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NCQM

DOPLICHER, FRENHAGEN AND ROBERTS
X*, XY = i@

ALSO FROM STRING THEORY.
LANDAU PROBLEM

. . |
PXP PYP|=—

ALSO THROUGH BERRY-CURVATURE IN
CERTAIN CONDENSED MATTER SYSTEMS

X, Y]~ -
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{61 = CONSTANT, NON-TENSOR.
= LORENTZ SYMMETRY BROKEN IN QFT
USUAL METHODS — BORROWED FROM PH.SP.(

1.DEMOTE X* — X#
2. USE STAR PRODUCT i.e. DEFORMED
PRODUCT (MOYAL)

(f*g)(z) = f(%)@éeﬂ”g@g(a?)
= 2" %% f(2)g(y)|umy
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A DIFFERENT NOTATION

m" (f(z) ® g(z)) = m(F~(f(z) ® g(x)))

Twist = F = 2" 5®% ¢ Y(P) @ U(P)
ALONG WITH MULTIPLICATION, THE
CO-PRODUCT I.e. THE LEIBNITZ RULE TOO
GETS DEFORMED

A - A" = FAF!
A(Muy) — NV®1+1®MMV
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AGAIN THE STAR PRODUCT IS NOT UNIQUE.
FOR EXAMPLE, IN 2+1 DIM.(WITH 6% = 0)

[0 0 0) (0 0 0 )
=1 -0 0 0 [;0=[0—io 0
\ 0 -0 0 \ 0 —0 —if |
M— WEYL ORDERED; V— NORMAL
ORDERED

IT WAS BELIEVED THAT FIELD THEORIES

CONSTRUCTED ON M/V x-PRODUCT ARE
EQUIVALENT AS

T(f *m g)(x) = (T(F) *y Tfg))(z) *
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Wigl= =
T = G%VQ

RECENT CONTROVERSIES
PERSISTANCE OF EQIVALENCE AT THE
_LEVEL OF INTERACTING QFT
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WE ADDRESS THE ISSUE AT THE LEVEL OF
NCOM. 2D REPRESENTATION OF NC
HEISENBERG ALGEBRA

Xi 2 9(3i) — 2itp(24) A

Py (@) — geijlg, v(@:)] = P
b = X%& s.t. [b,b1] =1
CLASS. HILBERT SPACE

\n
H. = Span{|n) }:2giIn) = L 0)
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QUANTUM HILBERT SPACE

Ho = SPACE OF HILBERT-SCHMIDT ORFP. I.e.
THE TRACE CLASS BOUNDED SET OF
OPERATORS IN H..

INNER PRODUCT

(V|¢) = try, (V')
VOROS BASIS AND VOROS WAVE FUNCTION

(2, 2) = (2[9(2, §)|2) = tr(|2)¥)
Z)v = |2) = [2)(z; [2) = e **"'|0) € H,
o — A1ty
V20
2) — COHERENT STATE
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PROPERTIES OF |z)
(1) = e [ L2l2) wy (2] = 1g

) = \/ =€ Bi|p) = pilp)

s.t.
[ @plp)(@ = 1; () = 6°(5 — 1)

THEN
- 0 2, _—9p% —ip%
)y = o d“pe” 1P e p)
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I\/IOYAL BASIS

fdp —zp:v’p \/;fd]? ip-(

THEY SATISFY
() [ d&*2|%)ar xar m(F| = [ 2| %) arar (2] = 1
(i (P12)ar = gze” 77

(iii) s (2| 7) 0 = 62(Z — ') — ORTHOGONAL
UNLIKE VOROS

(V)v (2| T)ar = /) Ze 7'

T—1x')?
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INTRODUCE AA
Xih = 5(20 + ¥i;) = [X7, X§] =0
EQUIVALENTLY

XC = z; + EZ]PJ

THEY ADMIT COMMON EIGENSTATE. INDEED
X7\ %) = i|T) m

IMPOSE THE ADDITIONAL STRUCTURE OF
AN ALGEBRA ON Hg

u(ly) ®19)) = [ve)
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QUESTIONS

WHAT IS THE FORM OF THE
REPRESENTATION OF THIS PRODUCT STATE
N MOYAL OR VOROS BASIS AND,IN
PARTICULAR, IS THERE A COMPOSITION
RULE IN TERMS OF THE REPRESENTATIONS
OF THE INDIVIDUAL STATES IN THESE
BASES?
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TAKE [1)) = /£ [ S24 (5
NOTE: NORMALIZABILITY
= (Y|y) = tr.(¢¥Ty) < oo
— () IS SQUARE INTEGRABLE.
THEN
M(Z|Yd) = V2m0n (Z|W) *ar m(Z]D)
v(Z|We) = 4y (Z)) *v v (Z|P)
WHERE y(Z|v) = [ L2 w(ﬁ)e@ﬁf

(27)?

xw \/;f d22¢
=/ LetVy (2]0)

r-lkICb
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OBSERVATIONS

(i) M/V COMPOSITIONS ARE RELATED TO M/V
BASES RESPECTIVELY.

(il) ASSOCIATIVITY IS OBVIOUS.

(iii) T = 7V OPERATOR RELATING M/V WAVE
FUNCTIONS IS NON-UNITARY AND
NON-INVERTIBLE.
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INDEED VOROS WAVE-FUNCTIONS BELONG
TO A SMALLER SUBSPACE (c SCHWARTZ
CLASS) UNLIKE THE MOYAL WAVE
FUNCTIONS; HERE WE ALSO REQUIRE

SMOOTHNESS~ /6, AS MODES WITH HIGH
MOMENTA ARE AUTOMATICALLY
SUPPRESSED.

IT MAY HAVE EFFECTS AT THE
PATH-INTEGRAL LEVEL.
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(i) X¢ CAN NOT BE A PHYSICAL
OBSERVABLE, AS IT VIOLATE SPACE-SPACE
UNCERTAINTY.

THUS A SYSTEM CAN NOT BE PREPARED IN
MOYAL BASIS.

CORRESPONDINGLY, 7 IN |#),; CANNOT
REFER TO POSITION 7.

(i) VOROS BASIS IS IN CONFORMITY WITH
UNCERTAINTY RELATION.

MUST WEAKEN VON-NEUMANN'S PVM—s
POVM.
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INDEED, I1,, = 1|Z), x, ,(Z]| FORM POVM i.e
THEY ARE POSITIVE AND INTEGRATE TO

DENTITY.
PROBABILITY P(Z) = tro(IL,p)

~OR p = wgw, .

P(T) = (Y|Z)y *v o(Z]1))

THIS POVM FAILS IN THE MOYAL CASE:
POSITIVITY IS NOT SATISFIED.
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TRANSITION AMPLITUDE IN VOROS BASIS

iz gy T mer

(T, T3, 0)0 = S e
IN MOYAL BASIS, THE 9-DEPENDENCE DOES
NOT OCCUR.
1. ALTHOUGH 3 A FORMAL MATHEMATICAL
EQUIVALENCE, IT IS THE VOROS BASIS,
WHICH CAN BE CONSIDERED PHYSICAL
2. THIS SUGGESTS THAT AN ABSTRACT,
BASIS INDEPENDENT FORMALISM SHOULD
BE DEVELOPED IN D = 3.
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30D GENERALIZATION
Start With

Zi, T = 10;; = t€;10

© = 0,; Is degenerate

= It IS possible to orient 5along 3rd axis by an
SO(3) rotation

l.e. T; — CIQZ'Z — RijCIA?j

S.t [5%1, 21272] = 10, [5%1, ,2273] — [572, 5%3] =\

with 3 being commutative
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A Non-unique form of R:

/cosozcosﬁ sin 3 cos o —sinoz\

R = —sin cos (3 0
\ sinacosf sinasinf3 cosa )
/Sinacosﬁ\

§=0 sin ov sin

\ COS ¥ )
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CLASSICAL HILBERT SPACE

H§3) = span{|n, Z3)} = span{|z, Z3)}
Action of z;

:?:dn,@) — (R_l)ijﬂi}jln,f@ —

(R Y)iaZaln, Zs) + (R 1)isT3|n, T3)
a=1,2

QUANTUM HILBERT SPACE

Hég) ((2;) : treapTy < oo}
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Here, tr, — restricted trace over the
noncommutative 2D plane.

H§3> IS therefore simply a one-parameter family of
e

e
Since the elements of HéS) leaves the subspace
spani|n,T3)} C 'Y (for fixed z3) invariant, one
can also write

= {¢ : [Z3, 9] = 0; trapTeh < oo}
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ACTION OF MOMENTUM
Introduce z,, such that [z, z4] = i00,3;7 = 1,2, 3
Formally 24 = —if5- Then

A

Py = gTaplZp, ¥, B = 1,2,3,4
[0 1 0 0)
b -1to 00
0 0 0 1
\ 0 0 —1 0 /
Note
1. Pub =0

Thus3 only three non-trivial momenta
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POSITION OPERATOR

Xi: ) = Xi|Y) = |2:9)

Then NQ Heisenberg algebra is

X;, Xi] = i [ X, P)) = i6;55 [P, Pj] = 0
NORMALIZED MOMENTUM EIGENSTATES
‘ﬁ) _ g_ie’ipif%

Satisfies

() Plp) = 7lp)

(il) ('|p) = 6°(p" — )

(ii)) J &°plp)(p! = 1,
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MOYAL AND VOROS BASIS IN 3D
XD = g

X;T)w = wfz

By spllttlng (:mb) |nto symmetric and
anti symmetric parts

Gomg back and forth between barred and
un-barred frame yields

AN

C > (1
X = xV 1 1g. P,

(4 (4

A

s.t. (X x —g
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As In 2D, here too, one can introduce
Moyal/Voros basis

- Bp  _ipE| =
By = | e o)

Z)y = L [ dPpe i7" 77| p)
Satisfying

m(Z|Yp) = 2103 (Z|Y) *ur m(Z]9)
v(Z|Ye) = v(Z|Y) *v v(Z]¢)
With

3 3 a5
‘¢) — g—; (20;1;% (p)e ip.T
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ANGULAR MOMENTUM AND DEFORMED COPRC

Take |¢) = [ d®p(p)e™" = ()
Scalar property

W) = U(R)|¢) = (%) = v(R™'E)
=[ d*pu(E)e” D

ForR=1+ z‘gE.E, \5\ <L 1;(Li)jx =
—iEZ]k; [qu Lj] — iéijkLk

@DR(I@) — ¢(A ) + i, Azw(fi%)

J — EZ]kXCPk, [Ju J] — ZEZ]ka
U(R) = €97 — The unitary representation of R
In .,
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ON DEFORMED LEIBNIZ RULE
Note J;(¢v) = e;jnX{ Pi(¢0))
+ (GZJkXC(Pka)W + Qb(ﬁzyk:Xc(PW))
Rather, J;(¢) = [aﬁ(@) (Pi(o0))i]
= (Jid)V+d(J)+1[(Pid) ((0.P)y—((0.P)d)(P)]

Thus the co-product IS deformed:
Ae(jz') = AO(ji) 1 %[pz ® (gﬁ) — (6’_)15)) ® 15]]
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DEFORMED CO-PRODUCT AND AUTOMORPHISI
) = [97) = [ dpy(p)em T

= [ Epi(p)e D

Like-wise for |¢)

Then [y¢) = [ d*pd®p'v(F)(p))e! ) e s0uriv}

But now |(¢¢)") # [17¢") =

m|[Ao(R)([¢) ® [9))]; Ao(R) = R® R

Rather,|(y¢)®) = U(R)[m(|¢) ® |¢)]

= m[Ag(|Y) ®]9))
Where Ay(R) = FAo(R)F~' — Def. co-prod.

= F = e2hi®F
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Thus the automorphism symmetry can be
restored Iff the deformed co-product is used.
Also, AQ(JAZ) — FAO(jZ)F_l

In the multi-particle setting, the restoration of the
automorphism symmetry relevant at the level of
action.

Consider Schrodinger action

S = [diL :
L = trabt(i0, — L2 — V(3;))

2m
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The SO(3) symmetry is manifest iff £ transform
as a scalar,l.e.

Y — ()5 (PTVY) — (PTV)"
Since, tr.(A)® = tr.A (We show it later)
For a Generic composite A’ of fields.
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ON THE CONSTANCY OF ©

Rotated coordinate

;' = (RT); = Rya;

Then the commutator of the rotated coordinate
&%, 27 = 2'2 — 18] = i(ROR");; = i(Ofp)s;
© — Oyp — 2nd rank antisymmetric tensor
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Note [2F, 28] = m[Ao(R) (& ® &5 — ; @ Z;)]
But rotated commutator Is

(2, 25])7 = (&%) — (&%)

= m[Ag(R)(%; ® &; — &; ® &;)] = 6;; = i(Op)s;
Here (#;2;)" = m[Ag(R)(Z; ® ;)]

= 3,2 + 50 — 5(Ogp)i;

= No longer a second rank tensor.

Also jejk = —iJ;[m (T ® Tk — Ty, ® )]

— —zm[Ag(J)(x] R Iy — T ® ;)] =0
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In a more general setting, the quantum position
o]0}

N e A A

X (i) = |20 (2:)) = m(i; @ ¥(2:))
And its rotated counterpart

(1 A (1 A

XORly(a:) = Ry XV (i;)

Now under rotation

m(@; @ (i) — U(R)[m(; ® (i)

A A (1 A

= m[A(R)(# ® ¥ ()] = X, FloR(#:))
Here X" = X"E L l[R O], P,

IS the effectlve rotated quantum position op
transform non-covariantly ° .
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But [X() X() | =160,; — again constant
OBSERVATIONS

The distinction between X V% and X V%
Disappear in D = 2, as [R O] =0

e d

XR = xR _1[R @], P,

(4 (

AN AN

XZ.(C) — XOF — R X ](C) — Transforms covariantly
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SO(3) TRANSFORMATION PROPERTIES OF
H, SCHRODINGER ACTION

H=L243V(X),V(XE) =V(X,) = JV(X) =0
V(X;)/V(&;) — operator in Hff’)/Hég)
J;, H] = [Léf+W%Xﬂ Ji, V(@)
To compute J;V (X)) (2;) = J;(V (&) (Z:))
= (LV(@)$(&:) + V(&) (i (d:)) +

I

A —

L(BV)(6.P)) — (0. P)V)(Pp)]
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Using .J;V = 0

[Ji, H| = 5[(BV)((0-P)y) — ((0.P)V)P]
ANOTHER PERSPECTIVE

Note: (V)" # VI = m[Ag(R)(V @ )]
Rather, (V)" = m[Ag(R)(V @ )] = V] "
= U(R)VU(R)™ 'y

Vi, — Effective potential in rotated frame.
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SYMMETRY OF SCHRODINGER ACTION

S = [ ditr[ui(id, — & — V(X))
IS Invariant under the following transtf.

YT — (@N)* =U(R)YY 9 — ¢ = U(R)y, (Vi) —

(Vap) "™

Since A

(Jph)t = 3 mk(xg(PM) (Peyp!)d)T = —(Jip)
= (UR)pH! = (¢97y1)T = U(R)y

= tre((¢ )%R) (U(R)Y, U(R)9) = (¢, 9) =

tro(¥¢); U(R)* (R)=1
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Although Ay (R) was used here implicitly, the
same holds even if Ay(R) is used, as the
additional terms are total commutators:

To summarise: S will be SO(3) invariant,
provided V' also undergoes the transt.

V—VE =URVU(R)™

&

Even for VE(X;) = V(R'X,). Generically, Vi
will have a reduced symmetry and therefore S
will not be Iinvariant.
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EXAMPLE

H = 1 ﬁQ -+ 1mchX
plane + lene

[XlaXQ] ZH [X17X3] [XQ;XS] =0

Uo(X;) = es(X3+XD)e—3m’ X3, Has only SO(2)

symm.
To see it more explicitly, write

= PP ¢ = eB T, g = 273
Then Pw J(b J:ﬂb — O
Also, A@(j ) Ao(Jg) Jg X 1 —|— 1 ® J3

2

SIE

ﬁ—l— mwz
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— jg\IJQ — m[A(:)(jg)(¢ X w)] —
m[Ao(J3)(¢ ® 1)) = 0

But J,Uy #0,Asa =1,2
Finally, this manifested in the explicit form

Ve?f(f(i) — )
V(&) + gmw?[1((0.P)% — (6.P7)?) — 0;(Rij — 6) Jj]



Conclusions

We have discussed the generalization of non
commutative quantum mechanics to three spatial
dimensions.Particular attention was paid to the
identification of the quantum Hilbert space and
the representation of the rotation group on it. Not
unexpectedly it was found that this
representation undergoes deformation and that

the angular momentum operators no longer obey
the Leibnitz rule.
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This deformation implies that the action for the
Schroedinger equation, in which the potential
appears as a fixed background field, and
Hamiltonian are no longer invariant under
rotations, even for rotational invariant potentials.
This Is In sharp contrast with the commutative
case where rotational symmetry is manifest for
rotational invariant potentials.
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