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PARTITION

For n,p € N, a partition of n into p parts is a weakly decreasing
sequence of positive integers A = A\ - - - \p such that
M+ + -+ X =n.




PARTITION

For n,p € N, a partition of n into p parts is a weakly decreasing
sequence of positive integers A = A\ - - - \p such that
M+ + -+ X =n.

Figure: Ferrers diagram of the partition 7542
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CONJUGATE

The conjugate of \ is denoted ).

Figure: The diagram of 4433211, the conjugate of 7542
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Let A = My« -+ Ap be a partition (of n into p parts).
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PARTITION

Let A = My« -+ Ap be a partition (of n into p parts).
m length = [(\) = p = number of parts
msize=|\[=n=X\+X+ -+
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TRIANGULAR PARTITION

Given r,s € RT, we define the partition 7,5 as follows.
(1rs)j = |r—jr/s| for 1<j<|s]




TRIANGULAR PARTITION

Given r,s € RT, we define the partition 7,5 as follows.
(rrs)i = lr —jr/s] for 1<j<|s]

Figure: The diagram of 7,5 = 443211 forr = 5.5, s =7.5




TRIANGULAR PARTITION

A partition 7 = 747, - - - 7p is said to be triangular if there exist
r,s € R* such that

T = lr—jr/s] for 1<j<|s]
or equivalently, 7 = 75




TRIANGULAR PARTITION

A partition 7 = 747, - - - 7p is said to be triangular if there exist
r,s € R* such that

7= |r—jr/s| for 1<j<|s]

or equivalently, 7 = 75

(0,5)
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Figure: Ferrers diagram of the triangular partition 7542




TRIANGULAR PARTITION

If 7 = 71, we say that x/r +y/s = 11is a cutting line for 7.




TRIANGULAR PARTITION

If 7 = 71, we say that x/r +y/s = 11is a cutting line for 7.

(0,7)

(0,0)

Figure: The conjugate of a triangular partition is triangular. 7s = 7

6|



TRIANGULAR PARTITION

m A triangular partition admits a convex set of possible slopes
for its cutting lines.




TRIANGULAR PARTITION

m A triangular partition admits a convex set of possible slopes
for its cutting lines.
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STAIRCASE PARTITION

For M € N, the triangular partition M(M — 1)(M — 2) - - - 321 will be
referred to as a staircase partition.




STAIRCASE PARTITION

For M € N, the triangular partition M(M — 1)(M — 2) - - - 321 will be
referred to as a staircase partition.

(0,7)

Figure: A staircase partition




STAIRCASE PARTITION

m 7 =7, forsomer> o0 <= 7 is a staircase partition.




STAIRCASE PARTITION

m 7 = 7 fOr somer > 0 <= 7 is a staircase partition.
=t = G=r=jl = 5= 10 =Ilr=il=lr= G+

= T =T =r—jl - r—j-1=1




STAIRCASE PARTITION

m 7 = 7 fOr somer > 0 <= 7 is a staircase partition.
=t = G=r=jl = 5= 10 =Ilr=il=lr= G+

= T =T =r—jl - r—j-1=1

7=M(M—1)(M—2)---321 <= 7 is a staircase partition

T = TM+1,M+1 < 7'j:M+1_j:LM+1_jJ —
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ADDITION OF PARTITIONS

For partitions A = Mz -+ Ap and p = puqpip - - - ps with p > s, we
define addition part-wise as follows :

At =M+ )X+ p2) - (As + ps)(Ast1) - (Ap)
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ADDITION OF PARTITIONS

For partitions A = Mz -+ Ap and p = puqpip - - - ps with p > s, we
define addition part-wise as follows :

At =M+ )X+ p2) - (As + ps)(Ast1) - (Ap)

For example, 4321 + 421 = 8531.




ADDITION OF PARTITIONS

For partitions A = Mz -+ Ap and p = puqpip - - - ps with p > s, we
define addition part-wise as follows :

At =M+ )X+ p2) - (As + ps)(Ast1) - (Ap)

For example, 4321 + 421 = 8531.

+ =

B (A + ) = max{l(N), [(n)}
B A+ pf = [A] + [u]
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ADDITION OF TRIANGULAR PARTITIONS

+ =
[ ] [ ] [ [ 1]

642 + 421 = (10)63




ADDITION OF TRIANGULAR PARTITIONS

+ =
[ ] [ ] [ [ []

642 + 421 = (10)63
triangular + triangular = triangular




ADDITION OF TRIANGULAR PARTITIONS

+ =
[ ] [ ] [ [ []

642 + 421 = (10)63
triangular + triangular = triangular

654321 + 321 = 975321




ADDITION OF TRIANGULAR PARTITIONS

+

642 + 421 = (10)63
triangular + triangular = triangular

654321 + 321 = 975321
triangular + triangular = not triangular



ADDITION OF TRIANGULAR PARTITIONS

The Question. For triangular partitions A and p, whenis A+ p a
triangular partition?
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WIDE AND TALL

A triangular partition is said to be wide if it admits a cutting line
X/r+y/s=1withr>s
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A triangular partition is said to be wide if it admits a cutting line
x/r+y/s =1withr > s. Itis said to be tall if it admits a cutting
linex/r' +y/s' =1withr <s'.




WIDE AND TALL

A triangular partition is said to be wide if it admits a cutting line
x/r+y/s =1withr > s. Itis said to be tall if it admits a cutting
linex/r' +y/s' =1withr <s'.

Figure: wide




WIDE AND TALL

A triangular partition is said to be wide if it admits a cutting line
x/r+y/s =1withr > s. Itis said to be tall if it admits a cutting
linex/r' +y/s' =1withr <s'.

Figure: wide

Figure: tall




m Every triangular partition which is not wide must be tall.



m Every triangular partition which is not wide must be tall.

y

X . . .
FJrg:1 is a cutting line = r=s



m Every triangular partition which is not wide must be tall.

X . -
F+%:1 is a cutting line = r=s

X y . - .

-+ =1 is also a cutting line for ¢ tiny enough.

r s+e

= Trs = Tr(s+¢)






Let p € Nand let 7 = 77, - - - 7p be a triangular partition. Then,

m 7 iswide if and only if thereisnoi e {1,...,p — 1} such that
T" = T,’+1.

m 7 is tall if and only if 7/ is wide.

m 7 is wide and tall if and only if it is a staircase partition.




AND ITS PROOF




AND ITS PROOF

m 7 iswide if and only if thereisnoi € {1,...,p — 1} such that
Ti = Tita-

i+1




AND ITS PROOF

m 7istall if and only if 7 is wide.
Trs = Tsr
m 7 is wide and tall if and only if it is a staircase partition.
7 iswideandtall <= 7 =174 = 7gp With a>b & d < b’

< 7 =1, fOrsome r >0




AND ITS PROOF

m 7istall if and only if 7 is wide.
Trs = Tsr
m 7 is wide and tall if and only if it is a staircase partition.
7 iswideandtall <= 7 =174 = 7gp With a>b & d < b’

< 7 =1, fOrsome r >0

7 =71+ fOorsome r >0 <= 7 is a staircase partition
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THE PROVEN LEMMA

Let p € Nand let 7 = 77, - - - 7p be a triangular partition. Then,

m 7 iswide if and only if thereisnoi e {1,...,p — 1} such that
T" = T,’+1.

m 7 is tall if and only if 7/ is wide.

m 7 is wide and tall if and only if it is a staircase partition.
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Let A be a set, called the alphabet. A word over A is defined as a
finite sequence w = w,w; . .. w;, of elements of A, which are
called letters.
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Let A be a set, called the alphabet. A word over A is defined as a
finite sequence w = w,w; . .. w;, of elements of A, which are
called letters.
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Ifu=uqU,...up Vv=wV,...Vs € A*, we define concatenation as

u.V:uV:U1U2...UkV1V2...V5




WORDS

Let A be a set, called the alphabet. A word over A is defined as a
finite sequence w = w,w; . .. w;, of elements of A, which are
called letters.

A* = {words over an alphabet A}
Ifu=uqU,...up Vv=wV,...Vs € A*, we define concatenation as

u.V:uV:U1U2...UkV1V2...V5

= A" is a monoid, in fact the free monoid on A



WORDS

Letw = waw, ... w, € A%,
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m length = |w| = k = number of letters in w
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Letw = waw, ... w, € A%,
m length = |w| = k = number of letters in w

m Aword v € A* is said to be a factor of w if there exist
u,x € A* such that w = uvx.




WORDS

Letw = waw, ... w, € A%,
m length = |w| = k = number of letters in w

m Aword v € A* is said to be a factor of w if there exist
u,x € A* such that w = uvx.

m For b € A, |w|, = number of letters in w which are b




BALANCED WORDS

A={o0,1}
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A={o0,1}

W =1010 |w|=5,|w}; =3, Wl =2
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BALANCED WORDS

A={o0,1}

W =1010 |w|=5,|w}; =3, Wl =2

If uis a factor of w,
mu=2 = |ujye{1,2}
m|U=3= |uhp=2




BALANCED WORDS

A={o0,1}

W =10110 |w|=75,|w|, =3,|w|p =2

If uis a factor of w,
mju =2 = |use{1,2}
mu=3= [u)=2
WUl =4 = |ul;€{2,3}




BALANCED WORDS

A={o0,1}

W =10110 |w|=75,|w|, =3,|w|p =2

If u is a factor of w,
m|u=2 = |ue{1,2}
mu=3= |[us1=2
WUl =4 = |ul;€{2,3}

A word w = wyw;, . .. Wy is said to be balanced if for any two
factors u, v of w of the same length, ||u|; — |v]1| <1.
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QuUASI-BALANCED WORDS

A word w = wyw, ... Wy is said to be quasi-balanced if at least
one of the following holds :

m wis balanced
B w, =0and w = w,ws...w is balanced
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A word w = wyw, ... Wy is said to be quasi-balanced if at least
one of the following holds :

m wis balanced
B w, =0and w = w,ws...w is balanced

OB, = {quasi-balanced words w with |w|, # 0}




QuUASI-BALANCED WORDS

A word w = wyw, ... Wy is said to be quasi-balanced if at least
one of the following holds :

m wis balanced
B w, =0and w = w,ws...w is balanced

OB, = {quasi-balanced words w with |w|, # 0}

111...111 ~ 000...000




THE SET OF STEPS

Let 7 = 747, - - - 7p be a triangular partition.
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Let 7 = 747, - - - 7p be a triangular partition.

Iifp>2 S, = {Tp—‘l — TpsTp—2 — Tp—1,---T2 — 73,1 — T2}




THE SET OF STEPS

Let 7 = 747, - - - 7p be a triangular partition.

Iifp>2 S, = {Tp—‘l — TpsTp—2 — Tp—1,---T2 — 73,1 — T2}
Ifp=1, S,={n}




THE SET OF STEPS

Let 7 = 747, - - - 7p be a triangular partition.

Iifp>2 S, = {Tp—‘l — TpsTp—2 — Tp—1,---T2 — 73,1 — T2}

Ifp=1, S, ={n}

Figure: 7 = (10)875431




THE SET OF STEPS

Let 7 = 747, - - - 7p be a triangular partition.

Iifp>2 S, = {Tp—‘l — TpsTp—2 — Tp—1,---,T2 — 73,71 — T2}

Ifp=1, S, ={n}

S’T - {172}

Figure: 7 = (10)875431




THE SET OF STEPS

Figure: \ = 544332211




THE SET OF STEPS

[}
Sy =1{0,1} HEE

Figure: \ = 544332211




THE SET OF STEPS

Su=1{1}




ANOTHER LEMMA

Let 7 = 747, - - - 7 be a wide triangular partition. Then, there
exists m € N such that 7, < m+ 1and either S; = {m} or
S;={mm+1}.




ANOTHER LEMMA

Let 7 = 747, - - - 7 be a wide triangular partition. Then, there
exists m € N such that 7, < m+ 1and either S; = {m} or
S;={mm+1}.

Proof. Ifp=1, S, ={nn} = m=n




ANOTHER LEMMA

Let 7 = 747, - - - 7 be a wide triangular partition. Then, there
exists m € N such that 7, < m+ 1and either S; = {m} or
S;={mm+1}.

Proof. Ifp=1, S, ={rn} = m=n
T =T = 7= |r—ir/s]
Xx—1<[x] <x forxeR
Ty — Tiga = |F—ir/s] — [r— (i +1)r/s|
r—ir/s—1—(r—(i+0r/s) < rj—7j <r—ir/s—(r—(i+1)r/s—1)
— 78— = — g = SR

= |S;/] <2




ANOTHER LEMMA




ANOTHER LEMMA

Va=(1-1/r)s < p+1 = 1-1/r < p/s+1/s = 1—-p/s < 1/r+1/s
p<Xi=(1—-p/s)r = 1p<(/r+1/s)r=1+r/s<m+2

= 1 <Mm+1




THE LEMMA AND ITS TWIN

The Lemma Let 7 = 747 - - - 7, be a wide triangular partition.
Then, there exists m € N such that 7, < m+ 1and
eitherS. = {m}orS, = {m m—+1}.




THE LEMMA AND ITS TWIN

The Lemma Let 7 = 747 - - - 7, be a wide triangular partition.
Then, there exists m € N such that 7, < m+ 1and
eitherS. = {m}orS, = {m m—+1}.

Its Twin Let 7 = 747> ... 7 be a tall triangular partition which
is not a staircase. Then, 7, = 1and either S, = {0}
orS, ={0,1}.




THE CHARACTERIZATION

Let 7 = 747, - - - 7p be a triangular partition.
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THE CHARACTERIZATION

Let 7 = 747, - - - 7p be a triangular partition.
o x+(T) =1

. xal(r) = m ifS; ={m,m+1}orS, ={m}and x4(7) >m
T A m o1 ifs, = {m}and ya(r) < m — 1




THE CHARACTERIZATION

Let 7 = 747, - - - 7p be a triangular partition.
o x+(T) =1

. xal(r) = m ifS; ={m,m+1}orS, ={m}and x4(7) >m
T A m o1 ifs, = {m}and ya(r) < m — 1

.X3(T) :W1W2...Wp
For ic{2,...,p}, Wj=1 < Tp_jjq — Tp_jy> = x2(7) +1

W, =1 <— Tp:X2(T)+1



THE CHARACTERIZATION

S;={1,2}
xalr) =1 EEEEN
x2(T) =1 EEEEEEE
HEEEEEEEN
x3(7) = 0100101 L [ [ [ L[ ]]

Figure: 7 = (10)875431




THE CHARACTERIZATION

Sy ={0,1}
A) =1 T
o noe
A)=0
%) T
x3(\) = 101010101 HEER

Figure: \ = 544332211




THE CHARACTERIZATION

Su={1}
xa(p) =1
Xa2(1t)
x3(1)

I
-

00000




THE THEOREMS

The map x = (x4, x2, x3) IS @ bijection between the set of wide
triangular partitions and the set

{(éo,é/w) e Nx N x QBO [024—‘—1 |fW1 =1, ZOZZIfW:OO, éo SfotherWIse}.




THE THEOREMS

The map x = (x4, x2, x3) IS @ bijection between the set of wide
triangular partitions and the set

{(éo,é/w) e Nx N x QBO [024—‘—1 |fW1 =1, ZOZZIfW:OO, éo SfotherWIse}.

The map x = (x1, X2, x3) Is a bijection between the set of tall
triangular partitions which are not staircases and the set

{(1,o,w) :w e QBo & wy =1}




AN EFFORT



The Question. For triangular partitions A and p, whenis A + u a
triangular partition?



THE METHOD




THE METHOD

O+ 1) xa(A + ), xa(A + ) ?
[(A) = (p) or l(A) > l(p)

Sain?

4321 + 421 = 8531
For1 <i<I(p)—1,
A+ w)i = A+ 1)ign =X+ 1 = Aigq — i
= (A = Aipa) + (1 — Biga)




THE METHOD

A+ )i = A+ p)iga =X+ pi =

4321+ 421 = 8531

For 1 <i<lI(u)—1,

Aipr = Higa

= (A = M) + (1 — Hiyq)
(A + 1)1y — A+ 1)1y

= (Migu) = M(uy+1) + Higw)
= (M) — Migy+1) +1 (1)

For l(p)+1<j<I(\) —n1,

A+ )i = A+ i =N = A




THE METHOD

4321 + 421 = 8531

XA+ 1) = A+ )iy = Aoy + iy

Xa(A) +xa(p)  TFUA) = [(p)
xa(A) ifU(A) > ()




DEMONSTRATION |




DEMONSTRATION |

m Let )\ be a wide triangular partition and . be a partition with

[(\) > (p). If X+ pis triangular, then A + 4 is a wide

triangular partition.

o () = (). Sx={m}, .5 = {n}, xa(A) = m, xa(p) = n

+

642 + 432 = (10)74



DEMONSTRATION |

o l(N) = (1), Sx =1{m}, S, = {n}, xa(A) > m, x1(u) > n

+ =
| ] | [ | ]
642 + 432 = (10)74
Satp ={m+n}, xa(A+p) = xa(A) +xa(pw) = m+n
Xo(A+p)=m+n

1000...000 if x4(A\)=m & xq(p) =n+1 or
x3(A+p) = Xi(A) =m+1 & xa(u) =n
0000...000 if x4(A\)=m & x4(p) =n



DEMONSTRATION |

o () = (), Sx={m}, Sy = {n}, xa(A) = m, xa(u) >

Satn ={mM+n} xa(A+p) = xa(A) + xa(p) 2 m+n
X2(A+p)=m+n

1000...000 if y4(A)=m & x4(u)=n+1 or
n

x3(A+p) = Xa(A) =m+1 & xa(p) =
0000...000 if x4(A\)=m & x4(p) =n

A Bad Case

x1(A) =m—+1 & x4(u) = n+ 1would imply that
xiA+p)=m+n+2£<m+n+1.




DEMONSTRATION |

o () =), Sx={m}, S, = {n}, xa(A) = m, xa(u) >

(m+n+1, m+n, 1000...000)
(m+n, m+n, 0000...000)




DEMONSTRATION |

o () =), Sx={m}, S, = {n}, xa(A) = m, xa(u) >

(Mm+n+1, m+n, 1000...000)

|
B (Mm+n, m+n, 0000...000)

{(lo,6,w) ENXNxX OBq : bo =L+ 1ifwy; =1, lo =Lifw=0...0; {, </ otherwise}.




DEMONSTRATION I




DEMONSTRATION I

o [(A) = l(n), Sx={m}, Spu={n,n+1}, xa(A) = m

+ =
[ ] | [ [ ]

753 + 431 = (11)84
Sxrp={m+nm+n+1}, xa(A 1) = xa(A) + xa(p) > m+ x1(p)
Xa(A+p)=m+n

alp) () =m
3(A+p) = 1xexs(n) ifxa(A)=m+1 & xq(p)=n
X3(M) ifX1()\):m+‘| & X1(/~L)§n—1




DEMONSTRATION I

o l(N) = (), Sy = {m}, S, = {n,n+1}, xa(N) = m

Satp={mM+n,m+n+1}, x2(A+p) = xa(A) +xa(p) = m+x1(p)

Xa(A+p)=m+n

x3(1) if xa(\) =m
xs(A+p) = q1xexs(pn) ifxa(A) =m+1 & xa(p) =n
x3(1) if xa(A) =m+1 & xa(p) <n—1

Still A Bad Case

x1(A\) =m+1 & x;(n) = n+ 1 would imply that
xiA+p)=m+n+2£<m+n+1.




DEMONSTRATION I

o () = (i), Sx={m}, S, = {n,n+1}, xa(A) = m

m (M +xa(p) ,m+n,x3(n)
B(m+n+1,m+n, 1xexz(u))
m(<m+n,m+n,xs(u)




DEMONSTRATION I

o [(A) =U(p); Sx={m}, Sy = {n,n+1}, xa(A) = m

m (M +xa(p) ,m+n,x3(n)
B(m+n+1,m+n, 1xexz(u))
m(<m+n,m+n,xs(u)

A word w = w,w, ... Wy, is said to be quasi-balanced if at least
one of the following holds :

m wis balanced
m w, =0and w = w,ws...w is balanced



DEMONSTRATION I

o [(A) = l(n), Sx={m}, Sy ={n,n+1}, xa(A) = m

B (M +xa(p) ,m+n, x3(pn))
B (m+n+1,m+n, 1xex;3(n)
m(Sm+n,m+n,xs(u)

A Problem. Can we characterize all balanced words w for which
1w is a balanced word?




OPERATIONS ON WORDS




OPERATIONS ON WORDS

m For words u = uyU,...up and v =v,v, ...V, we define the OR
addition as follows.

UDv=(uy+v)(uz+v2)...(ug+vg)

In particular, we have that 1iBo=0@1=1@P 1=1and
odo=o.




OPERATIONS ON WORDS

m For words u = uyU,...up and v =v,v, ...V, we define the OR
addition as follows.

UDv=(uy+v)(uz+v2)...(ug+vg)

In particular, we have that 1iBo=0@1=1@P 1=1and
odo=o.

m For words u = uqU; ... U and v = v, ... Vg, we define the
AND addition as follows.

uHH v = (uvh)(Uav2) . . . (Upvy)

In particular, we have that 1 Ho =0 1=0HHo=o0and

1H1=1.



DEMONSTRATION Il




DEMONSTRATION Il

o l(N) =1(n), Sx=1{0,1}, S, ={0,1}, 0440, 11

3221+ 3211 = 6432

Satn = {12}, xa(A 4 p) = x1(A) + xa(p) = 2

X2(A +p) =1
xa(A + 1) = x3(A) H xa(w)

Another Problem. Can we characterize all balanced words u and
v with u; = v, = 1 such that u HH v is a balanced word?




KATASTROPHE




THEOREM

Let A and p be wide triangular partitions with [(X\) > (),
Sy ={m}andS, = {n} form,n € N. Then, XA + p is a triangular
partition unless one of the following holds.

m(A) = () xa(A) =m+1 & xa(p) = n+1
ml(p)=1lN)—-l(p)>2 & n>2

. () > 2, ()~ (1) =1 & xal) <12
ml(p)>2,l(\)—l(p)=2 & n>2

m () 22, [(N)—l(p) =2,n=1 & xq(p) =2
m () >2 & ()~ [(4) >3




COROLLARY

m=n=1, xa(A) = xa(p) =1 = X & p are staircase partitions

Let A and p be staircase partitions with [(\) > [(u). Then A+ pis
a triangular partition unless l(x) > 2 & [(\) — |

(1) >




OPEN QUESTIONS SIDE A

B Can we characterize all balanced words w for which 1w is a
balanced word?

B Can we characterize all pairs of quasi-balanced words u and
v for which u D v is a quasi-balanced word?

B Can we characterize all pairs of balanced words u and v for
which u P v is a balanced word?

B Can we characterize all pairs of quasi-balanced words u and
v for which u FH v is a quasi-balanced word?



OPEN QUESTIONS SIDE B

B Can we characterize all pairs of balanced words u and v with
U, = v, = 1 such that u FH v is a balanced word?

B Can we characterize all pairs of a quasi-balanced word u and
a balanced word v with u, = 0 and v, = 1 for which u @D v is
a balanced word?

B Can we characterize all pairs of a quasi-balanced word u and
a balanced word v with v, = 1 for whichu HH v is a
quasi-balanced word?

B Can we characterize all balanced words w with |w| > 2 for
which ow is a balanced word?
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