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Necessary and Sufficient conditions for differentiability
Let f(z) = u(x,y) +iv(x, y) be a continuous
function that is defined in some neighborhood of
Zo = xo + iyp. If all the partial derivatives uy, uy, vy
and v, are continuous at the point (Xo, yo) and if
the Cauchy-Riemann equations

Ux (X0, Y0) = Vy (%0, ¥0) » uy (%0, ¥0) = —Vx (X0, Y0)
hold, then f(z) is differentiable at z,.
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Let f(z) = u(x,y) +iv(x, y) be a continuous
function that is defined in some neighborhood of
Zo = xo + iyp. If all the partial derivatives uy, uy, vy
and v, are continuous at the point (Xo, yo) and if
the Cauchy-Riemann equations

ux (X0, Y0) = vy (%0, ¥0) ; uy (%0, ¥0) = —Vx (X0, Y0)
hold, then f(z) is differentiable at z,.
In this case, we can calculate the derivative using
either

f'(20) = ux (X0, Y0) + ivx (X0, Y0)
or

f'(20) = vy (x0, ¥0) — iuy (X0, Y0)
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Example

f(z) = |z]* = zz

u(x,y) =x>+y* v(x,y)=

u, = 2x v, =0

u, =2y vy =0

The CR equations are satisfied only at the origin.
The derivatives uy, vy, u, and v, are continuous
there.

f(z) = |z|? is differentiable at the origin.

The derivative there is 0.
Let us verify this directly!
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u(x,y) =€ cosy, v(x,y)=¢€"siny

u, = ecosy =y,
u, = —e’siny = —vy
The CR equations are satisfied everywhere.
The derivatives uy, vy, u, and v, are also continuous
everywhere.
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The derivative is
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The polar form of the Cauchy-Riemann equations

Let f(z) = f (re'’) = u(r,0) +iv(r,0) be a

continuous function that is defined in some
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derivatives u,, ug, v, and vy are continuous at the
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The polar form of the Cauchy-Riemann equations

Let f(z) = f (re'’) = u(r,0) +iv(r,0) be a

continuous function that is defined in some

neighborhood of zy = ryele. If all the partial

derivatives u,, uy, v, and vy are continuous at the

point (ry, 0p) and if the Cauchy-Riemann equations
1 1

ur (r0,90) =W (1’0,(90), Vr (ro,Ho) = —— U (I’o,(go)
o o

hold, then f(z) is differentiable at z,.

In this case, we can calculate the derivative using

either ' (z9) = e % [u, (ry, 0o) + iv, (ro, y6o)]

or f'(z) = r—loe_‘e0 [vo (ro, 00) — iug (ro, p)]
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The function is not continuous on the negative real
axis, let alone be differentiable there!
It is differentiable everywhere else!
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f(z) = 77 = r2 cosg +irzsin g where the domain is
restricted to be r > 0 and —7m < 6 < 7.

u(r,0) = r cost, v(r,0)= r2 sin &
1 6 1
u(r,0) = Er_i cos ;= ;ve(r,G)
1 .. 60 1
vi(r,0) = §r*§ sin 5= —7ue(r,0)

The polar CR equations are satisfied.
The derivative is
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The differentiability of f(z) = 23

>

>

Each branch of the function is differentiable
everwhere on the complex plane,

except at the branch cut -
where each branch is discontinuous.

However, the exact position of the branch cut is
artificial.

By changing the location of the branch, we can
make the function differentiable everywhere

except at the branch point - which is common
to all branch cuts!
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Holomorphic a.k.a Analytic functions

e |t is not very interesting to deal with functions
that are differentiable at isolated points.

e A function f : D C C — C is said to be
holomorphic at z; € D if it is differentiable at all
points in some neighborhood containing z.

e A function is called holomorphic in D if it is
holomorphic at all points in D.

e A function that is holomorphic over the entire
complex plane is called entire.

e Points in C where f is not holomorphic are called
singular points. These are of great importance in
applications.
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Holomorphic a.k.a Analytic functions

e A function is called analytic at z if it can be
expanded in a power series in z — z.

e As we will see later, every holomorphic function is
also analytic - this is very different (@) from real
analysis!

e |In complex analysis the two terms analytic and
holomorphic are used interchangably.
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Some important properties

» The constant function z — ¢ is holomorphic
everywhere.

» The identity function z +— z is holomorphic.

» The sum and difference of two functions
holomorphic at z; are holomorphic at z.

» The product of two functions holomorphic at z
is holomorphic at z.

» The ratio of two functions holomorphic at zj is
holomorphic at zy, unless the denominator
vanishes there.

» If g is holomorphic at zy and f is holomorphic at
g(z), then fog : z— f(g(z)) is
holomorphic at z.
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Examples

» The function z" is differentiable at all points for
n e N.

» Hence it is holomorphic everywhere!

» This is one example of an entire function.

» Another entire function is €”.

» Any polynomial in z alone is entire.

» The function z7", n € N is differentiable at all
points except for the origin!

P(z)

» Any rational fraction ) where P and @ are

polynomials in z is holomorphic at zj if
Q (Zo) 75 0
1. .
» z2 is holomorphic everywhere - except at the
origin!
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Examples

f(z) = x* + y? +i2xy

We have already seen that the CR equations are
satisfied on the X axis.

Since the partial derivatives are also continuous
everywhere (and on the X axis in particular) f is
differentiable everywhere on the X axis.

However, for any point zy = xp + 10 on the X axis
and any 0 > 0, the d-neighborhood of z, contains
the point xg + i% where the function is not
differentiable.Indeed, all disks centered on a point
on the real axis sticks out of it!

Thus f is not holomorphic anywhere!
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A non-analytic C* real function

Consider the function :

F(x) = exp (—é) for x >0
0 for x <0

The Taylor expansion of f(x) does not converge to
f(x)!

This, despite the fact that it is differentiable to all
orders everywhere!



