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Preface

9

BRST symmetry is characterized by anticommuting,
infinitesimal,global(space time and field independent)

We showed such infinitesimal transformation can be
Integrated in consistent manner to construct FFBRST
transformation where the parameter is finite field
dependent ( no explicit space time dependence)

FFBRST leaves S, Invariant; but not the generating
functional
We showed that this transformation can be the

symmetry of generating functional in the extended
theory like field/antifield formulation
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BRST Transformation

BRST transformation for pure Yang-Mills theory:

o af B
5Au — DMC5A

oct = —%f@ﬁ%ﬁcw\
F[A
(1) oct = —E\ ]5/\

Properties

X SeFf? IS symmetric under these transformations.

® The Pl measure DAﬁDcO‘DEO‘ is invariant.

#® Nilpotent, i.e. 52Ag =0; §°c* =0
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BRST Transformation

BRST transformations are extremely important tool in
characterizing various renormalizable field theoretic models
and renormalization of gauge theories are known to be
greatly facilitated by the use of BRST transformation, as
these enable one to formulate ST identities in a compact
and mathematically convenient form,

gl'l< A> <c>,<¢e>]=0.

[" is generating functional for proper vertices and G* = 0
A renormalizable Lagrangian that obeys BRST invariance
must take the form S = Sy + sy. For the complete proof
of the renormalization one has to show that UV divergent

terms are BRST invariant.
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BRST Cohomology

The BRST charge is Nilpotent, Q? = 0 and Conserved,
H,Q| = 0. In BRST formulation, the physical states are
defined as,

Q‘qbphy >= 0.
Now we can have three different subspace,

Hi = {1 >; Q1 ># 0}
Hy = {2 >; |2 >= Q|Y1 >}
(2) Hy = {|v3>; |3 ># QY1 >}

1 are not physical, o have zero norms. All important
physics are contained in the section Hs. The states of this

subspace consist BRST cohomology.
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FFBRST Transformation

If we observe the usual BRST transformation and its properti es
carefully, we notice that the properties of infinitesimal BR ST do not
depend on whether,

®» The parameter is finite or infinitesimal

®» The parameter is field dependent or not

as long as the parameter is anti-commuting and explicit spac e-time
Independent. Therefore we have liberty to choose parameter finite
and field dependent. We integrate the infinitesimal BRST to

construct finite field dependent BRST [ FFBRST]
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Construction of FFBRST

We consider the fields as a function of the parameter k:0<kg<lI.

Forafield ¢(x, k), d(x,0) = ¢(x), ¢(x,x = 1) = ¢'(x). Then the
usual infinitesimal BRST transformations can be written as,

%Wﬁ) = 0pRrsT|0(K)]O [0(K)]

It can be shown that ©’[¢(x )] always contains a factor  ©’[¢(0)],
and we take that to be nilpotent quantity.

Because of this fact, the above equation can be written as,
d /
%Mﬁ) = 0prsT|$(0)|0|¢(k)]

SDJ& BPM, PRD 51, 1919
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Construction of FFBRST

The above equation can be integrated immediately to obtain,

o(r) = 9(0) + dprsrlo(0)] [ O/ [6(r)dr’

that is
o(k) = ¢(0) + dprsT[¢(0)]O[p(k), K]

where
O[o(k), k] is defined as

O[6(x), K] = / O'[6(r)]dr

Putting x = 1 we obtain the general form of the

¢'(x) = ¢(x) + dprsT[0(7)|O[¢(2)]
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FFBRST for Pure YM theory

For a simple theory [Pure YM ] FFBRST can be written explicitl y as,

0AT = Dgﬁcﬁ@[Az, c”, ]

oct = —gfo‘mcﬁcv@[flg,ca,éa]
F[A
(3) oct = %@[AZ‘,CO‘,EO‘]

Where O[A7, c¢*, c”] is finite field dependent, anti-commuting and
explicit x,, independent parameter.

What do we mean by finite anti-commuting quantity?
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FFBRST ....

Let us consider an example of ©O|A, ¢, ¢,

@ OlA, .1 = / e (y)d - Aly]

Now if we calculate the Green’s function of ~ ©O|A, ¢, ¢| between
vacuum and a state with a ghost and a gauge field it has finite val ue
[ as opposed to infinitesimal].

Presence of ¢in O[A, ¢, ¢| makes it nilpotent
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Properties of FFBRST

® FFBRST is also symmetry of the effective action, St Z2 eff

# Nilpotent, 6% =0
» However the Pl measure is NOT invariant FFBRST!!

The Pl measure,
DA DD = DA'DDe J[A', ¢, &

Hence the generating functional,
/ DASDDe e

IS not invariant under FFBRST.
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Finite BRST...

It has been shown that the Jacobian, J[A, ¢, ¢| can always be
replaced by e“S11A4:¢.c jff

ldJ dSl iS1+1

Where S1|A, ¢, ] is local functional of fields and can be
considered as part of the action.

éff — 51+ Seff

An example:

/ DASDADE %11 — / DASDDE (5o 51)
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FFBRST....

Where S depends on the choice of the FFBRST parameter
O[A, ¢, ¢]. By constructing [ Non-trivial job!! ] different O[A, ¢, ¢| we
can obtain different effective actions. For Example If we ta ke a

O'[A, c, ¢ = i/d4yca[8 - A% —n - AY
then S7 will be,

1 1
S) = / d4x[—§(n-AO‘)2+§(a-AO‘)z—GMEO‘Do‘ﬁ“cﬁJrnMEO‘DO‘ﬁ“cﬁ]

L A
Sepf 51 = Sepy
By choosing the suitable parameter  ©[A, ¢, ¢| we can connect any
" of effective thear]
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APPLICATIONS of FFBRST

» Prescriptions for the singularities in the
axial guage propagator

In axial gauge, the gauge field propagator has singularity of
the type W Any calculation involving gauge field

propagator we need some prescription to tackle the
singularities.

Commonly used prescriptions are:

# Principal Value Prescription [PVP],
# Mandelstam - Leibbrandt Prescription [MLP].

B. P. Mandal, Aug 23, 2011, FTRTA-2011, IISER, Kolkata -:



Prescription Problems

However, these prescriptions are adhoc and lead to variety
of problems.

» PVP violets WT identity to one loop order,

» MLP leads to Lorentz non-invariant integral and/or nonloca I
counter terms

FFBRST Is used to find the solution for the prescription prob-

lem.
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Prescription Problems

We know the % singularities of the propagator are handled
in Lorentz gauge by replacing k2 by k2 + ie.

This is equivalent to a term, —¢ | d4:c[A“TM — ¢c| In the action.
Now we apply FFBRST which converts the theory In
Lorentz gauge to axial gauge theory.

That is by choosing the FFBRST parameter,

oA, . d = i/d4yca[8 CAY . A%

We obtained a modified propagator in the axial gauge theory

where singularity is taken care of.
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Coulomb Gauge Problem

The time like propagator in Coulomb gauge, Doy = -5 IS

K|
not damped as ky — oo limit. Hence the energy
integral, [ dky become divergent in 2nd or higher loop
calculations.
This kind of divergent can not be regularized in dimensional
regularization.
We have solved this problem by relating the theory at
Covariant gauge [0, A" = 0] to theory at Coulomb gauge

0; A" = 0] through FFBRST transformation.
We know that proper definition of Green’s functions in
Lorentz gauges is not possible unless we include a term

—e [d*x[5A, A" — cc] in the effective action.
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Coulomb Gauge Problem

Similarly the proper definition of Coulomb gauge Green’s
functions require appropriate ¢ dependent term and this is

expected to tell us how the Coulomb propagator should be
handled.

The correct € term is automatically obtained by FFBRST
transformations which connect Lorentz gauge theory to
Coulomb gauge theory.

SDJ & BPM, IIMPA 17, 1579 (2002)
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Field/Antifield formulation

Batalin & Vilkovisky addressed the question, given a set of
classical fields ¢*(x) and a classical action S|¢*|, what is the full
quantum action W (¢) such that the functional integral

Z[J] = /p¢ cW(9)+J(¢)

determines all physical quantities.

To answer this question they extended the action, ~ W (¢, ¢*) by in-
troducing antifield, ¢*, corresponding to each field ¢ with opposite
statistic. Generically ¢ denotes all the fields involved in the theory.
The sum of ghost number associated to a field and its antifield i S

equal to -1.
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Field/Antifield formulation

This extended quantum action satisfies certain rich mathema tical
relation called quantum master equation

. ; 0, O
5 Ao ] — 0 with A = =L (—1)¢H,
(5) 9605V
Master equation reflects the gauge symmetry in the zeroth ord er of
antifields and in the first order of antifields it reflects nilpo tency of

BRST transformation. This equation can also be written in te rms of
antibrackets as,

(6) (W, W) = 21AW,
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Field/Antifield formulation

where the antibracket is defined as

9,XY 0.X0Y
@) (X,Y) = —_— :

dp dp*  Op* D¢

Different effective actions belonging to the same theory ar e solu-

tions of master equations.
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Field/Antifield formulation

The generating functional can be written as

(8) Z[(I)*] :/D(I)GZW\IJ[(I),(I)*%]’

WV is the gauge fixed fermion and has Grassman parity 1 and ghost
number -1. The antifields are defined as

o

The generating functional, 7 |®*| is independent of the choice of W
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Field/Antifield formulation

We have constructed FFBRST transformation by chosing

appropriate finite parameter in such a way that Jacobian

contribution in the path integral measure only changes the g auge
fixed fermions.

Thus FFBRST with appropriate finite parameter will not chang e the
generating functional as it is independent of the choice of t he
gauge fixed fermions

We have shown this in 1-form as well as in 2-form gauge theorie S
by considering several explicit examples.
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Field/Antifield : In 1-form theory

We start with the generating functional of YM theory in Loren tz
gauge as

(10) Zb — /D¢ exp [iSeff(A, C, C, B)},
where S.r¢(A, c, ¢, B), is given by

1 A
Sert(A,c,c,B) = /d4aj[ — ZFO‘“”FSV+§(BO‘)2—BO‘8-AO‘

(11) o e

Here we have considered auxiliary field formulation of YM the ory

and need to extend the FFBRST formulation in auxiliary field f ormu-

lation

TOCEeT L —d
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Field/Antifield : In 1-form theory

This generating functional can be expressed in field/antifie Id
formulation as

1
A / [dAdcded B exp [z / d'z {—ZFO‘WFS‘,, + AP PP P

(12) + ca*%fo‘mcﬁﬁ + BO‘EO‘*H ,
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Field/Antifield : In 1-form theory

The generating functional in 1-form gauge theory can be writ ten
compactly as,

(13) Z|97| = / D exp [iWy (P, 07)],

where

(14) Wa = 50(®) + dprst V-

¥ is the gauge fixed fermion and can be written in this case as
4 -« A Q «Q

(15) \If—/dwc [§B —8-/1].

We construct the finite field dependent parameter O(A,c,¢, B)
obtainable from
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In 1- form theories

(16) ©'(A,c,c, B) = i/d4y ¢t |iABY +(0- A% —n - AY)],

and apply FFBRST corresponding to this parameter which chan ge
the generating functional Z|®*| to Z|®*| given as

(17) Z[0*] = / D® exp {iW\pl (P, é*)} ,

(18) W\Ifl — SO((I)> T 5brstqjla

with ®* = %. The gauge fixed fermion is changed from WV — W,
given as

(19) U, = /d4x c* EBO‘ —n- A“

)
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1-form theories ....

with £ = A(1 4 2v1).
However Z[®*] is independent of the choice of W

FEFBRST ~
(20) 0] ———————— — — —— — 7| D"

Implies that FFBRST transformation with above choice of the finite
parameter is symmetry of the generating functional.

However this choice is not unique, we can construct, in princ Iple,
many such finite parameter and corresponding FFBRST will be t he

symmetry of generating functional in BV formulation.
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1-form theories ....

Another choice:

(21) O'(A,c, ¢, B) = z’/d4y c” [v1ABY 4+ 0pAp ],
the generating functional Z[®*| changes to

(22) Z[%%] = / D® exp [iw%(cb, 613*)} |

where W5 is the gauge fixed fermion given as

(23) Uy = / d*z @ EBO‘ - 0%?] ,
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1-form theories ....

———————————— — _

(24) Z|®*] FFBRSTwith Z[®*]

BPM, SKR & SU, Europhysics Lett. 92, 21001 (2010)
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2-form gauge theory

The effective action for Abelian gauge theory for rank-2
antisymmetric tensor field 5B, defined as

1
S = /d4x [EFWPFWP — 10,0, (0" p" — 0" p") + 0,00" 0
+  Bu(0,B" + M B — 0"p) —ix0up" — ix(0up" — AaX)],

where F),,\ = 0,8, + 0,8y, + O\Buu,

BW IS the antisymmetric tensor field of rank-2,

(Pu, pu) are anticommuting vector fields (ghost), (o, 6u) are
commuting fields, (Y, x) are anticommuting scalar fields, and (ﬁu’
() are commuting vector and scalar field respectively.
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Field/Antifield: 2-form gauge theory

The generating functional for this theory in BV formulation can be
written as

ZBM p g 0T, "] =
1

/[ddedﬁdad&dgpdxd)Zdﬁ] exp [i/d4$ {EFWAFW)‘
(25)  —B" (Oupy — Ovpp) — i P Oup +1ip" By — X — ©"X}].
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Field/Antifield: 2-form gauge theory

The generating functional can be expressed compactly as

(26) Z[®*] = /DCI) exp [iW\pg(Cb,@*)},
where
(27) Wy, = So(P) + Oprst V3.

W3 is the gauge fixed fermion given as

Ws = —i/d4$ Pv (OuB" + MB7) + a0up! + ¢ (Oup” — A2X)] -

(28)
The antifields P* corresponding to generic field P for this
particular theory can be obtained from the gauge fixed fermio n

using P* = %.
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2-Form gauge theory

Now we choose a FFBRST parameter corresponding to

0 = / d*x [y150 (0, B* — 0y B — 8”0 — 1" 0) + 12 108"
(29)  + 6(Oup" — nup') + 12220 )]

~

and apply itto Z |®*] to get Z|P*| where
Z[0Y] = /ng expliWy, (P, &,
W\I!4 — SO((I)) T 5brstqj4a

U, = —i / d*z [py (nuB" + M B”) + onupt + @ (nupt — AoX)

B. P. Mandal, Aug 23, 2011, FTRTA-2011, IISER, Kolkata -,



FFANtI-BRST

® Anti-BRST transformations are analogous to BRST
transformations where the role of ghosts and anti-ghosts fie Ids
are interchanged

Anti-BRST transformation for pure Yang-Mills theory:

o af =0
5’4# — Du c? oA\

5c = —%f‘)‘méﬁém/\
FlA
(30) oct = %5/\
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FFANtI-BRST

» Formal nilpotent symmetry transformations for the generat INg
functional in field/antifield formulation can also be constr ucted
using FFanti-BRST transformations

For a simple theory [Pure YM | FFBRST can be written explicitl y as,

o afb =0 a o =
0A,, = D, c’OlA}, ", "

0 = —gfo‘méﬁﬁ@[Ag,ca,éa]
FlA
(31) oct = %@[AZ‘,CO‘,EO‘]
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FFANtI-BRST:One form

®» FFanti-BRST transformations with finite field dependent
parameter corresponding to

(32) O = —iy / d*z (0 - A® — 0; AT%)

changes the gauge fixed fermion only and becomes the symmetry

of the generating functional for 1-form theory in field/anti field
formulation

y FFBRST ~
(33) 20— —————— - — — —— — 7|7
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Finite anti-BRST: Two form

In 2-form gauge theory we can construct the finite field anti-B RST
transformations parameter corresponding to

Iab - / d4SIJ hlpu(a,uB'LW — 77,LLB'LW - aVSO - UVSO) =+ 72)\1/0V6V

34) — ~mo(Oupt —nupt) + y2 0],

IS the symmetry generating functional in BV formulation of 2 -form
gauge theory. Thus, FFanti-BRST transformations with appr opriate
parameters are also the symmetry of the generating function al BV

formulation.
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Conclusions

# FFBRST transformation which relates generating
functional in usual gauge theories are shown to be the
symmetry of the generating functional in the
field/antifield formulation.

# The finite parameter is chosen in such a way that the
Jacobian in the path integral measure is adjusted to
change the gauge fixed fermions only.

® Results are shown to be valid in both 1-form and 2-form
gauge theories.

® FFanti-BRST transformation is also constructed and it
plays the same role as FFBRST
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Conclusions: Future directions

® Gribov Problem: By connecting the theory free from Gribov

ambiguity (Gribov-Zwanziger theory) to a theory with Gribo Vv
copies

°

Ambiguity in anomalous dimension calculations

°

Gauge independence among the families of gauges

In finite temperature field theory

°

B. P. Mandal, Aug 23, 2011, FTRTA-2011, IISER, Kolkata -,



THANK YOU
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