e’siny = —vy
The CR equations are satisfied everywhere.
The derivatives uy, vy, u, and v, are also continuous
everywhere.
f(z) = €” is differentiable everywhere.
The derivative is

f(2)



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,
u, = —e’siny = —vy
The CR equations are satisfied everywhere.
The derivatives uy, vy, u, and v, are also continuous
everywhere.
f(z) = €” is differentiable everywhere.
The derivative is

f'(2) = uy + ivy



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,
u, = —e’siny = —vy
The CR equations are satisfied everywhere.
The derivatives uy, vy, u, and v, are also continuous
everywhere.
f(z) = €” is differentiable everywhere.
The derivative is

f'(z) = uy +iv, = € cosy +ie*siny



Example
f(z) = e = e (cosy +isiny)

u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,
u, = —e’siny = —vy
The CR equations are satisfied everywhere.
The derivatives uy, vy, u, and v, are also continuous
everywhere.
f(z) = €” is differentiable everywhere.
The derivative is

f'(z) = uy +iv, = € cosy +1ie*siny = &



