Brief description

These are notes for Math 314, an introductory course in elementary num-
ber theory. Students are advised to go through all sections in detail and
attempt all problems. These notes will be modified and expanded as the
course proceeds.
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Chapter 1

Fundamental notions

1.1 Mathematical Induction

Throughout these notes, we will denote the set of natural numbers as N and
the set of integers as Z.

We start this section with the following fundamental property of integers,
namely the well-ordering principle:

Principle 1.1.1 [Well-ordering principle] Every non-empty set of non-
negative integers contains a least element.

The well-known principle of mathematical induction follows from Princi-
ple 1.1.1.

Theorem 1.1.2 [Principle of mathematical induction] Let S be a set
of positive integers with the properties

(a) 18
(b) IfkeS, thenk+1¢€S.
Then S = N.

Proof. Let T be the set of natural numbers which do not lie in S. Let us
assume that T is non-empty. By Principle 1.1.1, T' contains a least element,
say t. Clearly, t > 1, since, by (a), 1 € S. Thus, 0 < ¢t — 1 < ¢. Since ¢ is the
least element in T', ¢ — 1 is not in 7" and therefore is an element of S. But,
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2 CHAPTER 1. FUNDAMENTAL NOTIONS

by part (b), if £ — 1 is an element of S, then so is (t — 1) + 1 = ¢, which is a
contradiction to the fact that ¢ is an element of 7. Thus, our assumption is
false. This proves that T' is empty and therefore S = N. [J

In the above theorem, (a) is usually called the basis hypothesis and (b)
is called the induction hypothesis.

Remark 1.1.3 In some cases, in the basis hypothesis, 1 can be replaced by
some other positive integer a. In this case, we conclude that S is the set of
all integers > a.

For various purposes, we use the induction principle in another form as
given below:

Theorem 1.1.4 [Second principle of induction] Let S be a set of positive
integers with the properties

(a) 1e8
(b) If1,2,3,-- k€S, thenk+1€S.
Then S = N.

Proof. The proof is similar to that of Theorem 1.1.2. Let T be the set
of natural numbers which do not lie in .S and let us assume that 7" is non-
empty. Applying the well-ordering principle, let ¢ be the least element in 7T.
Thus, t > 1, that is t — 1 > 0. Since t is the least element in T, neither of
the elements 1,2,---t — 1 liein T. Thus, 1,2,---t — 1 are elements of S and
therefore, by induction hypothesis, so is t, which contradicts the fact that
t € T. Thus, our assumption is false and 7" is empty. This proves that S = N.
O

Induction is a very strong tool in Mathematics, but one needs to understand
when and in what form to use it.

Exercise 1.1.5 Prove that for every natural number n,
L4224+ ---nnl=(n+1) -1
Exercise 1.1.6 Prove that for any natural number n,

222

PP 4+...02 = 5



1.2. DIVISIBILITY 3

Exercise 1.1.7 Prove that the cube of any integer can be written as the
difference of two squares.

Exercise 1.1.8 Show that
a"—1=(a-1)(1+a+a®+a*+---a"").

[Hint: "™ —1=(a+1)(a" — 1) —a(a™ ' —1)./

1.2 Divisibility

Let a,b € Z with b # 0. We say that b divides a if there exists an integer ¢
such that bc = a. Notationally, we write this as b|a. This is not to be confused
with the rational number b/a.

We shall frequently appeal to the division algorithm, which is stated as
follows:

Theorem 1.2.1 [Division Algorithm] For any a,b € Z with b > 0, there
exist unique q,r € Z such that a =bg+1r and 0 < r < b.

We prove this theorem by the following set of exercises:

Exercise 1.2.2 Consider the set S = {a —zb: x € Z, and a — xb > 0}.
Prove that S is a non-empty set.

Exercise 1.2.3 Use the previous exercise to show that there exists an integer
q such that a — gb < b.

Exercise 1.2.4 Prove Theorem 1.2.1. [Hint: the previous two ezercises take
care of existence of ¢ and r. You now have to show that q and r under the
restrictions of the theorem are unique.]

1.3 Greatest common divisor and Euclidean
algorithm

Definition 1.3.1 For non-zero integers a and b, the greatest common divisor
of a and b is the largest number that divides both of them.
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The greatest common divisor of a and b is denoted as ged (a,b) or (a,b). If
(a,b) = 1, we say that a and b are relatively prime or co-prime. It is not
too difficult to prove the following lemma:

Lemma 1.3.2 d = (a,b) if and only if the following conditions hold:
(a) dla and d|b
(b) If ela and e|b, then e|d.

How does one find the ged of two integers? The immediate idea that comes
to mind is to factorize a and b and read off the common factors. However,
this method is not feasible if the numbers involved are big! A more efficient
algorithm, known as Euclidean algorithm, involves a successive application of
the division algorithm till one hits the zero remainder. The general method
is described as follows:

a=qb+r,0<r <b
b=qor1+12, 0 <1y <1y
rr=q3re+173, 0<1r3 <1y
ro = qurs + 74, 0 <1y <13
Tne3 = Qn-1"n—2+ Tn_1, 0 <11 <7Tp_o
Tneo = qnTn-1+Tn, 0 <1, <7Tpq
Tn-1 = Qn+1Tn + 0.

The last nonzero remainder 7, is a common divisor of a and b. By Lemma
1.3.2, in order to prove this, we need to show two things.

(a) rn|a and r,|b
(b) If d|a and d|b, then d|r,.

In order to prove (a), we observe that the last line r,,_1 = ¢, 417, + 0 shows
that r,|r,—1. Then, the line before the last line shows that 7, |r,_s, since it
divides both r, and r,_;. Working our way up, step by step, we deduce that
rn|b and r,|a. To prove (b), let d|a and d|b. From the first line a = ¢;b + 1,
we see that d|r;. From the second line, since d|b and d|r;, we see that d|rs.
Working our way down till the second last line, we get that d|r,. Thus, we
have proved both conditions (a) and (b). This implies, by Lemma 1.3.2, that
rn = (a,b). Thus, we have proved the following theorem:
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Theorem 1.3.3 [Euclidean algorithm] To compute the gcd of two num-
bers a and b, taking r_; = a and ro = b, we compute successive quotients and
remainders

Tie1 = i+17i + Tit1

fori=0,1,2,--- until r,.1 = 0. The last nonzero remainder r, is the gcd of
a and b.

Remark 1.3.4 The Euclidean algorithm terminates after a finite number of
steps because the successive remainders are decreasing,

g >1T1 >T9g >Tg- .

The remainders r; are all > 0. So, we have a strictly decreasing sequence of
non-negative integers, which eventually must reach 0.

Exercise 1.3.5 Use the Euclidean algorithm to obtain gcd (143,227), ged
(272,1479), and ged (54321, 9876).

Exercise 1.3.6 Let a and b be two nonzero integers. Consider the set
S={ar+by: ax+by>0;z,yc’l}

(a) Show that S must contain a smallest element d.

(b) By the definition of S and (a), there exist integers x and y for which
d = ax + by. Prove that d|la and d|b.

(c) Finally, prove that d = ged (a,b).

This proves that the smallest positive value of ax + by is the ged of a and
b.

There is yet another way to prove that there exist integers x and y such that
ax + by = (a,b). Observe that

() = (o) ()=o) o) ()
() (4 ) ()
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where A is some matrix with determinant equal to &=1. Thus, A~! is a matrix
with integer entries, say
A_l _ c d
x y)’

0 G-

Thus, there exist integers x and y such that az + by = r, = (a,b).

In practice, how do you find integers x and y for which ax + by = (a, b)?
We again work our way through the steps of the Euclidean algorithm as
follows:

such that

a=q+m=r=a—qb,
b= qri +1ry=13=>0—qor1,

which implies that
ro =b— Q2(a - qlb) = —@o0a + (1 + Cth)b-

Similarly,

rs =71 —(qsry
= (a — ¢1b) — ¢3(—qea + (1 + q1¢2)b)

= (14 q2q3)a — (1 + g3 + ¢192q3)b

and so on. Finally, as we keep moving down, we get r, = ax + by for some
integers x and y. We also observe that if x and y are solutions of the above
linear equation, then, for any integer k, then a(x + kb) + b(y — ka) = r,.
Thus, the equation ax + by = (a, b) has infinitely many integer solutions in
x and y.

Exercise 1.3.7 Find integers x and y such that 95z + 432y = 1. Show that
there are infinitely many such integers.

Exercise 1.3.8 Show that if (a,b) = 1 and xg,yo is an integer solution of
ar + by = 1, then all solutions are of the form x = xy + bk, y = yo — ak for
an integer k.
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Exercise 1.3.9 Letd = gcd (a,b). Show that the linear equation ax+by = ¢
has a solution if and only if d|c. Show, also, that if xg,yo is a particular
solution of this equation, then all other solutions are given by

b a
$:$o+ak,y:yo—8k

for an integer k.

Exercise 1.3.10 Find integers x,y, z such that 35x + 55y + 77z = 1. Show
that there are infinitely many such integers.

Exercise 1.3.11 Prove that if g1, go, - - - are integers > 1, then every natural
number can be expressed uniquely in the form

ap + a1g1 + azgi192 + -+ - arg192 -+ Gk

with 0 < a; < gj41. Deduce that every natural number can be written in
“factorial base” as

QAo —+ CL11! —+ a22! + - Clkk"

with 0 < a; < 1.

Exercise 1.3.12 Let g be a natural number > 1. Show that every natural
number can be expressed uniquely in the form

n=ap+ a9+ asg’ + - - - arg"

with 0 < a; < g.

Exercise 1.3.13 Let a be a natural number > 1. If d|n, then show that a®—1
divides a™ — 1.

Exercise 1.3.14 Let a be a natural number greater than 1. Show that

(a™—1,a" —1) = a™™ — 1.
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1.4 Prime numbers and unique factorization

A natural number is said to be a prime number if it does not have any
divisors other than 1 and itself. In these notes, the letter p will denote a
prime number. Using induction, we prove the following theorem:

Theorem 1.4.1 FEvery integer n > 1 is either a prime number or a product
of (not necessarily distinct) prime numbers.

Proof. We use the second principle of induction as stated in Theorem 1.1.4.
The theorem is clearly true for n = 2. Let us suppose that it is true for every
integer < n. If n is prime, we are done. If not, then it has a divisor not equal
to 1 and itself. Thus, n = cd for some 1 < ¢ < n and 1 < d < n. By induction
hypothesis, both ¢ and d are products of prime numbers and therefore, so is
n = cd. Thus, the theorem is proved by the second principle of induction. [J

Theorem 1.4.2 [f p is a prime and plab, then pla or pl|b.

Proof. Suppose p is a prime such that plab. If p does not divide a, then p
and a are relatively prime. By Exercise 1.3.6, there exist integers x and y
such that az+py = 1. Thus, abx + pby = b. Since p|ab, we have, p|(abx + pby)
and therefore, p|b. O

Exercise 1.4.3 If p divides a product ajas - - - a, for integers a;, prove that
p divides one of the a;’s.

We are now ready to prove the Fundamental Theorem of Arithmetic:

Theorem 1.4.4 [Fundamental Theorem of Arithmetic| Every integer
n > 2 can be factored uniquely into a product of primes.

Remark 1.4.5 If n itself is a prime, we consider n to be a product of a
single number. Rearrangement of prime factors of a number is not a new
factorization. Thus, while Theorem 1.4.1 states that any n can be factorized
into a product of primes in some way, the Fundamental Theorem of Arith-
metic makes a stronger assertion that n can be factorized into such a product
in only one way, up to a rearrangement of factors.
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Proof. We have already proved the factorization of n into a product of
primes in Theorem 1.4.1. We are now left with proving uniqueness. Let us
apply an inductive argument again. The theorem is clearly true for n = 2.
Let us suppose that it is true for all positive integers 2 < k < n. Suppose we
have

n=mnppz - Pr=aq492" - (gs,

where p;’s and ¢;’s are primes. Thus, p1|qi(¢2qs - - - ¢s). By Theorem 1.4.2,
either p; = ¢ or p1|qaqs - - - ¢s. By a repeated application of Theorem 1.4.2
we see that p; = ¢;, for some 1 < j <'s, say j = 1. Thus, by cancellation, we
get
P2P3 -+ Pk = 4243 - (gs-

Since pops - - - pr. < n, by induction hypothesis, we get that for each 2 < i < k,
pi equals g; for some 2 < j < s. This proves the theorem for n and by second
principle of induction, for all positive integers > 2. [J

Exercise 1.4.6 Prove that if n is a composite number, then n has a prime
factor not exceeding \/n.

Exercise 1.4.7 Show that there are infinitely many primes. [Hint: Suppose
there are only finitely many primes p1, po, - - - pn. What can you say about the
prime factors of N = pipy---p, + 17]

Exercise 1.4.8 Let p, denote the n-th prime. Prove that

Dnt1 < pip2---pp — L.

Deduce that for alln > 1,
pn <27

Finally, show that if m(x) denotes the number of primes less than or equal to
x, then
m(x) > loglogx for all x > 2.

Exercise 1.4.9 (a) Recall that for any real number a such that |a| < 1,
l—a)'=1+a+a®+--.
Prove that

sien(-y)

n<x p<z
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(b) Recall also that if |a] < 1, then
a®  a

“log(l — a) = e
og(l —a) ot 5+t

Using this, prove that for any prime p,

—1og(1—1)—1< !
p) p~plp—1)

(c) Deduce that

—> "log (1-%)) SZ%Jrl.

p<z p<z

(d) Using the fact that the series Y -, % diverges, prove that the series
1
2
diverges. [Hint: Take logarithms of the inequality in (a)]

Exercise 1.4.10 (a) Let f(t) be a monotonically decreasing, continuous
function on [0,00). Prove that for any N > 2,

/1 f(t)dtsifm)g /O (.

(b) Taking f(t) = 77, show that for a positive real number x > 2,

1+ log(jz] +1) —log2 < Z% <1+ log([z]).

n<x

(c) Deduce that

1
loglog z < log (Z —) :
n

n<x

(d) Conclude that
1
g — > loglogx — 1.

p<z



Chapter 2

Arithmetic Functions

2.1 Multiplicative Functions

An arithmetic function f : N — C is a complex valued function defined
on the set of natural numbers. An arithmetic function is said to be mul-
tiplicative if f(mn) = f(m)f(n) whenever ged (m,n) = 1. A function is
called completely multiplicative if f(mn) = f(m)f(n) for all m,n € N.
Henceforth, n will denote a natural number unless otherwise specified. Also,
a divisor of n will refer to a positive divisor of n.

Examples 2.1.1 e f(n)=1 for alln € N is a completely multiplicative
function.

e [For a fivzed a € N, the function f(n) = n® is completely multiplicative.
e Let v(n) denote the number of distinct prime divisors of n. v(n) is not

a multiplicative function. However, the function f(n) = (—=1)" is a
multiplicative function, but not completely multiplicative.

We now state and prove an important theorem which helps us to construct
new multiplicative functions out of existing ones.

Theorem 2.1.2 If f is a multiplicative function, then the function g defined
by

g(n) ==Y f(d)
din

11



12 CHAPTER 2. ARITHMETIC FUNCTIONS

is also multiplicative. Here the sum runs over all divisors of n. Moreover, if
n= H p®
p*|In
is the unique factorization of n into powers of distinct primes, then
gn) =TT+ )+ f) + -+ F(").
p*|In

Proof. To begin with, we observe that if (m,n) = 1, then any divisor d of
mn can be written as djdy, such that dy|m, do|n and (dy,ds) = 1. Thus, if
(m,n) =1, then

glmn) =Y f(d)= Y f(didy).

d|mn d=dydy
dy|m
do|n

Since f is multiplicative, the above is equal to

> fdi)f(da) = g(m)g(n).

dy|m
da|n

Thus, g is multiplicative. It follows that, given the above factorization of n,
g) =TT 90" = [T+ )+ f*) +-- + F("). (2.1)
p*lIn p*|In

O

Example 2.1.3 For any s € Z>o, let
os(n) = Z d’.
din

In particular, for s =0, og(n) is simply the number of positive divisors of n.
oo(n) is also denoted as d(n) and 7(n) in the existing literature. Since the
function f(n) = n® for any s € Zso is multiplicative, by applying Theorem
2.1.2, we deduce that o is also a multiplicative function.
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Exercise 2.1.4 For a prime p, we say that p®||n if p*|n but p®*' ¢ n. For
any n > 1, let

be the unique factorization of n into powers of distinct primes. Prove that
oo(n) = [Ja+1)
plIn
and, for any s € N,
s(a+1) _ 1
o n)= [ L—="
pr—1

p*|In
Henceforth, we will denote og(n) as d(n) and o1(n) as o(n).
Exercise 2.1.5 Show that d(n) is odd if and only if n is a perfect square.

Exercise 2.1.6 Show that the product of the divisors of n is equal to n®™/2,

Definition 2.1.7 Given two arithmetic functions f and g, their Dirichlet
product or Dirichlet convolution f x g is the function defined by

frgn)=>" fld)g (%) -

din

Exercise 2.1.8 If f and g are multiplicative functions, so is their Dirichlet
convolution f x g.

2.2 Mobius function and Mobius inversion

A number n is said to be square-free if p? { n for any prime p. In other words,
a square-free number has no square factors > 1. The Mobius function p is
defined as follows:

(—1)¥™ if n is square-free,
p(n) = :
0 otherwise.

Exercise 2.2.1 Show that p is a multiplicative function.
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By Theorem 2.1.2, we deduce that g(n) := -, (d) is also a multiplica-
tive function.

Exercise 2.2.2 Prove that
1 ifn=1,
> p(d) = .
i 0 otherwise.

Remark 2.2.3 The above “reinterpretation” of 1 in terms of the Mobius
function is an important tool in analytic number theory. As we will see in
the coming pages, it has many applications.

Theorem 2.2.4 [Mobius inversion formula] Let f and g be arithmetic

functions. Then
g(n) = f(d)
dln

if and only if i
fm) =Y nld)g (%)

dn
Proof. We observe that

Souldg (3) = DoudY fe)

din dln el%

= > uld) Y fle)

d: ad=n e:es=a

= > uld)f(e)

des=n

= fle) ) u(d).
|z

eln

By Exercise 2.2.2, the inner sum equals 1 if e = n and 0 otherwise. Thus,

D F(©))  uld) = f(n).
d|

eln

The converse is proved in a similar way and is left as an exercise. [
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Exercise 2.2.5 Let A(n) = logp if n is a power of the prime p and 0 oth-

erwise. Show that
logn = ZA(d).

dln

A(n) = Zu (g) logd,

din

Deduce that

where p denotes the Mobius function.

2.3 FEuler’s Phi function

A very important arithmetic function is Euler’s ¢- function, which is defined
to be the number of positive integers less than or equal to n, which are

coprime to n. That is,
o(n) = Z 1.
k<n
(k,n)=1

Mébius inversion formula gives us an elegant proof of the fact that ¢(n) is
multiplicative and also establishes a formula for ¢(n).

Exercise 2.3.1 Show that }_,,, ¢(d) = n. From this, deduce that
_ p(d)
(n) = nz 7
dn
Exercise 2.3.2 Show that ¢ is a multiplicative function. Deduce that
1
o(n)=n H 1-— )

Exercise 2.3.3 For any n > 1, prove that v/n < ¢(n). If n is composite,
then prove that ¢p(n) < n — /n.
Exercise 2.3.4 Show that if ¢(n) is odd, thenn =1 orn = 2.

Exercise 2.3.5 Let f(n) be the sum of the natural numbers < n which are
coprime to n.
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1. Show that
L+2+4-n=>Y df(n/d).
din

Deduce that for n > 1, f(n) = ne(n)/2.
2. Show that f(n) is divisible by n for n > 2.

3. Show that the numerator of the sum of the reciprocals of the natural
numbers < n which are coprime to n is divisible by n.

Exercise 2.3.6 Prove that

Exercise 2.3.7 Prove that

> dm)o (=) = on)

mln

and
mln

Exercise 2.3.8 If n is a squarefree integer, prove that

> o(de(d) = n*.

din

Exercise 2.3.9 Let

L) =n ] (1 - pi> |

pln

Forr =1, J.(n) = ¢(n). Prove that

n" =Y J(d).
din
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2.4 Greatest Integer Function

Let x be a real number. The greatest integer of x, denoted by [z] is
the largest integer < x. In other words, it is the unique integer satisfying
x —1 < [z] < . For example,

E} =2, V2] =1.

We note that [z] = z if and only if € Z. The difference x — [z] is called the
fractional part of = and is denoted by {z}. Clearly, 0 < {z} < 1.

Exercise 2.4.1 1. [z +n] = [z] +n for any n € Z.

2. For any x,y € R, [z] + [y] < [z + y].
H-[5

R

Exercise 2.4.2 Let n be a positive integer and p be a prime.

3. For anyn € N,

4. For anyn,m,k € N,

1. Prove that for any k > 1, exactly [n/p*] multiples of p* occur in n!.
2. Conclude that the highest power of p that divides n! is
. [n

3. Prove that

=TI prlE]

p<n

Exercise 2.4.3 Find the highest power of 10 dividing 2000!.

Exercise 2.4.4 Let n,r € N and 1 < r < n. Let (Z) denote the binomaial
coefficient defined as
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(a) Find the highest power of p dividing r!(n — r)!.
(b) For each prime factor p of rl(n — r)!, prove that

N

k>1 k>1 k>1

(c) Show that () is an integer.

Exercise 2.4.5 Prove that for a positive integer r, the product of any r con-
secutive integers is divisible by r.

Exercise 2.4.6 Let f and g be arithmetic functions such that
g(n) =Y f(d).
din
Then, for any x > 1,

OES SO

nlx nlx

Exercise 2.4.7 Prove that for any k > 0,
Zak(n) = an [E} :
n<x n<x n

In particular, we get

> - ¥ []

n<z n<lx

Exercise 2.4.8 Prove that

Deduce that

<1 forallx>1.

ZM

n<x
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2.5 The big oh and small oh notations

Definition 2.5.1 For a complex valued function f(x) and a real valued func-
tion g(x) such that g(x) > 0 for all x > a, we write f(z) = O(g(x)) (and say
that f(x) is big oh of g(x)) if there exists a constant C' > 0 such that

|f(z)] < Cg(x) for all x > a.

Definition 2.5.2 For functions f(z) and g(z), we write f(z) = o(g(x)) and
say that f(x) is little oh of g(x) if
lim ﬂ = 0.
Definition 2.5.3 For functions f(x) and g(z), we write f(x) ~ g(z) and
say that f(x) is asymptotic to g(x) if
f(x)

lim —= = 1.

(
Exercise 2.5.4 Show that d(n) = O(y/n).
Exercise 2.5.5 Let v(n) denote the number of distinct prime divisors of n.

Prove that v(n) = O(logn). More precisely,

logn
< .
v(n) < log 2

Exercise 2.5.6 Let f(x) be a monotonically decreasing, continuous function
defined on [a — 1,b+ 1]. Prove that

b+1

JARCEDSHOEY RO

a

Deduce that
b b
> 10) - / F(t)dt + O f(a— 1)+ 1£D)).

Exercise 2.5.7 Show that

n

Zl = logn + O(1).
J

J=1

Exercise 2.5.8 Show that o(n) = O(nlogn), where o(n) or o1(n), as de-
fined in Example 2.1.3 refers to the sum of the (positive) divisors of n.
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2.6 Averages of arithmetical functions

Many arithmetic functions of interest to us fluctuate a lot and it is difficult
to study their behaviour. For example, d(n) does not seem to follow any
smooth pattern as n increases. It takes the value 2 infinitely often and right
next to a prime may lie a composite number with a large number of prime
divisors and therefore a large number of divisors. For arithmetic functions
of this nature, we study the arithmetic mean

LS k)

Definition 2.6.1 Let f be an arithmetic function and let g be a monotoni-
cally increasing function on R. We say that the average order of f(n) is g(n)

if

that is, if

S f(n) ~ xg(a).

n<x
Exercise 2.6.2 Show that the average order of d(n) is logn.

Solution. Observe, by Exercise 2.4.7, that

2 dm) = 3 D 1

n<zx n<z dn

=2 2!

n<z d: de=n

DO

d<z e<

_ Z[ﬂ

d<z
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Now, [z] = — {2} = 2+ O(1). Thus, from above,

>dim = 3[7]

n<lx d<z

= Z§+O<Zl>

d<z d<z

= xZé—l—O(m)

— z(logz + O(1)) + O(x)
= xlogz + O(x).

From this, we deduce

d
lim Lz A1) =lim (1+0 L =1.
T—00 xloga} T—00 logx

Thus, the average order of d(n) is logn.
U

Exercise 2.6.3 Let f(x) be a monotonically decreasing and continuous func-
tion on [1,00). Prove that, for any x > 1,

3 i) < [Tf(t)dt-

n>x

Deduce that | .

> =@+o(1).

n<x
where

=1
= — > 1.
¢(s) ; ~ for anys

Exercise 2.6.4 Show that the average order of o(n) is

@,
2,
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One would be tempted to follow a procedure similar to the one followed
in Exercise 2.6.2, that is, apply Exercise 2.4.7 to get

Sot = Yl

n<x d<z
= Y d(5+ow)
= z) 1+)» 0(d)
= x[a:_] + O(azg)
= (z+0(1)) + O(2?)
= O(z?).

But, this calculation does not give us the average order of o(n). We probably
threw away too much information in this estimation and hence, do not have
a main term. We re-examine ) _ o(n) as follows:
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Solution.

2D e =2 )¢

n<z d:de=n d<z e<y
ST
- ST
_ % (5+om) (5+0w)
- 15 [E o)
- 5Zao(Ei)

72
= 5(’(2) + O(x log ).
This proves that the average order of o(n) is

@,
2),
U

Exercise 2.6.5 (a) Let f and g be two arithmetic functions such that

g(n) = f(d)

dn

and the series Y, fT(Zf) and Y77, gflz) are absolutely convergent for
s > 1. Show that, for any s > 1,

oy T oy o)

nS

n=1
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(b) Using (a), prove that if s > 1,

¢(s) Z p(n) -1

ns
n=1

(c) Show that
2

Z¢(n) = %(2) + O(z log z).

n<lz
[Hint: 6(n) = ¥ 1(d)2.]
(d) Conclude that the average order of ¢(n) is

20(2)°

Exercise 2.6.6 Let n and k be positive integers and k > 1. Then, n 1s said
to k-free if it is not divisible by the k-th power of any prime number. Let
sk(n) =1 if n is k-free and 0 otherwise. Show that

Z sk(n) = cpx + O(xl/k),

n<x

where

— 1i(n)
C’“:Z nk
n=1



Chapter 3

Congruences

3.1 Definition and basic properties

In this book Disquisitiones Arithmeticae, Gauss introduced the notion of
congruences, which provides a natural and convenient approach to address
problems related to divisibility of integers. The theory of congruences makes
the theory of divisibility more or less analogous to the theory of equations.

Definition 3.1.1 Let a, b and m be integers with m > 0. We say that a s
congruent to b modulo m and write a = b (mod m) if m divides a—b. The
number m s said to be the modulus of the congruence.

Thus, a = 0 (mod m) if and only if m|a. If m  a — b, we write a Z b (mod m).

By division algortihm, given a,n € Z, such that n > 0, there exist unique
integers ¢ and r such that 0 < r < n such that a = gn 4 r. This implies that
given a fixed integer n > 0, for any a € Z, there exists a unique 0 < r < n
such that @ = r (modn). We call r the residue of a modn. The set

{r €Z: x=r(modn)}

is called the residue class or congruence class r (modn). A set of m
elements, one belonging to each residue class r (modm) is called a complete
residue system modulo m.

The following theorem describes important properties of congruence:

Theorem 3.1.2 Let a, b, ¢, d, n be integers with n > 0. Then

25
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(i) ¢ =a(modn).
(ii) If a = b(modn), then b = a (modn).
(iii) If a =b(modn) and b = ¢ (modn), then a = ¢ (modn).

(iv) If a = b(modn) and ¢ = d(modn), then a £ ¢ = b+ d(modn) and
ac = bd (modn).

Proof. The above properties can be proved easily and are left to the reader
as an exercise. []

From the above theorem, we immediately conclude the following:

Corollary 3.1.3 If a = b(modn), then a* = V* (modn) for any positive
integer k. More generally, let f(x) be a polynomial with integer coefficients.

If a = b(modn), then f(a) = f(b) (modn).
Exercise 3.1.4 Prove that 2% + 1 is divisible by 641.
Exercise 3.1.5 Prove that 5n® + Tn® = 0 (mod 12) for all integers n.

Exercise 3.1.6 Prove that a positive integer is divisible by 9 if and only if
the sum of its digits is divisible by 9.

Exercise 3.1.7 What is the remainder when 1° + 25 +---100% is divided by
47

Exercise 3.1.8 If p is a prime such that n < p < 2n, show that

(2”) = 0(mod p).

n
Theorem 3.1.9 Ifc > 0, then a = b(modn) if and only if ac = be (mod ne).
Proof. This follows trivially from the fact that n|(b — a) if and only if
enle(b—a). O

Theorem 3.1.10 If ac = be (modn) and if d = (¢,n), then

a=b (mod%).
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Proof.
ac = bc (modn) = n|c(a —b).

By Theorem 3.1.9, the above implies

n c
Since n e
(Ga)=1
we get
Zla—b)
Thus,
n
a=b (mod a) )
O

Exercise 3.1.11 If a = b(modn), then show that (a,n) = (b,n).

Theorem 3.1.12 a = b (modn) if and only if a and b give the same remain-
der when divided by n.

Proof. Let a = ng; + r1 and b = ngy + ro such that 0 < rq, 7y < n. Clearly,
a—>b=ry—ry(modn). So a = b(modn) if and only if r — ro = 0 (modn).
Since, 0 < |r; — 13| < n, we observe that r; — ry = 0 (modn) if and only
ry —ro = 0, that is r; = 5. Thus, a = b (modn) if and only if they have the
same remainder when divided by n. [

Recall the Euler ¢-function

o(n) = #{1 < a < n; (a,n) = 1}.

In Exercise 2.3.2, we showed that ¢(n) is a multiplicative function. In the
following exercise, we will prove this again using the theory of congruences.

Exercise 3.1.13 (a) Given integers a,m,n show that (a,mn) = 1 if and
only if (a,m) = (a,n) = 1. Thus,

{1<a<mn: (a,mn) =1}

={1<a<mn: (a,m)=(a,n) =1}
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(b) Let m,n > 1. Let us arrange all integers between 1 and mn by clubbing
them into m columns and n rows as follows:

1 2 r co.om
m+ 1 m + 2 m+r .. 2m
m—1m+1 (n—1)m+2 ... (n—1)m+r ... nm

where 1 < r <m. We denote the r-th column as C,.

Show that all the numbers in C, are co-prime to m if and only if r is
co-prime to m. This tells us that only ¢(m) columns contain numbers
co-prime to m and every number in such a column is co-prime to m.

(c) Let (m,n) = 1. Show that no two numbers in C, are congruent (modn).
Deduce that elements in C, are congruent (modn) to 0,1,2,---n — 1
n some order.

(d) Deduce that each C, contains ¢(n) elements co-prime to n.

(e) Finally, deduce that if (m,n) = 1, then ¢(mn) = ¢p(m)p(n).

3.2 Congruence powers and Euler’s theorem

Let n > 0 and (a,n) > 1. Can we have a* = 1 (modn) for some k > 17 If this
were possible, then we would have an integer y such that a* — ny = 1. But,
since (a,n) > 1, this would imply that a* — ny would have a divisor greater
than 1, which is not possible. Hence, for a* to be congruent to 1 modn it is
necessary that (a,n) = 1.

Theorem 3.2.1 Let (a,n) = 1. Then we have

a®™ =1 (modn).
Proof. Let by, by, -+, by be the ¢(n) numbers lying between 1 and n — 1
which are co-prime to n. Since (a,n) = 1, we have (b;a,n) = 1 for all 1 <

i < ¢(n). Thus, by Exercise 3.1.11, each number in the list

bia, baa, - -+, bymya (modn)
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is congruent to some number in the list by, by, -+, byn). Suppose
b,a = bja (modn) for some 1 < b; <b; < ¢(n).

Then, n|(bja — b;a), which implies that n|(b; — b;), since (a,n) = 1. But,
0 < |b; — b;] <n. So, n|(b; — b;) if and only if b; = b;. Thus, the residues of

bia, baa, - -+, bymya (modn)
are distinct (modn). This means that the list of residues of
bia, baa, - -+, bymya (modn)

is the same as the list
bla b27 o 7b¢(n)7

though the numbers may be in a different order. Hence, by Theorem 3.1.12,
the product of all the numbers in the first list is congruent to the product of
all the numbers in the second list (modn). Thus,

bibs - - bymy = a®™@byiby - - - by (mod ).
Since (byby - - - by(ny, n) = 1, we deduce
a®™ =1 (modn).
U
Corollary 3.2.2 [Fermat’s little theorem] If p is a prime and (a,p) = 1,

then
a?~' = 1 (modp).

Proof. Since ¢(p) = p — 1, this follows from the above theorem. [J

Exercise 3.2.3 Find the last two digits of 2319,

Exercise 3.2.4 Check if the integer 53'%3 + 103 is divisible by 39 and if
111333 + 3331 s divisible by 7.
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3.3 Linear congruence equations

In a high school algebra class, we have learnt to solve certain equations of the
form f(x) =0, where f(x) is a polynomial with integer coefficients. We can
also consider congruence equations of the form f(z) = 0(modm) and ask
how many solutions such an equation has. We first need to understand what
we mean by a solution of a congruence equation. If an integer x satisfies
the equation f(z) = 0(modm), so does any integer y = x (modm), by
Corollary 3.1.3. Thus, every congruence equation having one integer solution
has infinitely many integer solutions. We therefore do not count solutions
which belong to the same residue class as distinct. Henceforth, the number
of solutions of f(x) = 0(modm), will refer to the number of incongruent
solutions of this equation, or in other words, the number of integer solutions
of this equation contained in the set {1,2,--- ,m}.

In this section, we consider polynomials f(x) of degree 1, in other words,
equations of the form ax = b (modm).

For example, how many solutions does 2z = 3 (mod4) have? Observe
that neither of z = 1,2, 3, 4 satisfies this congruence. Therefore, this equation
does not have a solution. For large values of m, it is not feasible to check
for solutions to ax = b(modm) by checking all residues mod m. We now
state some theorems which explicitly determine how many solutions a linear
congruence equation has and how to find those solutions.

Theorem 3.3.1 Let (a,m) = 1. The linear congruence equation ax = b (mod m)
has exactly one solution.

Proof. Consider the set {a,2a,3a,---,ma}. If ia = ja (modm) for some
1 <i < j <m,then m|(i — j)a. Since (a, m) = 1, this implies that m|(i — j),
which is possible only when ¢ = j, since 0 < 5 —¢ < m — 1. Thus, any two
elements in the above set are incongruent to each other (modm). That is,
the above set forms a complete residue system mod m. Thus, there exists a
unique integer x lying between 1 and m such that ax = 1 (mod m). OJ

Remark 3.3.2 How do we determine the solution of ax = b(modm)? Ob-
serve that this is equivalent to finding integers x and y such that ax+my = b.
To do so, we first find integers X andY such that aX +mY = 1. This can be
done using the method described after Fxercise 1.3.6. Then, x = bX, y = bY
are solutions of ax+my = b. We reduce x modulo m to solve ax = b (modm).
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Theorem 3.3.3 Let (a,m) = d. The linear congruence equation ax = b (mod m)
has a solution if and only if d|b.

Proof. Suppose az = b(mod m) has a solution. This implies that there exist
integers x,y such that ax + my = b. Since d|ax and d|my, we deduce that
d|b.
Conversely, suppose d = (a,m) divides b. Since (a/d,m/d) = 1, the
congruence
b m

4= g (mod ')

has a solution by Theorem 3.3.1. By Theorem 3.1.9, this solution is also a
solution of ax = b (mod m).

g

Theorem 3.3.4 Let (a,m) = d and d|b. The linear congruence
ar = b(modm) (3.1)

has exactly d solutions modulo m. Let t be the unique solution (modm/d) of
the linear congruence

C%x = 2 <m0d %) . (3.2)

Then the solutions of ax = b(modm) are given by

m m m
tLt+— t+2—, -, t+(d—-1)—
) +d7 + d? ) +< )d’

Proof. By Theorem 3.1.9, any solution of equation 7.4 is also a solution of
equation 7.3. Moreover, if an integer ¢ satisfies the congruence equation 7.4,
so does any integer of the form ¢ + 5%, 7 € Z. Therefore,

m m m
bt — t4+2— e b4 (d—1)—
bt 2t (d = 1)

are solutions of equation 7.4 and therefore of equation 7.3. Suppose

t+j%zt—|—k‘%(modm) for some 0 <j<k<d-1.

This implies
j % = k:% (modm)
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and therefore

j = k(modd).
But 0<k—j <d-—1.So, j = k. In other words, the solutions
m m m
t,t+—, t+2—,---,t d—1)—
; +d7 + 7 st ( )d

are incongruent mod m.
Finally, we show that any solution of equation 7.3 is contained in the
above list. Let ¢y be a solution of equation 7.3. Then aty = at (modm).

mla(t —ty) = %d\a(t—to)
= %0ty
d'at
m
—I(t—1
> Zit—t)

= t=t (modg>.

Thus m
tozt—i-lg for some [ € Z.

But, [ = r (mod d) for some 0 < r < d — 1. Therefore,
= (mod m).

d d

Thus,

tozt—l—lgzr%(modm) for some 0 <r<d-—1,

that is any solution of equation 7.3 is contained in the list
m

t,t+@,t+2m,---,t+(d—1)d

d d
4

Exercise 3.3.5 Solve the linear congruences:
(a) 25z = 15(mod 29)
(b) 1402 = 133(mod 301)
(c) 3z =20(mod99)
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3.4 Simultaneous linear congruences and the
Chinese Remainder Theorem

A Chinese mathematical work from the early fourth century posed the fol-
lowing problem:

We have a number of things, but we do not know exactly how many. If
we count them by threes, we have two left over. If we count them by fives,
we have three left over. If we count them by sevens, we have two left over.
How many things are there?

Sun Tzu Suan Ching (Master Sun’s Mathematical Manual)
Circa AD 300, Volume 3, Problem 26

In the language of congruences, Master Sun is asking us to find a positive
integer x satisfying the following system of equations:

x = 2 (mod 3),
x = 3 (mod 5),
x =2(mod7).

The first equation tells us that x = 3t+2 for some integer ¢. Substituting this
in second and third equations, we have 3t = 1 (mod5) and 3t = 0 (mod 7).
Since (3,7) =1, we get t = 0(mod 7), that is, t = Ty for some y € Z. Since
3t = 1(mod5), we have 21y = 1 (mod 5), which implies, y = 1 (mod 5). We
deduce that y = 5k +1, t = Ty = 35k + 7 and finally, x = 3t +2 = 105k + 23.
So any positive integer x of the form 105k 4 23 satisfies all the congruence
equations above. That is, the above system of congruences has exactly one
solution between 1 and 105. That is, this system has a unique solution

x = 23 (mod 105).

On the other hand, there is no x simultaneously satisfying x = 1 (mod 2)
and x = 0 (mod 4). Notice that while 3,5 and 7 are mutually co-prime, 2 and
4 are not co-prime. The following theorem describes the conditions under
which systems of linear congruences can be solved.

Theorem 3.4.1 [Chinese Remainder Theorem] Let ny, na, - - - ng be mu-
tually coprime positive integers, that is, (n;,n;) =1 for all i # j. Then, the
system of congruences

r = ¢y (modny)



34 CHAPTER 3. CONGRUENCES

T = ¢o (modny)

x = ¢ (mod ny)
has a unique solution (modning - - - ny).
Proof. Let N = niny---n, and N; = N/n; for each 1 < ¢ < k. Then

(n;, N;) = 1 Thus for each V;, there exists a unique N] modulo n; such that
N;N! =1 (modn;). Consider

k

=1

For each i, ¢;N;N] = ¢; (modn;) and N; = 0 (modn;) whenever ¢ # j. Thus,
for each 1 <i <k,

k
Z ¢;N;N] = ¢; (mod y).
i=1
Thus, = satisfies every congruence in the system. We now show that x is
unique (mod N). Suppose = and y are two integers satisfying all the equations
above. Then = = y (modn;) for each 1 < i < k. Since n;’s are mutually co-
prime, we get * = y (mod N). [J

Exercise 3.4.2 Show that
2= e NPT L e NS™) L N NP

1s a simultaneous solution to the above system of congruences.

In the next few exercises, we practice using Chinese Remainder Theorem and
also look at systems where n;’s are not mutually co-prime.

Exercise 3.4.3 Find a simultaneous solution mod 900 for the system
r = 3 (mod4)

r =2 (mod9)
r = 1 (mod 25)
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Exercise 3.4.4 Find the last two digits in the expansion of 4109,

Exercise 3.4.5 Prove that
a®® = 1 (mod 561)
for every a coprime to 561.
Exercise 3.4.6 Let us consider two sets A and B where
A={a:1<a<mn such that ged (a,mn) =1}
and
B={(b,c): 1<b<m,1<c<n, ged (bm)=1, ged (¢,n) =1.}

Remember that the set B contains pairs (or 2-tuples) of certain numbers.
Now, define a function f: A — B as follows:

f(amodmn) = (amod m, amodn).

Thus, f takes an integer a in the first set and sends it to a pair (b, c) with
a =bmodm and a = cmodn.

(a) Show that f is injective (one-to-one).

(b) Show that f is surjective (onto). [Hint: Use CRT]

(c) From the above, conclude that ¢(mn) = ¢p(m)p(n).
Exercise 3.4.7 Find an integer x that satisfies

x =6 (mod15), x =9 (mod 14).
Is this integer unique? Is this integer unique (mod 210)7
Exercise 3.4.8 Show that the system of congruences
z =5 (mod6)

xr =7 (mod 10)

has more than one solution modulo 60.
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3.5 Polynomial congruences

In this section, we will study congruence equations of the form f(z) =
0 (modn), where f(z) is a polynomial with integer coefficients. To moti-
vate this discussion, let us start with simple polynomials of degree 2, which
play an important role in number theory.

Let p be a prime. Consider f(z) = 2*> — 1. How many solutions modulo
p does the equation 2 = 1 (mod p) have? Observe that

7> =1(modp) = p|(z®—1)
= pllz —1)(z+1)
= Either p|(z — 1) of p|(z + 1)
= 1z = =+1 (modp).

1 = —1(modp) if and only if p = 2. Thus, 2> = 1(modp) has a unique
solution if p = 2 and has exactly two solutions if p is an odd prime. This
fact has an interesting consequence:

Theorem 3.5.1 [Wilson’s Theorem| If p is a prime, then (p — 1)! =
—1 (modp).

Proof. Consider the numbers 1, 2,--- | p — 1. Among these numbers, 1 and
p — 1 satisfy > = 1(modp). By Theorem 3.3.1, for each 2 < a < p — 2,
there exists a unique 2 < @’ < p — 2 such that aa’ = 1 (modp). Moreover
a # d, since a®* = 1 (modp) if and only if a = 1, p—1. Thus, 2.3.--- (p—2) =
1 (mod p). Moreover p—1 = —1 (mod p). Thus, 1.2.3.--- (p—1) = —1 (mod p).
O

Corollary 3.5.2 (n — 1) = —1 (modn) if and only if n is a prime.

Proof. Sufficiency is proved by Wilson’s theorem. If n is not a prime, then
there exist 1 < a,b < n—1 such that ab = n. If a # b, then clearly n|(n—1)!,
since both a and b are factors of (n — 1)!. If @ = b, that is, if n = a?, then for
n > 4, both a and 2a lie between 1 and n — 1. Thus,n = o divides (n — 1)!.
Therefore, (n — 1)! = 0 (modn). For n = 4, one immediately checks that
3! # —1 (mod4). Thus, (n — 1)! = —1 (modn) if and only if n is a prime. O

As a consequence of Wilson’s theorem, we also make the following observa-
tion:
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Corollary 3.5.3 For a prime p,

(-1 K]%l)!r = —1 (mod p).

Proof. For any integer ¢ lying between 1 and (p — 1)/2, we observe that
p—1i = —i(modp).

Thus,

— Kf’%l)!r (mod p).

Thus, by Wilson’s theorem, for a prime p,

(-1)= Kp%l)!r = —1 (modp).

O
We now prove a theorem regarding the solutions of 22 = —1 (mod p).
Theorem 3.5.4 For an odd prime p, 2> = —1 (modp) has a solution if and
only if p=1(mod4).
Proof. Suppose 22 = —1 (mod p) has a solution z = a. Thus,

' = ()T = (~1)"T (modp). (3.3)

Clearly, (a,p) = 1, otherwise a* = 0 # —1 (mod p). Thus, by Theorem 3.2.2,
we have

a’~' = 1 (modp). (3.4)
Combining equations (3.3) and (3.4), we get

p—1

(=1)z =1 (modp).
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Therefore, (p — 1)/2 is even. That is, p = 1 (mod4). Conversely, suppose
p=1(mod4). Then (p —1)/2 is even. Thus, by Corollary 3.5.3,

[(1%);]2 = —1 (modp),

r* = —1 (mod p)

and therefore,

has a solution. [

Exercise 3.5.5 Find all integer solutions of y* = 2323 + 22 if any. [Hint:
Consider the above equation modulo 23.]

Let us now try and solve some other quadratic congruences (that is,
quadratic equations formed by polynomials of degree 2):

Exercise 3.5.6 Find the solutions, if any, of the following quadratic con-
gruences:

(a) 72+ 4r + 12 = 0 (mod 13)
(b) 32% + 9z + 7 (mod 11)
Recall, from high school algebra, that to solve the quadratic equation,
ar® +br+c=0,a #0,

we simplified it into
N b\ 2 b? — dac 0
allz+-) — [ ——— = 0.
a 4a?

—b+ Vb2 — 4dac
T = )
2a

To what extent does this calculation hold mod p? For an odd prime p, if
(a,p) = 1, then we can solve

Thus,

2ax = 1 (modp).
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If we can solve the equation
y* = b* — 4ac (mod p),
then x(—b 4 y) will be solutions of
az® +br + ¢ = 0 (mod p).

Thus, solving a quadratic congruence reduces to the problem of solving a
linear congruence and a congruence of the form

y* = A(modp),

for a given integer A.

Exercise 3.5.7 Show that for any prime p, the equation
2% =1 (modp)

will have either one solution or three solutions. Ezxplain under what condi-
tions it will have three solutions.

We therefore ask the following questions:
e Under what conditions does y* = A (mod p) have a solution?
e How many solutions can it possibly have?

We postpone the discussion of the first question to the next section. The
second question is answered by the following theorem of Lagrange:

Theorem 3.5.8 [Lagrange’s theorem| Given a prime p, let
flx)=ay+ax+ -+ aa", a; €Z

be a polynomial of degree n such that ¢, #Z 0(modp). Then the polynomial
congruence

f(z) =0 (modp)

has at most n solutions.
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Proof. We prove this theorem by induction. Since a; # 0(modp), by
Theorem 3.3.1, the equation

a1 + ag = 0 (mod p)

has a unique solution. Thus, the theorem is true for n = 1. Suppose that
the theorem is true for polynomials of degree n — 1. Assume, also, that the
equation

ap + a1x + - -+ + a,z™ = 0 (mod p), a, Z 0 (modp)

has n + 1 incongruent solutions mod p, say xg, 1, - -+ , x,. We have
f(x) = f(zo) = Zak(iﬂk - 55]5) = (z — z0)g(),
k=1

where degree of g(z) is n — 1 and the leading coefficient of g(x) is ¢, which
is Z 0 (mod p). We observe that for every 1 < k <mn,

f(xx) = (o) (modp).

Thus,
flan) = f(@o) = (w1 — x0)g(2x) = 0 (mod p).

Since 7, and xy are incongruent (modp), we get
g(xr) = 0 (modp)

for every 1 < k < n. Thus, g(z) = 0(modp) has n incongruent solutions
(mod p), which contradicts our induction hypothesis that it can have at most
n — 1 solutions. Therefore,

ap + a1x + - - -+ a,z" = 0 (mod p), a, #Z 0 (modp)

has at most n solutions. By induction, we have proved the result for all
n>1.0

Remark 3.5.9 The above theorem may not hold for a composite modulus n.
For example,
2* —1=0(mod8)

has 4 solutions.
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From Lagrange’s theorem, we deduce the following corollary:

Corollary 3.5.10 If p is a prime number and d|p — 1, then the congruence
equation
2% —1 =0 (modp)

has exactly d solutions.

Proof. Let p — 1 = dk for some integer k. Then
2Pt — 1= (2 = 1) 42D 1),

That is, 277! — 1 = (2¢ — 1) f(x), where f(z) is a polynomial with integer
coefficients of degree p — 1 — d. By Theorem 3.2.2, we know that

2P~ — 1 =0 (modp)

has exactly p — 1 solutions (namely x = 1,2, ---, p — 1). By Lagrange’s
theorem, we know that 2¢ — 1 = 0 (mod p) has at most d roots and f(z) =
0 (mod p) has at most p — 1 — d roots. Therefore, z? — 1 = 0 (mod p) must
have exactly d roots, since if it has fewer than d roots, the number of roots

of the equations
2P~ —1 =0 (modp)

and
(7 = 1) f(x) = 0 (mod p)

will not match up. UJ

Exercise 3.5.11 Ifp is an odd prime, prove that the congruence equation
2?2+ -+ 22+ 2 +1=0(modp)
has exactly p — 2 solutions and they are 2, 3,--- , p — 2.

Exercise 3.5.12 Let n = p1py - - - pi, where p;’s are distinct primes.

(a) Show that if all the p;’s are odd, then the number of solutions to z* =
1(modn) is 2*.

(b) Show that if p; = 2 for some i, then the above congruence has 281
solutions.



42

CHAPTER 3. CONGRUENCES

3.6 Order and primitive roots

Let a and m be co-prime integers such that m > 0. By Euler’s theorem
(Theorem 3.2.1), we know that

a®™ =1 (modm).

However, there might be a smaller power k < ¢(m) for which a* = 1 (modm).

Definition 3.6.1 The smallest positive integer k for which

a* =1 (modm)

is called the order of a modulo m and is denoted by ord,,(a). If

ordm(a) = ¢(m),

then a is called a primitive root of m or a primitive root mod m.

Exercise 3.6.2 Find ord;(2) and ord;(3).

Theorem 3.6.3 Let a and m be co-prime integers such that m > 0. Let
k = ordy(a). Then

(a) a' =1 (modm) if and only if | = 0 (mod k).

(b) a' = @’ (modm) if and only if i = j (mod k).

2 k—1

(c) The numbers 1, a, a*,--- , "' are incongruent mod m.

Proof.

(a) If I = 0(modk), then clearly a' = 1(modm). Conversely, suppose

a' =1 (modm). By division algorithm, we know that there exist unique
integers ¢ and r such that [ = gk 4 r, such that 0 < r < k. Observe
that

a"=1.a" =d"a" =a™" =d =1 (modm).
Since k = ord,,(a) and r < k, we get r = 0, Thus, | = gk and therefore
[ =0 (modk).

(b) This follows easily from (a).
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(c) Suppose ‘ ‘
a' = a’ (modm) for some 1 <i<j<m.

By part (b), this means that
i = 7 (modk).

Since 0 < 7 — ¢ < k — 1, this is not possible unless j — ¢ = 0, that is,

i = i. Thus, the numbers 1, a, a?,--- , a*~! are incongruent mod m.

g

For any modulus m, let ay, as, -+, agum) denote all the integers between 1
and m — 1 which are co-prime to m. Any collection of ¢(m) integers, which
are incongruent mod m and each of which is congruent to one of the a;’s is
called a reduced residue system (modm). Theorem 3.6.3(c) tells us that
if @ is a primitive root of m, then {a, a2,--- , a®™} forms a reduced residue
system (mod m).

Exercise 3.6.4 Let (a,m) = 1. Prove that a is a primitive root of m if and
only if {a, a®,---, a®™} forms a reduced residue system (modm).

Exercise 3.6.5 Knowing that 2 is a primitive root of 19, find all a (mod 19)
for which
2% = a(mod 19)

has a solution.

Theorem 3.6.6 For a prime p and a divisor d of p — 1, let
P(d)={1<a<p—1: ordy(a)=d}.

Then

d="> v(d).

dild
Therefore, ¢p(d) = ¥(d).

Proof. If 2¢ = 1 (modp), then ord,(x) divides d. So, if we look at all the
divisors of d and for each divisor d; of d, consider

Ald)={1<z<p—1: ordy,(z) =d;},
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then

UA(di) —{1<z<p—1:29=1(modp)}.
dild

From Theorem 3.5.10, we know that if d|p — 1, then the congruence equation

2’ — 1 =0(modp)

has exactly d solutions. Thus, we deduce that

d= Z |A(di)| = Z¢(di>7

d;|d d;|d

where |A(d;)| denotes the numbers of elements in A(d;). By Mdbius inversion
and Exercise 2.3.1, we get

g

From this, we conclude one of the most important results in number theory:

Theorem 3.6.7 [Primitive Root Theorem]| Every prime p has a primi-
tive root.

Proof. Applying Theorem 3.6.6 for d = p — 1 and noting that ¢(p — 1) > 1
for all primes p, we see that every prime p has a primitive root. In fact, it
has exactly ¢(p — 1) primitive roots. O

Exercise 3.6.8 If a = b? is a perfect square and p is an odd prime, can a
be a primitive root of p?

Exercise 3.6.9 Find all primitive roots of 17.
The primitive root theorem helps us to answer a question raised in the

previous section, namely when does the equation z? = a(modp) have a
solution.
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Theorem 3.6.10 [Euler’s criterion| Let p be an odd prime and (a,p) = 1.

Then,

2* = a (mod p)

has a solution if and only if
a7 =1 (mod p).

Proof. Suppose 22 = a (mod p) has a solution, say x = z;. Since (a,p) = 1,
we have (zq,p) = 1. Thus,

By primitive root theorem, p has a primitive root, say, r. So,
a = r* (modp) for some 1 <k <p — 1.

This implies
p—1

(r" = = T =1 (mod p).
But ord,(r) = p — 1. Therefore, by Theorem 3.6.3(a), we have

k(p—l).

e

Thus, k£ is an even integer, say k = 2[. Thus,

a=r"=r"= ("% (modp).

That is, z = r! is a solution of 2 = a (mod p). [
In particular, Theorem 3.5.4 is a special case of Euler’s criterion.

Exercise 3.6.11 Prove that there exist infinitely many primes of the form
dn + 1. [Hint: Suppose there were only finitely many primes of this kind and
let N denote their product. What can you say about any prime factor of
4N? 4+ 17]
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Exercise 3.6.12 Check if the congruence x* = —1(mod 95) has a solution.
Exercise 3.6.13 Does the congruence
2% = 2 (mod 61)

have any solutions? Why or why not? Is 2 a primitive root of 617 Why or
why not?

Exercise 3.6.14 Does the congruence
2* = 2 (mod 61)

have any solutions? Why or why not?
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Quadratic residues and the
quadratic reciprocity law

4.1 Quadratic residues

Definition 4.1.1 Let p be a prime. A nonzero integer that is congruent to
a square modulo p is called a quadratic residue (QR) (modp). In other
words, any nonzero integer a, which is co-prime to p is said to be a quadratic

residue (modp) if the equation
2* = a (mod p)

has a solution. A nonzero integer that is not congruent to a square modulo
p is called a quadratic nonresidue (QNR) (modp).

For example, 1 and 4 are QRs (mod5) and 1, 2 and 4 are QRs (mod 7). 2
and 3 are QNRs (mod5) and 3, 5 and 6 are QNRs (mod 7).

Theorem 4.1.2 Let p be an odd prime. Then every reduced residue Sys-
tem (modp) has exactly (p — 1)/2 quadratic residues and exactly (p — 1)/2
quadratic nonresidues (modp). The quadratic residues are the residues con-

taining the numbers
2
12.92 ... p—1
) ) ) 2 *

Proof. We know that the elements of a reduced residue system (modp) are

17 2,3,"',]7_1-

47
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So, the quadratic residues (mod p) are

12,24 ... (p— 1~
However,
—1
Ji<:ﬁ<p—1:>1<p—x<7
and
2 = (p—x)Q(modp)
Thus,

are congruent to
—1\?
<pT) PR 127 (modp)

Thus, quadratic residues (mod p) lie in the list

2
1292 ... p—1 )
) Y ) 2

No two elements in this list are congruent to each other (modp). If

7 = y* (modp) for some 1 < x <y < pT_l’
then
pl(z +y)(z —y).
Since
2<zx+y<p-1,
we get o =y (modp). But, y —z < p — 1. Thus,

r=y(modp) =x=y.

This proves that there are exactly (p —1)/2 quadratic residues and therefore
exactly (p —1) — (p—1)/2 = (p — 1)/2 quadratic nonresidues (mod p). [J

In the last chapter, we learnt in Theorem 3.6.10 that a is a quadratic residue
(mod p) if and only if and only if

p—1

a2 =1(modp).
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4.2 Legendre symbol

For an odd prime p and (a,p) = 1, we define Legendre’s symbol (%) as

follows:

(g)_ 1 if a is a QR (mod p)
p) |-1 ifaisaQNR (modp).

If pla, we say that <%> = 0. We may rewrite Euler’s criterion (Theorem
3.6.10) as follows:

Theorem 4.2.1 If p is an odd prime and (a,p) = 1, then

a'T = (%) (mod p).

In particular, Theorem 3.5.4 is equivalent to saying that

Observe that

Thus, by Theorem 4.2.1, we deduce

()= 5) () o

Since the left and right hand sids of the above congruence are +1 and p is
an odd prime, this congruence implies that

() =G)G)

We summarise some important properties of Legendre’s symbol in the fol-
lowing theorem:

Theorem 4.2.2 Let p be an odd prime and a and b be two integers that are

co-prime to p. Then

1

(a) (%) =a"z (modp).
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® (3)=() )

(c) If a = b(modp), then (5> - (g)
m)(%):(_n%%

@)(%):1.

Exercise 4.2.3 FEvaluate the Legendre symbols

(%) 55) ()

Exercise 4.2.4 If p is an odd prime, then prove that

()

a=1

4.3 Gauss’ lemma

Though the beauty of Euler’s criterion cannot be disputed, as a technique to
find out whether an integer a is a quadratic residue of p, it is computationally
not feasible for large values of p. For example, is 2 a quadratic residue of
319577 [Note that 31957 is a prime.]

We now learn another technique which helps us to evaluate (1—9) .

The nonzero residues (mod p) can be listed as

p—1 p—1
1.2.3... - »,_ &£ -~ ... 14
{7 M ) 2 7p 2 M 7p }
Observe that 1 )
- <i<p-l=l<p-j<t—.

Moreover, p — j = j (mod p). Thus, the elements in the set

p—1 p—1
1.2.3....—— p—-2 _— ... -1
{7 M ) 2 ’p 2 b 7p }
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are congruent, modulo p to
-1
{ij 1<y < Z?T} .

The residue classes in this form are called balanced residue classes. In
other words, if any number a is congruent to an integer j > ’%1 modulo p,
then it has a negative balanced residue class.

Theorem 4.3.1 [Gauss’ lemma] Let p be an odd prime and (a,p) = 1.
Consider the set
p—1

2

S =a, 2a, 3a,-- -, a

and let )
ja = a; (modp) for each 1 <j < PT,

where a;’s are balanced residue classes. Let | be the number of a;’s which
are negative. In other words, let | denote the number of integers in the set S
whose residues (modp) are > L1 Then,

Proof. We have

Note that . |
Y p—=
1< i< ——3=2<12 - — 3.
This is because, forlﬁj,kﬁ’%l,

a; = +ai (modp) < ja = +tka(modp)
< a(j+k)=0(modp)
< j+k=0(modp),

which is possible if and only if 7 = k. We get

a2a.--- (;%1) a=(-1)"1.2.--. p—1 (modp).
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p—1

= a2 = (-1 (modp)
= <%> = (—1)" (mod p) (by Theorem 4.2.1).

Thus,

O

Exercise 4.3.2 (a) Consider the set

p—1
-9 4.6.... 22—\
s={2a0002(250)]

Prove that the number of integers in S, which upon division by p have
remainders greater than (p —1)/2 is

p—1 p—1
2 4 |

(2) 1 if p= £1(mod )
p)  |-1 ifp=+3(mod8).
Exercise 4.3.3 If p > 3 is an odd prime, prove that

<§> 1 if p= 41 (mod 12)
p) -1 ifp=+5(modl2).

(b) Deduce that

Exercise 4.3.4 (a) Ifp > 3 is an odd prime, prove that
(—3)_ 1 if p=1(mod6)
p) |-1 ifp=>5(mod6).
(b) Prove that there are infinitely many primes of the form 6k + 1. [Hint:

Suppose there were only finitely many primes py, pa, -+, pr of the form
6k + 1 and consider the integer N = (2p1ps---p,)* + 3.]



4.4. THE QUADRATIC RECIPROCITY LAW 93

4.4 The Quadratic Reciprocity Law

The two fundamental problems in the theory of quadratic residues are the
following

1. Given a prime p, determine which integers a are quadratic residues of
p and which are ones are quadratic nonresidues (mod p).

2. Given an integer a, determine those primes p for which a is a quadratic
residue of p and those primes for which a is a quadratic nonresidue of

p.

So far, we have have seen that Euler’s criterion and Gauss’ lemma address
the first problem, although these methods can be long. The second problem
is more difficult and the next two sections will be devoted to it. To address

this problem, we would like to find out the relation between § and %

where p and ¢ are odd primes. This relation is explicitly stated in a very
important and interesting theorem known as the quadratic reciprocity law.
This law was first conjectured by Euler in the 1740s. Legendre rediscovered
it around 1785, stated it in a very elegant form (the form in which we will
use it) and partially proved it. The first complete proof was given by Gauss
in his book Disquisitiones Mathematicae in 1801. Gauss went on to give
seven proofs of this law and as of now, there are approximately 150 different
proofs known. We now state the theorem in the symmetric form in which it
was stated by Legendre and give a classical proof by Ferdinand Eisenstein, a
student of Gauss. Eisenstein’s proof is a variant of a proof by Gauss.

Theorem 4.4.1 [Quadratic Reciprocity Law] Ifp and q are distinct odd

primes, then
(0)) -

The above theorem tells us that if p and ¢ are distinct odd primes, then

()=C)

unless p = ¢ = 3 (mod 4), in which case

0)--()
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In order to prove the quadratic reciprocity law, we start with proving the
following lemma:

Lemma 4.4.2 Let p be an odd prime and a be an odd integer such that
(a,p) = 1. Then
p=1
(2) — (_1)23:21 [ja/p].
p

Proof. Consider the set of integers

For each 1 < j < ’%1, let
Ja=qp+r;, 1 <r;<p-—1

Observe that

‘quj+ﬁwhereﬁ<1.
p p p
So,
g
G ==
ol
If r; < p%l, let it be denoted by one of g1, g2, -, g; and if r; > p%l, let it

be denoted by one of by, by, -+, b;. Thus,

p—1 p—1

P} ‘ p) .a t l

S ja=py H 30 b (4.1)
j=1 j=1 p i=1 k=1

For 1 < k < I, let ¢, = b, — p. Then, as in the proof of Gauss’ lemma
(Theorem 4.3.1),

-1 —1 ~1
{w:1§i§£3—}u{—%:1§k§33—}:{j:1§j§3§_}
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Subtracting equation (4.2) from equation (4.1), we get

2t ey I
(a—l)Zj:pZ{ﬁ}mZbk—pz. (4.3)
j=1 j=1 p k=1

Recalling that a is odd and reducing equation (4.3) (mod 2), we get

=[5

Thus, by Gauss’ lemma (Theorem 4.3.1),

4

Lemma 4.4.3 Let p and q be odd primes. Then
172;1
iq Jp —1q—1
R Z Heaes

Proof. Consider the following set of 2-tuples:

Clearly the number of elements in S is equal to

p—1lg—1

2 2

We now count the elements of S in another way: we write S as a disjoint
union of two sets S; and Sy as follows:

S =51 U5,

where
Sy ={(0,4): qi <pj}
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and

Sy ={(i,7) : ¢i > pj}-
[Note that with any choice of 7 and j given above, gi # pj. Thus, any element
in S lies in exactly one of Sy or Sy.] The number of elements in S; is

a1 a1
- ~ [pj
1= —.
»UEI]
J=1 i<l J=
q
Similarly, the number of elements in S5 is
p=1
2 .
>3]
i—1 LP
This proves the lemma. [J

We are now ready to prove Theorem 4.4.1
Proof. By Theorem 4.3.1 and Lemma 4.4.2, we get that for any odd primes

p and g,
(2) (g> = (—)=A A,
q p

Applying Lemma 4.4.3, we get

QIOREES

g

Exercise 4.4.4 FEvaluate the Legendre symbols

19 22 —72 219
47) 7 \47) 7 \ 131 )7\ 383 )
Exercise 4.4.5 Using the quadratic reciprocity law, if p > 3 is an odd prime,

prove that
(3) 1 if p= =41 (mod 12)
p)  |-1 ifp=+5(modl2).
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4.5 Jacobi symbol

We now consider an extension of the Legendre symbol introduced by Jacobi
for composite numbers: Let B a positive odd integer with factorization

B=qq-qs

where ¢;’s are (not necessarily distinct) primes. For any integer A, he Jacobi

and (A|B) = 0 if and only if (A, B) > 1. If the
)

has a solution, then 2? = A (modq;) has a

s. Thus, (Alg;) =1 for every ¢; and therefore

(5)-1) -

However, the converse is not true. For example, observe that
12 12 12
— === )=E=1)=1
312 31 31

2 = 12 (mod 317)

We also deﬁne (Al1 )
congruence r? =
solution for every 1 <

1
A (mod B
J<

But, if

has a solution, so will the equation
2* = 12 (mod 31).

This is a contradiction, since
12\ (4 3\ _ (3)\ 1
31) \31/)\31) \31) 7

31 = —5 (mod 12) see Exercise 4.4.5.

since

So, if
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then we deduce that
2> = A (mod B)

()

then we cannot say whether 2> = A (mod B) has a solution or not. The
following properties of the Jacobi symbol can be deduced easily:

has no solution. However, if

Theorem 4.5.1 Let A and B be odd positive integers. Then
(a) (a1]B)(az|B) = (a102|B),
(b) (alA)(a|B) = (a|AB),
(c) (alA) = (b|A) whenever a = b(mod A),
(d) (a*b|B) = (b|B) whenever (a, B) = 1.
Proof. The proof of this theorem is left to the students. [

Exercise 4.5.2 For an odd positive integer B, prove that

(3)-c

<2>_ 1 if B=+1(mod8)
B) |-l ifB==£3(mod8).

and

For any two odd positive integers A and B, let

A= pipaps - pr,

where p;’s are not necessarily distinct primes and
B=aqq2---gs,

where g;’s are not necessarily distinct primes. Then, Theorem 4.5.1 tells us
that

A T S pl

(5) ~1I(3)
i=1 j=1

The following analogue of the Quadratic Reciprocity law holds for the Jacobi
symbol:
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Theorem 4.5.3 If A and B are positive odd integers with (A, B) = 1, then

(D6

Proof. We begin with the following observation: Let aq,as,---a; be a col-
lection of odd numbers. Then
aaz---a;—1  ap—1 ax—1 a; — 1

= 92).
5 5 + 5 + 5 (mod 2)

Applying the quadratic reciprocity law for Legendre symbol and properties
of Jacobi symbol from Theorem 4.5.1, we get

@) - mae)

i=1 j=1

I ()

pi—1

:;1 :Jljl(_nq";l] 2 (g)

T p;—1
[ -1 P b
[ ] (2)
11D o
. q192--9s—1 pigl b
N (_)
(=1) o
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Exercise 4.5.4 Compute the Jacobi symbols

286) (123
105) " \o17 )"
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Sums of squares

5.1 Pythagorean triples

A very interesting problem in number theory, which has received a lot of at-
tention over the centuries is that of representing numbers as sums of squares.
Before we begin our foray into this topic, it is worthwhile to recall our
favourite theorem from high school, the Pythagorean Theorem, which states
that the sum of squares of the sides of a right triangle equals the square
of the hypotenuse. A triple (a, b, c) of natural numbers, which satisfies the
equation a? + b* = ¢? is called a Pythagorean triple. For example, (3,4,5),
(5,12,13), and (8,15, 17) are Pythagorean triples. It is easy to observe that
there are infinitely many Pythagorean triples. This is because if we multiply
each element of a Pythagorean triple (a, b, c) by some integer d, we get an-
other Pythagorean triple. So, we ask the following modified question: How
many Pythagorean triples (a, b, c) are there such that a, b and ¢ have no
common factors greater than 17 These special triples are called primitive
Pythagorean triples. That is, a primitive Pythagorean triple is a triple
of numbers (a,b,c) so that a® + > = ¢ and a, b and ¢ have no common
factors greater than 1.

Exercise 5.1.1 Let (a,b,c) be a primitive Pythagorean triple.
(a) Show that either a or b is odd.

(b) Show that if a is odd, then b is even. [Hint: Compare the equation
a* +b* = ¢ modulo 4]

61



62 CHAPTER 5. SUMS OF SQUARES

(c) Conclude from above that c is odd.

Exercise 5.1.2 We now attempt to find all solutions in natural numbers to
the equation a® + b*> = ¢ under the conditions that a is odd, b is even and
a,b and ¢ have no common factors.

(a) Observe that a®> = ¢*—b* = (¢c—b)(c+b). Prove that ged (c—b, c+b) = 1.

(b) From above, we see that gcd (c — b,c + b) = 1. Moreover, a®> = (¢ —
b)(c+b). Prove that c +b = s* and ¢ — b = t* where s >t > 1 are odd
integers and (s,t) = 1.

(c) Conclude, from the above, that every primitive Pythagorean triple with
a odd and b even is of the form
5% — 12 s* 4 t?

a = st, 5 , C 5

where s and t are as above. [Warning: Make sure you explain why

242 2442 ., .
5— and *== are (positive) integers.|

5.2 The equation z*+ y* = 24

In the previous section, you discovered a rule that generates all primitive
Pythagorean triples!! That is, you essentially found all integer solutions of
the equation z? + y? = 22. This equation is an example of a Diophantine
equation, which is a generic name for any polynomial equation which is
allowed to have only integer solutions. This name is inspired by Diophantus,
a Greek mathematician who lived in the 3rd century. In his book Arith-
metica, Diophantus studied methods of solving many Diophantine equations,
including the Pythagorean equation. In 1621, Bachet translated Arithmetica
into Latin. While reading this book and in particular, the section contain-
ing the Pythagorean equation, Pierre de Fermat, a French mathematician
(1607-1685), made a comment, which lies at the heart of many important
mathematical developments for the next three hundred and fifty years. He
wrote, “it is impossible to separate a cube into two cubes, or a fourth power
into two fourth powers, or in general, any power higher than the second, into
two like powers. I have discovered a truly marvelous proof of this, which this
margin is too narrow to contain.” More precisely, Fermat made the following
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conjecture, which is famously known as Fermat’s Last Theorem and which
was finally proved by Andrew Wiles towards the end of the twentieth century,
using some of the deepest and most beautiful ideas in Mathematics:

Theorem 5.2.1 [Fermat’s Last Theorem| For any natural number n >
3, the equation

has no integer solutions such that xyz # 0.

The proof of Fermat’s Last Theorem is well beyond the purview of this
course. However, the following exercise looks at the special case of Fermat’s
Last Theorem for n = 4. This special case was proved by Fermat himself. In
his proof, he uses a very important technique called descent. The idea behind
this technique is that if there is a nontrivial solution of Fermat’s equation,
say (x,y,z) with z > 0, then one can find yet another solution (x1, ¥, 21)
such that 0 < z; < z. This process can be replicated again and again to
obtain an infinite list of solutions

2> 2 > 2> 23 .

However, a decreasing list of positive integers must stop somewhere, where as
the above method of descent seems to give us such a list that stops nowhere.
Therefore, our fundamental assumption that Fermat’s equation has a non-
trivial solution is false. In the following exercise, we fill in the details of this
beautiful idea of Fermat:

Exercise 5.2.2 (a) Consider the equation x* + y* = 2%. Suppose it has
integer solutions. After canceling common factors, we can assume that
the integers x,y, z are primitive solutions. From the above problem, we
deduce that there are odd integers s and t so that

) 32 _ t2 82 + t2

, 2= .
2 2

Prove that s = t(mod 4).

(b) Deduce that s+t = 2u? and s—t = 4v? such that v and 2v are coprime.
Further deduce that
r? 4 4ot = ot
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(c)

(d)

(e)

(f)

(g)
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Prove that (z,2v% u?®) forms a primitive Pythagorean triple. Thus, by
Problem 2, we can find odd relatively prime integers S and T so that
S2 _ T2 SQ T2
x=5T, 20" = —— = L
2 2
Show that
S=X*4+Y?% T=X>-Y?
for some integers X and Y. [Hint: Use the middle formula in (c¢) and
also the fact that the ged of S+ T and S — T is 2./

Show that

Xt +vt =
Thus, we have a new solution (X,Y,u) to our original equation x* +
y* = 22 Show that u is smaller than z.

The above is Fermat’s method of descent. Given a solution (z,y,z) in
positive integers of the equation z* + y* = 22, you generated another
solution in positive integers (X,Y,u) where u is smaller than z. Re-
peating this process will lead to a never-ending list of solutions. Deduce
from this that the equation x* + y* = 2% has no solutions.

Finally, conclude that the equation z* + y* = z* has no solutions in
integers. This proves Fermat’s Last Theorem for n = 4.

5.3 Sums of two squares

In this section, we address the following question: which natural numbers n
can be written as a sum of two squares? This question was first answered
by a Dutch mathematician Albert Girard in 1625, but without explanation.
Since Fermat’s method of descent plays an important role in answering this
question, it is highly probable that Fermat himself had a complete answer.
However, the first person to answer this question with a proof was Euler in

1749.

The following set of exercises will help us to answer this question. Our
starting point is Theorem 4.2.2 (c), which states that for an odd prime p,
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That is, the equation 22 = —1(modp) has a solution if and only p =
1 (mod4).

Exercise 5.3.1 If a prime p can be written as a sum of squares of two in-
tegers, that is, if p = x® +y* for some x,y € Z, then show that p = 1mod 4.
[Hint: What are the possible values of a*mod 47?]

Exercise 5.3.2 Let m and n be two positive integers which are sums of two
squares. Prove that mn is also a sum of two squares. [Hint: Let z = a + ib
and w = c+id be two complex numbers. Then |z|*|w|* = |zw|*. Alternatively,

observe that
a b c d\ ([ a—0bd ad+bc
—b a)\—-d ¢/ \—ad—bc ac—bd)"

Now take determinants of matrices on both sides./

Exercise 5.3.3 In this Fxercise, we prove the converse of Fxercise 5.3.1.
We do so using Fermat’s method of descent. The idea is that given integers
A, B, M with M > 0 and A?> + B2 = Mp, we can find new integers a,b,m
such that a®> +b*> = mp and 0 < m < M — 1. We keep repeating the descent
argument until we hit m = 1, that is, p = x> + v

(a) Start by recalling, from the previous exercise, that

(u* +v?)(A® + B?) = (uA + vB)* + (vA — uB)*.

(b) Let p = 1mod 4. Show that we can find positive integers A, B, M such
that A + B? = Mp and M < p. [Hint: 2> = —1modp. |

(¢) Show that we can find u and v such that u = Amod M, v = Bmod M
with —M /2 < u,v < M/2. [Recall the notion of balanced residue classes

/

(d) Prove that u* + v* = Omod M.
(e) Deduce from (c) and (d) that u® +v* = Mr, 1 <r < M.

(f) We now have u* +v* = Mr, 1 <r < M and A*+ B? = Mp. This gives
us
(uA +vB)* + (vA — uB)? = M?rp.

Show that uA + vB = 0mod M and vA — uB = Omod M. From this,
find integers a and b such that a*> +b*> = rp,1 <r < M.
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(9) Prove that that one can keep repeating the descent argument until one
gets w2 + y* = p.

Combining the above with Fxercise 5.3.1, you now know that an odd
prime p can be written as a sum of two squares if and only if p =
1mod 4.

(h) In order to practice the descent method, start with (387)2+12 = 170.881
and express 881 as a sum of two squares.

Exercise 5.3.4 Combining Fxercises 5.3.2 and 5.3.3, we get an idea of what
kind of integers (prime and composite) can be written as a sum of two squares.
FExercise 5.3.2 tells us that it is sufficient to check if the prime factors of n
are representable as the sum of two squares. The primes of the form 4k + 3
are problematic. However, if such primes occur to an even power, then these
prime powers are squares themselves (and every square is clearly a sum of
two squares, with one term being 0).

(a) Show that n is a sum of two squares if and only if each of its prime
factors p of the form 4k + 3 occurs to an even power.

(b) Check if the integers 459, 3185 and 39690 can be written as the sum of
two squares. If yes, find the representation in each case.

Exercise 5.3.5 On a somewhat related note, show that any odd prime can
be written as a difference of two consecutive squares.

Exercise 5.3.6 Show that no positive integer of the form 8k + 7 can be
represented as a sum of three squares.

5.4 Sums of four squares: Lagrange’s theo-
rem

A classical result, known as the Four Square Theorem, states that any posi-
tive integer n can be written as a sum of squares of four integers > 0. It was
first stated by Girard and Fermat. Euler made several attempts to prove this
result, but could not succeed. This result was proved in 1770 by Lagrange,
who built on the ideas of Euler. In the following exercises, we will build
Lagrange’s proof of the Four Square Theorem.
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Exercise 5.4.1 Given a prime p, show that there are exactly ’%1 squares
modulo p.

Exercise 5.4.2 For a fixed prime p, let
9 -1
S =<x‘modp: OSXST

and let

-1
T:{—l—yzmodp: OgygT}.

Show that S and T are not disjoint. From this, we conclude that we can find
integers 0 < z,y < (p — 1)/2 such that x*> + y* + 1 = Omod p.

Exercise 5.4.3 Let A, B,C, D be four complex numbers and consider ma-

trices of the form o o
A —-B J C -D
B 4)"™\p T)

Find out the product of these matrices. Now, taking determinants, show that
(JA]? + |B)(|C]? + |D|?) = |AC — BD|? + |AD + BCJ>.

Using this, if m and n are sums of four squares, express mn as a sum of four
squares.

Exercise 5.4.4 For a prime p, let
S={m>1: mp is a sum of four squares}.
(a) Show that S is a non-empty set. [Hint: Use Exercise 5.4.2]

(b) Let mg be the least element of S. In the next few steps, we will again
use a descent argument to show that mg = 1, that is, p is a sum of four
squares. Let us assume that mg > 2. Show that mg is odd. [In fact, if
mg 18 even, we can show that mgy/2 is also in S, which contradicts the
minimality of myg. |

(c) We have mop = x* + y* + 2% + w?. Choose 0 < a,b,c,d < my/2 such

that x = amodmgy, y = bmodmg, z = cmodmy and w = dmod my.

Show that

a? + b2+ A+ d® = mymg, with my < my.
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(d) Using Ezercise 5.4.3, express (mop)(momy) as a sum of four squares
12 + 52 + 12 + 0% such that r,s,t and v are multiples of my.

(e) Deduce that my € S. But, since my < my, this again contradicts the
minimality of mo. Thus, our assumption in (b) is false and mg = 1.

This shows that every prime can be expressed as a sum of four squares.
By Ezxercise 5.4.3, we deduce that every positive integer can be written
as a sum of four squares.



Chapter 6

Binary Quadratic Forms

6.1 Introduction to binary quadratic forms

In the previous chapter, we were able to understand which numbers n can be
represented as sums of two squares x? + y?. We can also exploit techniques
from the previous chapter to figure out which numbers can be represented as
2% + 292 or 22 + 3y

Exercise 6.1.1 (a) Prove that
(a® + 2b%)(c* + 2d*) = (ac — 2bd)* + 2(ad + be)?.
(b) Let p be an odd prime. Show that > = —2 (modp) has a solution if
and only if p=1 or 3 (mod38).
(c) Let p=1 or 3(mod8). Let
S={m>1:mp=2a>+2y* v,y € Z}.

Show that the least element of S is m = 1. Deduce that every prime
=1 or 3(mod8) can be written as x* + 2y* with x,y € Z.

(d) Determine all positive integers that can be expressed in the form x*+2y?
with x,y € Z.

It was therefore natural for mathematicians like Euler and Lagrange to ask a
similar question for general forms of the above kind, that is for forms defined
as follows:

69
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Definition 6.1.2 A binary quadratic form is an expression of the second
degree in two variables of the form

f(z,y) = az® + bry + ¢y

where a,b,c are integers. A binary quadratic form can also be represented
by the symbol [a,b, c|. The discriminant d or ds of a binary quadratic form
f =la,b,c] is defined to be the number d = b* — dac. A number n is said to
be represented by f if we can find integers x and y such that f(x,y) = n.

Observe that multiplying the form by 4a and completing squares, we get
4a(ax® + bry + cy®) = (2ax)? + 4abxy + dacy?
= (2az + by)* + (4ac — b*)y*.

Thus, forms of discriminant 0 are simply squares of linear forms of the form
2ax+by. We also observe that that forms with negative discriminant d behave
very differently from forms with positive discriminant d. Let us first consider
the forms with negative discriminant. Since 4ac — b? is positive, the above
expression is always positive (or zero) for any integers x and y. Thus, the
integers represented by f(x,y) are either all positive (and zero for z = y = 0)
or all negative (and zero) depending on whether a is positive or negative.
Depending on the sign of a, the form f is said to be either positive definite
or negative definite. When d = bv* — 4ac > 0, then

4a(az® + bry + cy?) = (2ax + by)* — dy?
= (2ax + by + \/Ey)(Qaa: + by — \/Ey) = 4a*(x — ay)(x — By),

where o and 3 are given by

~b+d

2a

assuming that a # 0. The sign of (x — ay)(x — Sy) can be either positive or
negative depending on where the fraction z/y lies. If a = 0, then f(x,y) =
y(bx 4+ cy) which can also take both positive and negative values. Thus, a
form f with positive discriminant can take both positive and negative values
and is therefore said to be indefinite.

Observe that a negative definite form can be changed into a positive def-
inite form by simply changing the signs of all the coefficients a, b, c. Hence-
forth, we will focus our attention on forms with negative discriminant, and
without loss of generality, we may assume such forms to be positive definite,
that is a > 0. Since b? — 4ac < 0, this necessarily implies that ¢ > 0.
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6.2 Equivalence

In this section, we explore the notion of equivalence of quadratic forms.

Observe that the forms az? + cy? and ay? + cz? are equivalent in as much
as they represent the same set of integers as x and y run over all integers.
This is because one form has been obtained from the other by interchanging
variables. Observe also that as the pair {z, y} runs over all pairs of integers,
so does the pair {z + vy, y}. Thus the form

az? + bry + cy?
represents the same set of integers as the form
a(x +y)? + bry + cy® = ax® + (2a + b)xy + (a + c)y°.

That is, any integer n that is represented by the former is also represented by
the latter. In general, consider integers «, 3, v, 6 € Z such that ad — Gy = 1.
Then, for every pair of integers z,y € Z, we can find X,Y € Z, such that

aX + Y =z,
vX +0Y =y.

Thus, as {X, Y} run over all pairs of integers, so do {aX + BY,vX + dY'}.
So, all integers represented by

az? + bry + cy?
are also represented by
a(aX + BY)?2 +b(aX + BY)(vX +6Y) + c(vX + 6Y)2
We are now ready to define the notion of equivalence.

Definition 6.2.1 We say that two binary quadratic forms f and g are equiv-
alent if there exist integers «, 3, v, 0 € Z such that

ad —py=1
and

flaz + By, vx + dy) = g(z,y).
In this case, we write f ~ g. We also say that the transformation

x:— ax+ Py, y :— yr+ oy

is called a unimodular transformation.
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Lemma 6.2.2 For a binary quadratic form f, let

Sy ={f(z,y): z,y € Z}.
If f ~ g, then §; = &,.

Proof. Let n € S;. Then, there exist xg, yo € Z such that f(zo,yo) = n.
Since f ~ g, there exist integers «, 3, v, 0 € Z such that

ad—py=1

and
flox + By, yo + 0y) = g(z,y).

The conditions on «, (3, v, § € Z above ensure that we can find integers
x1, Y1 € Z such that
oz + Py = To

and
Yz1 + 0Y1 = Yo.
Thus,
g(x1, 1) = flaxy + Byi, yx1 + 6y1) = f(z0,90) = n.

Thus, n € §;. This implies that S C S,. Similarly, we can show that S, C
Sy. This proves the lemma. [

Remark 6.2.3 We note that f and g will take the same set of values even
when
ad — Py =—1.

Howewver, following convention, in the notion of equivalence, we only consider
the integers o, 3, v, & € Z for which

ad — 67 = 17
to avoid complications in the theory.

Notice that
2 2 a b x
ar® + bxy + cy :[:L’ y} b z )
2
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Thus,

Thus
9(z,y) = flax + By, vz + 0y)

el s 0 R

Exercise 6.2.4 Show that if f ~ g, then the discriminant dy is equal to the
discriminant d,.

However, the converse of the above is not true. There can be inequivalent
forms with the same discriminant. For example, consider the forms f(z,y) =
22 +6y? and g(z,y) = 222+ 3y>. Both have discriminant —24. 1 is represented
by f(x,y) for x = 1, y = 0 but it cannot be represented by g(z,y). Lemma
6.2.2 tells us that f and g are inequivalent.

Exercise 6.2.5 Show that the relation ~ between binary quadratic forms as
defined above is

o reflexive, that is, f ~ f,
o symmetric, that is, if f ~ g, then g ~ f, and
e transitive, that is, if f ~ g and g ~ h, then f ~ h.

Consider the set
Sa=A{f(z,y): df =d}.

Exercise 6.2.5 tells us that the equivalence relation ~ partitions Sy into equiv-
alence classes. In the next section, we will show that when d < 0, the number
of equivalence classes is finite.

6.3 Reduction of binary quadratic forms and
class number

In Chapter 3, we saw that any number can be reduced mod m to an integer
(called the residue) between 0 and m — 1. We later also reduced numbers to



74 CHAPTER 6. BINARY QUADRATIC FORMS

balanced residues (mod m). Residue classes can be thought of as equivalence
classes with respect to the equivalence relation

a~bifa=b(modm).

Similarly, any binary quadratic form can also be reduced (in other words,
is equivalent) to a form that is simple enough in a suitable sense.

Let us observe what the following two unimodular transformations do to
a binary quadratic form [a, b, c|.

e Consider the transformation
H:z— —y,y— .
By this transformation, [a, b, c] ~ [¢, —b, a].
e For any u € 7Z, consider the transformation
T,:x—x—uy,y—y.
By this transformation,

[a,b, ] ~ [a, —2au + b, au® — bu + .

Theorem 6.3.1 Any positive definite binary quadratic form in Sy, with d <
0, can be reduced, by a sequence of unimodular transformations, to a form
la, b, c] such that

bl <a<ec.

Proof. For a positive definite form, we know that a,c > 0.

e If ¢ < a, then by transformation H, we replace [a,b, c|] by [¢, —b, al.

e If |b| > a, let &' be the balanced residue of b (mod 2a), that is, let &' be
chosen such that b = V' (mod 2a) and V| < 12a = a. Let u € Z such
that o’ = b — 2au. By transformation T, we get

[a,b,c] ~ [a,b, au* — bu + c],

such that |V/| < a.
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Thus, by applying the above operations one after the other, we will reach a
form such that neither ¢ < a, nor |b| > a. This form is clearly reached after
a finite number of steps. This form satisfies the inequality

bl <a<ec.

4

Remark 6.3.2 By a similar reasoning, one may show that any definite form,
that is any form with discriminant d < 0 can be reduced to a form such that
[b] <'laf <.

Corollary 6.3.3 There are only finitely many equivalence classes of binary
quadratic forms of discriminant d < 0.

Proof. By Theorem 6.3.1 and Remark 6.3.2, every equivalence class has a
representative of the form [b| < |a| < |¢|. For such a form, we have

|d] = |[4ac — b?| > 4lalc| — [b* = 4fal* — |af* = 3[a/*.

So,
ld|
la| < :

3

Thus, there are only finitely many choices for a. This implies that there are
only finitely many choices for b as |b] < |a|. Since d = b* — 4ac, once we
determine a and b, there is only one choice for ¢. [J

Theorem 6.3.4 Any positive definite binary quadratic form in Sy, with d <
0, can be reduced, by a sequence of unimodular transformations, to a form
la, b, c] such that either

—a<b<a<c

or
0<b<a=c

Proof. From Theorem 6.3.1, we reduce our form to a form such that
b <a<ec.

Two cases arise.
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Case I a = c. In this case, by the transformation H, we can reduce f to a form
such that

0<b<a=c

Case 11 a < c¢. Thus, we have
—a<b<a<ec

If —a < b, we are done. If —a = b, then applying transformation T,
we get

la, —a,c] ~ |a,a,c]|

and clearly —a < a. Thus, we reduce f to a form for which

—a<b<a<ec.

Remark 6.3.5 By Corollary 6.3.3, we see that there are only finitely many
forms of discriminant d < O which satisfy the conditions of Theorem 6.5.4.

Definition 6.3.6 A positive definite binary quadratic form whose coefficients
satisfy the conditions of Theorem 6.3.4 is called a reduced form. The num-
ber of reduced forms of discriminant d < 0 is called the class number of d
and is denoted as h(d).

Remark 6.3.7 It can be shown that any two reduced forms of a given dis-
criminant d < 0 are inequivalent. Thus, every equivalence class of positive
definite binary quadratic forms of discriminant d < 0 has exactly one re-
duced representative. Thus, the class number h(d) refers to the number of
equivalence classes of positive definite binary quadratic forms in Sy.

Exercise 6.3.8 Calculate h(—4) and h(-38).

Exercise 6.3.9 List out all the reduced forms of discriminant —20. Calculate
h(—20).
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6.4 The representation of a number by a form

A number n is said to be properly represented by a form [a,b,c| if n =
ax? +bxy+ cy? for relative prime integers z and y. Thus, in order to establish
which numbers are represented by a given form, it is sufficient to determine
which numbers are properly represented by a given form. In this context, we
prove the following theorem due to Lagrange:

Theorem 6.4.1 [Lagrange| A natural number n is properly represented by
some binary quadratic form of discriminant d if and only if the congruence

2% = d (mod 4n)
has a solution.

Proof. Suppose
2? = d (mod 4n)

has a solution, b € Z. We write b> — d = 4nc. Then, the form f(z,y) =
nz? + bry + cy? has discriminant d and f(1,0) = n.

Conversely, suppose n is properly represented by some binary quadratic
form of discriminant d. Let n = f(p,r) for some integers p and r such that
(p, ) = 1. There exist integers s, ¢ such that ps — gr = 1. We now consider

9(z,y) = f(px + qu,rz + sy).

Clearly, f ~ g. One easily verifies that g = [A, B, C] where A = f(p,r) =n
and B? — 4AC = d. Since A = n, we deduce that

B? = d (mod 4n)
has a solution. [
Exercise 6.4.2 Using Theorem 6.4.1, show that a prime p can be repre-

sented by a binary quadratic form of discriminant —4 if and only if p =
1 (mod4).

Exercise 6.4.3 Show that for an odd prime p, x> = —7mod (4p) has a solu-
tion if and only if x> = —7 (mod p) has a solution. Determine all odd primes
that can be expressed in the form x? + xy + 21>
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Exercise 6.4.4 Using Theorem 6.4.1, show that a number n is properly rep-
resented by the form x> +y? if and only if n has no prime factor of the form
4k + 3 and s also not divisible by 4. Deduce the statement in Ezercise 5.5.4

(a).

Exercise 6.4.5 Prove that the primes that can be represented by x* + 5y?
are 5 and those congruent to 1 or 9 mod 20. Show also that the primes that
can be represented by 222 + 2xy + 3y? are those congruent to 3 or 7 mod 20.



Chapter 7
Continued Fractions and Pell’s

Equation

7.1 Finite continued fractions

A finite continued fraction is a fraction of the form
1

ag, @i, -, An| 1= Qo +
| | —
ag+ I
. 1
"'n71+$
where ay > 0 and ay, as,---a, > 0. If a;’s are all positive integers (with the
exception of ag, which may be 0), then [ag, aq,- - ,a,] is said to be a simple
finite continued fraction. For example
1
2,4,3,4,3] =2+ i
a+3
=2+ !
= 1
4+ 3+4x
3
1 1
T 2
1 1
=2+ 3 = 21 I
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42 404
+ IDERE
Clearly, the value of any simple finite continued fraction is always a rational
number. The converse is also true.

Theorem 7.1.1 Any positive rational number can be written as a simple
finite continued fraction.

Proof. Let us consider a rational number #, where a and b are co-prime

non-negative integers with b > 0. By Euclid’s algorithm,
a=bayg+1ry, 0<r <b,

b:r1a1+7“2,()<7"2<7“1,

7”1:T'QCL2+7’3,0<7’3<7'2,

Tp—2 = Tp_10p_1 + Ty, 0< Tn < Tp-1,
Tho1 = Tna, + 0.

Since all the remainders r; are positive, ay, as, - -+ are also all positive inte-
gers. Rewriting the above equations, we get

® w0t =t
— = — = _
b 0 b 0 b

D] 1

1)
1 T o

=yt +

Tn—1"
Tn

Successively working from the first equation downwards, we get

a
i [a/())ah“' ,U,n].

b
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Remark 7.1.2 The above representation is not unique. If a, > 1, we can
write the last term as

1
n — n_l T
a a + 1
so that
[CLOaa'la t 'an] = [a()aala' *r,Ap—1,0n — 171]
If a, = 1, we have
lag, a1, -+, a,) = [ag, a1, - Gp_2, Gp_1 + 1].

Exercise 7.1.3 FExpress the following rational numbers as finite simple con-

tinued fractions
19 187 71 118

517 57 55303

Definition 7.1.4 Given a continued fraction [ag,aq,- - ay,|, for each 0 <
k <n,

Cr = ag, a1, -, ay]
is called the k-th convergent of |ag, aq, - - - ay].
Theorem 7.1.5 Consider a continued fraction [ag, a1, - - - a,|, where we treat
ag, ai, - - - a, as variables instead of specific numbers. For any 0 < k < n, the
k-th convergent of the continued fraction |ag, a1, -+ ,a,| has the value
Cp =2
dk

where py. and q are given by the formula
Po = Go, 9o = ]-7
p1=aoar +1, ¢ = a1,
Pk = QkPr—1+ Pr-2, @k = QQr—1 + Qr—2, kK = 2.

Proof. The proof of this theorem is an exercise in induction. To start
induction, we quickly check that

Do _aear+1  py
[ao] = =, [ag, 1] = ——— =—.
do ax 0
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Let us now assume that the theorem is true for n = N. We observe that

1

AN+1

.

[ag, a1, ,an,an+1] = [ag, a1, ,an—1,an +

By induction hypothesis,

PN+ 1
= lag, a1, -+ ,an—1,an + ]
gN+1 AN+1

<CLN + -1 ) PN-1+ DPN-2

AN+1

(CLN + 2 ) gN-1tagn—2

aAN+1

_ ant+1(anpN—1 + DPN-2) + PN-1
ant1(angn-1+ qn—2) + qn-1

_ GN41PN + PN-1

an+1qN + N1
Thus,

PN+1 = GN4+1PN + PN-1, gN+1 = AN+1GN T qN-1-

By induction, we prove the theorem. [J

Exercise 7.1.6 For a simple finite continued fraction [ag,aq,- - ,ay|, show
that

GO <q <q@p<qg- - <(g

Theorem 7.1.7 Given a finite simple continued fraction |ag, a1, -+ ,a,)|, the
convergents
Cp =2
4k

satisfy the following properties:
(@) prgr—1 — @rpe-1 = (1)1, 1<k <n.
(b) The even convergents form a strictly increasing sequence, that is,

C% <Oy <OCy<---
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(c) The odd convergents form a strictly decreasing sequence, that is,

Cr>C3>C5 > -

(d) Every convergent with an odd subscript is greater than every convergent
with an even subscript, that is,

Cos_1 > Cy, foranyr >0, s > 1.
Proof. For k=1,

P1go — Poq1 = (apa; + 1)1 — apa; =1,

hence proving the theorem for £ = 1. Assume that the formula is true for
k = m, where 1 < m < n. Then,

Pm+19m — gm+1Pm = (aerlpm + pmfl)qm - (am+1Qm + Qm71>pm
= Prm—1Gm — Gm-1Pm = —(—1)™ (by induction hypothesis)
=(=1)™.
Thus, by induction, (a) holds for all 1 < k < n. By (a), we see that

Cry2 — Cr = Ciio — Cpy1 + Cip1 — Gy,
_ DPr+2 Prtl i Dk+1 Pk
k42 qk+1 qk+1 gk

(—1)++1 ., (—1)*
Qk+29k+1  Qk+19k
(=1)*(qrr2 — ar)

GhQrr1Qrye
By Exercise 7.1.6, we know that ¢; > 0 for all « > 0 and qxi0 — qx > 0.
Thus, Cyy2 — Cj, has the same sign as (—1)*. By taking k even, we prove (b).
Taking k odd, we prove (c).

We also observe that

B -1 k—1
Ck_ck—lzﬁ_pk1:< ) ‘
dx  dk—1 Akqrk+1
Thus, Cy; < Cyj_1 for any j > 1. Combining this inequality with (b) and (c),
we get

Cor < Cgppas < Coppos1 < Cosq
for any r > 0, s > 1. This proves (d). O
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Exercise 7.1.8 Ifr = [ag, a1, ,ay] for v > 1, then show that
- = [07a07a1a T ;an]-

Exercise 7.1.9 Show that -
G>27

Y

for 2 <k <mn. [Hint: First prove that g, > 2qx_2./

7.2 Infinite Continued Fractions

Let {ay,}n>0 be an infinite sequence of integers such that ag > 0 and a; > 0

for all 7 > 1. The infinite continued fraction [ag, ay, as, - -] is defined to be
lim C,, = lim [ag, a1, , ay].
n—oo n—oo

If an infinite continued fraction contains a block of numbers that repeat
indefinitely, then it is called a periodic continued fraction and is denoted as

[&0,&1, e aa'mablab2> e abn]

Theorem 7.2.1 The value of any infinite continued fraction is an irrational
number.

Proof. Let, if possible x = lim,,_., C), be a rational number. By adapting
Theorem 7.1.7 to infinite continued fractions, we observe that x lies strictly
between C),, and C, ., for any n. So,

Pnt1 Pn| _ 1

0<|z—C,l <|Chi1 —Cy| = = .
qn+1 dn qngn+1

Suppose = = ¢, where a,b € N. From above, we have

a " 1
0<|LIn .
b dn dn4n+1
Multiplying this inequality by bg,, we get
0 < |ag, — bpn| < for any n.

Gn+1
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By Exercise 7.1.6, ¢, is an increasing sequence of positive integers. Thus, we
can choose n such that b < ¢,41. So, 0 < |ag, —bp,| < 1. But, |ag, —bp,| € N.
Thus, we reach a contradiction and therefore, our assumption that x is a
rational number is false. [

Observe that

[GOaala"'] = lim [a07a17'“an] = lim [a(hala'“ 7an]
n—00 n—00
1
= lim |ag+
n—00 [(11,@2,"' aan]
1
hmnﬂoo[ah ag, -+ an]
1
a1, ag, -]

From this, we conclude the following:
Theorem 7.2.2 [f [ag, a1, -] = [bo, b1, -], then a, = b, for all n > 0.

Proof. Let
T = [(10,@1,"‘]

Observe, by Theorem 7.1.7, that

1 .
ag < <ag+ — < ap+ 1, since a; > 1.
a1

Thus, [x] = ao.

If [(lo,al, .. ] = [bo,bl,' . '], then
T bt -
Q, —_— = —_—.
0 [(1,1,@2,"'] 0 [b17b27”']

Thus, by = [x] = ag. So, we conclude that
[a17a27 oo ] = [b17b27' : ]
Repeating the above reasoning, we get a,, = b, for all n > 0. [J

We now ask if every irrational number has an infinite continued fraction
expansion.
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Given zy ¢ Q, define the sequence of integers {a, },>o as follows:
ag = [«’L“o],

1
T = ],Ch:[l'ﬂ,

o — [iL‘o

1
Ty = ],ak—[xk].

Tp—1 — [xkq

Observe that xp € Q for all £ > 0. Thus,

0<azp—[zg] <1=ap = > 1= apyq = [Tp1] > 1 for all k> 0.

T — [$k]
So, a,as,--- are all positive integers. Since
1
xk+1 - 5
Tk — Qg
we get
TE = a + for all £k > 0.
Tk41
Thus,
x0:a0+—:a0+ = .- =|ag,T1," " Tk
371 CL1 + é [ ) ) ]

for every £ > 1. But, why does this continued fraction expansion converge
to zo? We have

TnPn—1 + Prn—2
Tog— ——"T—.
Tndn—1 + qn—2
So,
TnPn— + n— n—
2o —C\y = DPn—1 T Pn—2 Pn-1
Tndn—1 + gn—2 dn—1
_ Pn—24n—1 — Pn—14n—2 _ (_1)n—1
(anHfl + an2>qn71 (annfl + qn72)Qn71
Thus,

1
(ann—l + Qn—2)Qn—1

‘1130 - Cn71| =



7.2. INFINITE CONTINUED FRACTIONS 87

1 1
< — .
(ananl + anQ)anl Gndn—1
Since ¢,’s are increasing,

1
qndn—1

— 0 asn — 0.

Thus,
lim On—l = Xy.

n—oo

From the above calculation and Theorem 7.2.2, we get the following theorem:

Theorem 7.2.3 FEvery irrational number xy has a unique continued fraction
expansion given by
1

xk_ak’

k> 0.

ar = [zx], T =
Exercise 7.2.4 Fvaluate
(a) [2,3]
(b) [2,3]
(c) [0,1,2,3]
(d) [2,1,2/1]
Exercise 7.2.5 Determine the infinite continued fraction for

1 13 5 37 11 30
VB, v, LEVI8 B VBT 1V

Exercise 7.2.6 Suppose p,q and d are positive integers with d squarefree
such that p* — dq* = 1. Assume, if possible, p/q is not a convergent of V.

(a) Show that

1
0<2 Vi<
q 2q
(b) Let us choose n € N such that g, < q < ¢ny1. Show that one can find
unique non-zero integers w and z such that
PnW + Ppi12 = P,
gnW + qni12 = ¢.
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(c) Show that w and z have opposite signs.

(d) Show that \/dg, — p, and \dgni1 — pus1 have opposite signs. Thus,
conclude that w(\/aqn — pn) and z(\/Ean — Pny1) have the same sign.

(e) Show that
|Q\/C_l—p| 2 |Qn\/a_pn|

and conclude that

a-5f5

nl 2qqn

(f) Observe that
P, Pn
~7#— = [qpn —pan| 2 1
q Gn

Using (a) and (e), prove that q, > q. From this conclude that p/q has
to be a convergent of V.

Solution.

(a) Since p* — dg* =1, we have
(p— Vdg)(p+ Vdg) = 1.

So,
P 1

q q(p+qVd)
Using the above and observing that p > ¢, we get

p Vd W41
0<5_\/8<q(q\/3+q\/3)_2q2\/3_2q2'

dn  4n+1 z q
has a unique SOlU.tiOIl,

Rl ]

(b) The matrix equation
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Thus,
w = (—1)""gus1p — Prs1¢, 2 = (=1)" " (qpy — pgs).
Since b p b op
qn q qn+1

we get that w, z # 0.

(c) If 2 <0, then g,w = q — gor12 > 0. Thus, w > 0.

If z > 0, then since ¢ < g,+1, we have ¢ < zq,41.
= WGn = q — Gnr12 < 0= w < 0.
So, w and z have opposite signs.
(d) By an adaptation of Theorem 7.1.7, we have
Co<Cr<CyVd< - C5<Cy < Ch.
So, Vd — p” and Vid — p fotl have opposite signs. That is,

\/EQn — DPn and \/EQn—H — Pn+1

have opposite signs. Thus, w(v/dg, — pp) and z(vVdgn41 — pny1) have
the same sign.

(e) Observe that

aVd —pl = (@ + gur12)Vd = (paw0 + poy12)|
w(guVd = pn) + 2(¢ns1Vd = poy1)|
lw(guVd — pn)| + |2(gni1V'd — ppi1)| (since both terms have same sign)

> |7~UHQn\/_—pn|( as |Z(QH+1\/__pn+1)’ #0)

So, we have

1
10av/d = pal < lgVd — D] =q\f——' <L

2q°
where the last inequality above is true by (a). Dividing by g¢,, we get

1
\/_
‘ 2qqn
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(f) Since £ # 2= qp, — pg, # 0. So,

1 < |pn — pgnl.
Thus,
2N < |%Pn = P
qGn 49
_ &_fz‘
G q
< @—\/Zz‘+'f—9’
Gn q
1 L, 1
2440 | 242 v (a) and (e).

Thus, we deduce, from above,

11
2qq,  2¢*

that is, ¢g, > ¢*, and therefore, ¢, > ¢. This contradicts our choice of
n such that ¢, < ¢ < gn11. Therefore, our assumption that p/q is not
a convergent of v/d is false.

O

We also prove some other recursion formulae involving the numerator and
denominator of the convergents of a continued fraction. Let us also denote
the numerator of [ag, ay,- -, a,] as {ag, a1, - - - ,a,} Note that we are treating
a;’s as symbols and not fixed numbers. These symbols can be changed as per
our convenience. Observe that

1 apay + 1
G0+_: tad 3
aq ay
o 4 1 _ Gpa1G2 + ag + as . {a07al>a2}
0 a1+$ ajas + 1 {a1,a2} ’
1
ap +

1
ay + —
1 a2+a
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apa1a2a3 + apa1 + apas + azaz + 1 {ag, a1, az,a3}
ayazaz + aj + ag {ay, az, a3}

Do we observe a pattern? The denominator of [ag, a1, as, as] seems to come
from the numerator of [ay, as, as]. Also

{ag, a1, a2, a3} = ap{a1, as, as} + {aq, as}.

In general, we prove the following lemmas:

Lemma 7.2.7 The denominator of [ag, a1, - ,an| is {ai,as, -+ ,an}.
Proof. .
Denominator of ag + T
a1+ a2+ L
a3+ 1
1
an71+#
Denominator of |ai,as, -+ ,a
= Denominator of [ ag + 1,02 J
Numerator of [ay, ag, -+ , ay)
= Numerator of [ay, a9, ,a,] = {ai, a2, ,a,}.

O
Similarly, the denominator of [aj,--- ,a,] is {as,as, - ,a,}. (This is ob-

tained by simply changing symbols in the above lemma.)
Lemma 7.2.8 For any n > 2,
aplar, az, -+ ,an} +{az, a3, - an} = {ag, a1, -+ ,a,}.

Proof.

{ag, a1, -+ ,a,} = Numerator of ag + o T
1

Denominator of [ay,as, -, ay,]
= Numerator of [ ag +
Numerator of [a, ag, - , ay)
- aO{a'17 ag, - - ,Cln} + {(12, e ’an}'
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By Theorem 7.1.5, we also have

{CLO, Ay, 7a/TL} - an{a()J e 7an—1} + {CLO, e 7an—2} (71)
and
{@17 e aan} = an{ah e 7an71} + {ala T 7an72}'

Using this, we prove,

Lemma 7.2.9 Forn >0,

{a()?"' 7an}:{an7"' ,CL()}.

Proof. The lemma is easily proved by induction. The base case is easily
checked. Suppose the lemma is true for £ < n — 1. Then, by Lemma 7.2.8
for appropriate symbols,

{ana Ap—1,°"" >a0} - an{anfb e 7a0} + {@n727 e ,Clo}

= ay,{ag, + ,an_1} + {ao, -+ ,a,_2} (by induction hypothesis)
= {ap,a1,--- ,a,} (by equation (7.1)).

7.3 Purely periodic continued fractions

We saw in Exercises 7.2.4 and 7.2.5 that the continued fraction is not always
periodic from the start, but after some stage. A purely periodic continued
fraction is an infinite continued fraction that is periodic from the very begin-
ning, that is, an expansion of the form

[a07a17 e 70/71]7 a; > ]-

In this section, we consider the properties of irrational numbers which are
represented by purely periodic continued fractions. For example, consider

a=[4,1,3].

We have
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Simplifying, we get
40® — 18a— 5 = 0.

Now, consider the purely periodic continued fraction
B=[3,14]

obtained by reversing the pattern in «. It turns out that 3 satisfies 53% —
183 —4 =0. If we put x = _71, we get
42* — 18z — 5 = 0.

That is, %1 satisfies the same equation as that satisfied by a. That is, a and
’71 are algebraic conjugates, that is, two roots of the same equation. The

above example is a special case of the following theorem:

Theorem 7.3.1 Any purely periodic continued fraction represents a quadratic
irrational number o > 1 whose conjugate lies between —1 and 0. This con-

Jugate is _71, where (3 1s defined by the continued fraction with the reversed

period as that of a. (By a quadratic irrational number, we mean an irrational

number, which satisfies an equation with integer coefficients of degree 2.)

Proof. Let a = [ag, ar, -+, ay). Then,
a = [CLOaal)'” 7an7a]'
Let C), = % denote the k-th convergent of [ag, aq,- - ,a,,a for 0 < k < n.

We have, b; Theorem 7.1.5,

aPn _l'pn—l
o= ————".
adn + Gn—1

Thus, « satisfies the equation
30 + (gn-1 — Pn)a = pn1 =0, (7.2)

That is, a is a quadratic irrational number.
We now reverse the period,

ﬁ = [anvanfb te 7a07ﬁ]'
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Thus,

ﬁ: ﬁ{ana"'7a0}+{an7”'7al}
ﬁ{anflu"' 7a0}+{an717”' 7a‘1}
By Lemmas 7.2.7 and 7.2.9, and using notation used in definition of «, we

get
BPn-1+ Gn1
We put 3 = _71, and get

4@ + (Gn-1 — Pn)@ — Pp1 = 0.

Comparing this with equation (7.2), we see that x = %1 and « satisfy the
same equation, that is, they are algebraic conjugates. (Note that _71 # )
Clearly, @ > 1 (This is because, for i > 1, a; > 1. But since « is a purely
periodic continued fraction of length n + 1, ag = a, 41 > 1.) Similarly g > 1.

Thus, —1 < _71 < 0. This proves the theorem. [

Exercise 7.3.2 Show that the algebraic conjugate of any quadratic irrational
number of the form a+ b\/d, where a,b are rational numbers with b # 0 and
d is a squarefree positive integer is a — b\/d.

We now ask if the converse of Theorem 7.3.1 is true. This question is
addressed in the following exercise:

Exercise 7.3.3 Let a > 1 be a quadratic irrational number with conjugate
o such that —1 < o < 0. Without loss of generality, let us express

_P+vD
==

where P and @) are integers and D is a positive squarefree integer. Then, the
conjugate o is given by
,_P-VD

Q
(a) Show that a — o > 0 and therefore @ > 0.

«

«

(b) Show that o + &' > 0 and therefore P > 0.
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(c) Show that o/ < 0 and therefore, P < \/D.

(d) Show that a > 1 and therefore Q@ < P ++/D < 2/D.
Thus, from (a) - (d), we deduce that

_P++D
- Q

«

(e) We express o as

1

a=ag+ —,

a1

where ag = [a]. If o is the conjugate of v, show that

, 1

o = ag + -

1

From this, deduce that oy > 1 and —1 < o < 0.
(f) Let
D — P?

P=—P+ Qag and Q)1 = 0

Prove that Q1 is an integer. Also, prove that

_P1+\/5
@

651

(g8) Deduce that Py and @y are positive integers satisfying Py <

Ql < 2\/5

, P <D, Q*VD, Q|P* - D.

95

D and

(h) Continuing the continued fraction expansion of «, for any n > 1, let

a, = [ay,] and

1
Oy = Ay, + .
Opi1
Show that for everyn > 1,
, 1
o, = Ap + —
an—i—l

and each o, lies between —1 and 0.
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(i) Show that
_P.+VD
@n

where P, and Q,, are natural numbers, P, < VD, Q. < 2v/D, and
P? — D i a multiple of Q.

Qp

(j) Observe that there are only finitely many pairs (X,Y) of positive in-
tegers such that X < VD and Y < 2v/'D. Thus, there can be only
finitely many possibilities for (P,,Q,). So, at some point, we will end
up getting some value of the pair (P,, Q,) which had occurred before.
So, we obtain an o, which is equal to an earlier one and therefore, the
continued fraction of a is periodic from this point.

(k) Let us define

By wvirtue of (h), check that 5, > 1 and

1
Bn—i—l =a, + E

Thus, a, = [Bni1]-

(1) Suppose o, = a,, for some m < n. Show that 3, = (3, and therefore
Am—1 = Qp_1. Conclude that o,—1 = 1.

(m) Deduce that, if oy = v, then a,_y, = a. From this, conclude that the
continued fraction of a is purely periodic.

Thus, by Theorem 7.3.1 and Exercise 7.3.3, we get the following:

Theorem 7.3.4 Let o be an irrational number. The following are equiva-
lent:

(a) « has a purely periodic continued fraction expansion.

(b) « is a quadratic irrational number > 1, with algebraic conjugate o
such that —1 < o/ < 0. Moreover, o = —%, where 3 has the continued
fraction expansion with the reversed period as that of c.
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7.4 Continued fraction expansion for VN

Let N be a natural number which is not a perfect square. Since —v N < —1,
by Theorem 7.3.4, v/ N cannot have a purely periodic continued fraction
expansion. We consider

a= VN +ag, ag = [VN].

The conjugate of VN +ag is ag— v/ N and —1 < ag— /N < 0. Once again, by
Theorem 7.3.4, v/ N+ag has a purely continued fraction expansion. Moreover,
this continued fraction expansion must start with [v/N 4 ag], which is 2a.
Let us say,

VN +ag = 2a, a1, -+, an).

We now consider the fraction with reversed period

ﬁ = [anaanflv" : 7a172a0]~

By Theorem 7.3.4,

1
o =ag— VN =——.
B
That is,
1
—a = [an, Ap—1,°° ,01, 2&0]. (73)
But, we also have
1 1 1
R — :a’a,7""an72a . 74
o ao—\/ﬁ \/N—ao (a1, as o] (7.4)
Comparing equations (7.3) and (7.4), we get
a1 = Qp, A3 = Qp_1,0d3 = QAp_9,** ,0; = Gy_; for every 1 < i < n.

Thus, we conclude the following;:

Theorem 7.4.1 Let N be a natural number, which is not a perfect square.
Then the continued fraction expansion of vV N is of the form

VN = lag, a1, as,as, - - ,as,as, ar, 2ao).
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7.5 Pell’s equation

Pell’s equation refers to an equation of the form
v —dy* =1, (7.5)

where d is natural number, which is not a perfect square. We are interested
in finding out integers x and y which satisfy this equation. This problem has
been considered by several mathematicians since antiquity, and we refer the
student to Burton’s book for a detailed history of this problem. Without loss
of generality, we restrict ourselves to non-negative integer solutions x and y
and also assume that d is a square-free positive integer. The solution (1,0)
is called the trivial solution of Pell’s equation. Henceforth, we refer to such
pairs (z,y) : x # 0, y # 0 as solutions and (x,y), z > 0, y > 0 as positive
solutions of the Pell’s equation. We now ask two questions:

e Does this equation have at least one solution (z,y) with z and y both
greater than 07

e Does this equation have finitely many or infinitely many (positive) so-
lutions?

Assuming that the answer to the first question is yes, let (x1, ;) and (z2, y2)
be solutions of equation (7.5). (We are allowed to consider x; = 3, y1 = ¥s.)
Observe that

(z1+ yl\/a)(fw + y2\/6_i) = (2172 + dy1y2) + \/g(ml?h + z2y1)
and
(21 — 3/1\/8)(352 — yQ\/E) = (122 + dyr1y2) — \/3(%3/2 + Tay1).

Thus,
1= (2 — dyf) (a3 — dys)
= (21 + y1Vd) (1 — y1Vd) (22 + 12Vd) (22 — y2Vd)
= ((z122 + dy1ya) + V(19 + 291)) (1122 + dy1y) — V(19 + 7231))
= (2172 + dyry2)? — d(z1y2 + T231)*.

Thus, using two solutions of equation (7.5), one can generate a third solution

(x122 + dy1Ya, T1Y2 + T2y ). (7.6)
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If 21,71 and xo,yo are both positive solutions, the new solution is distinct
from these solutions. Thus, once we have an initial solution, we can generate
infinitely many solutions of equation (7.5).

Definition 7.5.1 A pair of positive integers (x1,y1) such that x3 — dy? =1
and 1 < x,y1 < y for any solution (x,y) of Pell’s equation is called the
fundamental solution of Pell’s equation.

Exercise 7.5.2 Let (x1,11) be the fundamental solution of x> —dy? =1 and
let us denote e, = x1 + \/dyi. Show that the pair of integers (Tn, yn) defined

by the condition
Tn + ynVd = (21 + Vd)"

is also a positive solution of x> — dy? = 1. Show, also, that x,, + /dy, — o
as n — oo.

Theorem 7.5.3 If (z,y) is a positive solution of x* — dy? = 1, then
T4+ Vdy =€
for some n > 1.

Remark 7.5.4 The above theorem tells us that any positive solution of Pell’s
equation can be generated from the fundamental solution.

Proof. Let n = z + v/dy. Observe that
(<< <t <
Let us assume that n # €* for any m > 1. Then,
et < n < eyt for some n.

Thus,

1< En < €.
€1
We also have
4+ Vdy x, —Vdy,
o V20—
(zzn, — dyyn) + \/E<$ny — TYn)
vy — dy;

= XTn — dyyn + \/a<xny - xyn)'

>—Am3|3
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Since (z, —y) and (z,, y,) satisfy equation (7.5), by adapting equation (7.6),
we get that
(2T = dYYn, TYn — YTn)

is a solution 22 — dy? = 1. Thus,

(Ta 5) = (xmn - dyym YTp — xyn)

is also a solution. Note, from above, that

1<%:r+\/as<e. (7.7)

€]

We now show that (r,s) is a positive solution. Since 1 < 7 + sv/d, we have
0 <r—svd< 1. Thus,

2r = (r+svVd) + (r —svVd) > 140> 0,
sVd=(r+sVd)— (r—sVd)>1—-1=0.

Thus, 7, s > 0. Since (z1,y;) is a fundamental solution, x; < r, y; < s. This
implies
x1+y1\/a<r+3\/a,

which contradicts equation (7.7). Thus, our assumption is false. [J

The above theorem therefore reduces the problem of finding all positive solu-
tions of Pell’s equation to finding the fundamental solution, if it exists. This
problem is intricately connected with that of finding the continued fraction of
Vd. In Exercise 7.2.6, we saw that any positive solution (z,%) of 22 —dy? — 1
is of the form = = py, y = ¢x for some convergent z—: of v/d. Using the contin-

ued fraction of v/d, one can, in fact, find out precisely which convergent gives
the fundamental solution of 22 — dy? = 1. The following theorem answers this
question:

Theorem 7.5.5 Suppose v/d = lag, @r, @z, -, an). The fundamental solu-
tion of 2> —dy®* =1 is

(Pn—1,Gn-1) if n is even
and

(P2n—1, @an—1) if n is odd.

Exercise 7.5.6 Find the continued fraction expansions of /33 and v/41.
Use these to find the fundamental solution of the equations x? — 33y? = 1
and x? — 41y = 1.



