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Just as the quality of a one-dimensional approximate Riemann solver is improved by the
inclusion of internal sub-structure, the quality of a multidimensional Riemann solver is
also similarly improved. Such multidimensional Riemann problems arise when multiple
states come together at the vertex of a mesh. The interaction of the resulting one-
dimensional Riemann problems gives rise to a strongly-interacting state. We wish to
endow this strongly-interacting state with physically-motivated sub-structure. The self-
similar formulation of Balsara [16] proves especially useful for this purpose. While that
work is based on a Galerkin projection, in this paper we present an analogous self-
similar formulation that is based on a different interpretation. In the present formulation,
we interpret the shock jumps at the boundary of the strongly-interacting state quite
literally. The enforcement of the shock jump conditions is done with a least squares
projection (Vides, Nkonga and Audit [67]). With that interpretation, we again show that
the multidimensional Riemann solver can be endowed with sub-structure. However, we
find that the most efficient implementation arises when we use a flux vector splitting and
a least squares projection. An alternative formulation that is based on the full characteristic
matrices is also presented. The multidimensional Riemann solvers that are demonstrated
here use one-dimensional HLLC Riemann solvers as building blocks.
Several stringent test problems drawn from hydrodynamics and MHD are presented
to show that the method works. Results from structured and unstructured meshes
demonstrate the versatility of our method. The reader is also invited to watch a
video introduction to multidimensional Riemann solvers on http://www.nd.edu/~dbalsara/
Numerical-PDE-Course.

© 2015 Elsevier Inc. All rights reserved.

* Corresponding author.

E-mail addresses: dbalsara@nd.edu (D.S. Balsara), jeaniffer.vides@rs2n.eu (J. Vides), kgurski@howard.edu (K. Gurski), boniface.nkonga@unice.fr
(B. Nkonga), michael.dumbser@ing.unitn.it (M. Dumbser), sgarain@nd.edu (S. Garain), edouard.audit@cea.fr (E. Audit).

http://dx.doi.org/10.1016/j.jcp.2015.10.013
0021-9991/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jcp.2015.10.013
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
http://www.nd.edu/~dbalsara/Numerical-PDE-Course
http://www.nd.edu/~dbalsara/Numerical-PDE-Course
mailto:dbalsara@nd.edu
mailto:jeaniffer.vides@rs2n.eu
mailto:kgurski@howard.edu
mailto:boniface.nkonga@unice.fr
mailto:michael.dumbser@ing.unitn.it
mailto:sgarain@nd.edu
mailto:edouard.audit@cea.fr
http://dx.doi.org/10.1016/j.jcp.2015.10.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2015.10.013&domain=pdf

D.S. Balsara et al. / Journal of Computational Physics 304 (2016) 138-161 139

1. Introduction

Riemann solvers play an important role in the numerical solution of hyperbolic systems of conservation laws. The one-
dimensional Riemann problem is a self-similar solution that results from a discontinuity between two constant states.
Multidimensional Riemann solvers have also been designed and we focus on a certain class of multidimensional Riemann
solvers here (Wendroff [68], Balsara [4,5,16], Balsara, Dumbser and Abgrall [15], Vides, Nkonga and Audit [67], Balsara and
Dumbser [17]). Such Riemann solvers are applied at the vertices of a two-dimensional mesh. Many states come together at
a vertex from different directions, making it possible to communicate the multidimensionality of the flow to the multidi-
mensional Riemann solver. At the vertex, the job of the multidimensional Riemann solver is to approximate the self-similar
multidimensional structure that emanates from the vertex. While self-similarity has not been used much in the design of
one-dimensional Riemann solvers, it is crucially important in the development of multidimensional Riemann solvers (Balsara
[16], Balsara and Dumbser [17]). This has prompted the name of MuSIC Riemann solvers, where MuSIC stands for “Mul-
tidimensional, Self-similar, strongly-Interacting, Consistent”. Such Riemann solvers are multidimensional; they draw on the
self-similarity of the problem; they focus on the strongly-interacting state that results when multiple one-dimensional Rie-
mann solvers interact; and the design relies on establishing consistency with the conservation law. MuSIC Riemann solvers
that rely on a Galerkin projection to obtain the self-similar variation in the strongly interacting state have been presented
(Balsara [16], Balsara and Dumbser [17]). An alternative projection method consists of least squares and Vides, Nkonga and
Audit [67] developed a multidimensional Riemann solver without sub-structure based on such a projection. The goal of this
paper is to show that least squares projection can also be used to design a MuSIC Riemann that retains sub-structure.

Several excellent one-dimensional Riemann solvers have been designed. There are exact Riemann solvers from Godunov
[41,42] and van Leer [66] and two-shock approximations thereof (Colella [27], Colella and Woodward [29]). See also the
work of Chorin [25]. The linearized Riemann solver by Roe [52] and the HLL/HLLE/HLLEM Riemann solvers (Harten, Lax
and van Leer [44], Einfeldt [34], Einfeldt et al. [35]) and the local Lax-Friedrichs (LLF) Riemann solver (Rusanov [56]) have
also seen frequent use. Toro, Spruce and Speares [62-64], Chakraborty and Toro [24] and Batten et al. [20] produced an
HLLC class of Riemann solvers which have become very popular. See also, Billett and Toro [21]. Osher and Solomon [51]
and Dumbser and Toro [33] presented approximate Riemann solvers based on path integral methods in phase space. In
Balsara [16] we showed that the principle of self-similarity can be used to advantage with the result that any of the
above-mentioned one-dimensional Riemann solvers can be used as a building block in the design of multidimensional
Riemann solvers by relying on a Galerkin projection. The present paper continues this line of inquiry by showing that a
least squares projection can also be used. The results are instantiated for the very popular HLLC class of Riemann solvers.

Magnetohydrodynamics (MHD) is an interesting example of a hyperbolic system with a more complex wave foliation.
One-dimensional linearized Riemann solvers for numerical MHD have been designed (Roe and Balsara [54], Cargo and Gal-
lice [23], Balsara [6]). HLLC Riemann solvers, capable of capturing mesh-aligned contact discontinuities, have been presented
by Gurski [43] and Li [47]. Miyoshi and Kusano [49] drew on Gurski’s work to design an HLLD Riemann solver for MHD. It
is, therefore, interesting to show that MHD can also be accommodated within our formulation. MHD is a system with an
involution constraint, where the divergence of the magnetic field is always zero. Balsara and Spicer [7] showed that this
is assured within the context of a higher order Godunov scheme by using the upwinded fluxes at the edges of the mesh
to update the magnetic fields that are collocated at the faces of a mesh. Gardiner and Stone [38,39] have claimed that
the dissipation in those upwinded fluxes needs to be doubled all the time in order to stabilize the method. A substantial
body of work now exists to show that the suggestion of Gardiner and Stone is completely unnecessary when multidimen-
sional Riemann solvers are used to provide a properly upwinded electric field at the edges of the mesh (Balsara [5], Vides,
Nkonga and Audit [67], Balsara and Dumbser [18]). Indiscriminate doubling of the dissipation, as per Gardiner and Stone’s
suggestion, can indeed lead to excessive dissipation of the magnetic field in the direction that is transverse to the upwind
direction. The present paper reinforces that finding.

For the sake of completeness, and also for the sake of putting this work in context, we mention that there have been
prior efforts at designing multidimensional Riemann solvers. One strain of research consists of trying to build some level
of multidimensionality into one dimensional Riemann solvers (Colella [28], Saltzman [57], LeVeque [46]). Another line of
early effort tried to incorporate genuine multidimensionality and did not meet with much initial success (Roe [53], Rumsey,
van Leer and Roe [55]). Abgrall [1,2] made a big breakthrough by formulating a genuinely multidimensional Riemann solver
for CFD that worked. Further advances were also reported (Fey [36,37], Gilquin, Laurens and Rosier [40], Brio, Zakharian
and Webb [22], Lukacsova-Medvidova et al. [48]). Most of these above-mentioned genuinely multidimensional Riemann
solvers did not see much use because they were difficult to implement. Wendroff [68] formulated a two-dimensional HLL
Riemann solver, but his method was also not easy to implement. A video introduction to multidimensional Riemann solvers
is available on the following website: http://www.nd.edu/~dbalsara/Numerical-PDE-Course.

Balsara [4] devised a two-dimensional HLL Riemann solver with simple closed form expressions for the fluxes that were
easy to implement. In Balsara [5] it was shown that one can impart sub-structure to the HLL state, yielding a multidimen-
sional HLLC Riemann solver. Balsara, Dumbser and Abgrall [15] extended this formulation to accommodate unstructured
meshes. The previous three papers formulated the multidimensional Riemann problem by integrating the conservation law
over the extent of the wave model in space-time. In their study of the multidimensional Riemann problem, Schulz-Rinne,
Collins and Glaz [58] had shown that the one-dimensional Riemann problems interact amongst themselves to form a self-
similarly evolving strongly-interacting state. This strongly-interacting state emerges by propagating into the one-dimensional
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Fig. 1. Shows the states that come together at the vertex “O”. Any number of states are permitted to come together at the vertex. The dashed lines show
the zone boundaries. Note the labeling of the zone boundaries and the states. The unit vectors n; separate states U; and U;y;. The unit vectors t; are
orthogonal to n; and have a counterclockwise orientation. The 1D Riemann problem emanating from the boundary n; is also shown.

Riemann problems via an evolving boundary. We refer to this boundary as the boundary of the multidimensional wave
model because it contains the strongly-interacting state. The wave models in all the multidimensional Riemann solvers in-
corporate this self-similarity. But there is a deeper way in which self-similarity can be used, as shown in the next paragraph.

The self-similarly evolving strongly-interacting state is an inevitable consequence of wavefronts propagating into the
one-dimensional Riemann problems. Seizing on this insight, Balsara [16] presented a self-similar formulation of the multi-
dimensional Riemann problem. Balsara and Dumbser [17] extended these ideas to unstructured meshes. In the first of those
two papers, a Galerkin projection method was devised which had the pleasant consequence of deriving most of its informa-
tion about the sub-structure in the strongly interacting state via boundary integrals applied to the self-similarly expanding
multidimensional wave model. In that fashion, the Galerkin projection method picks up on the physical idea that Lagrangian
fluxes carry mass, momentum and energy through the moving boundary of the multidimensional wave model. That is, the
mathematical formulation reproduces the physics of the problem. The correspondence between the space-time formulation
of the multidimensional Riemann problem and the analogous formulation in similarity variables has also been shown in
Balsara [16].

An alternative viewpoint was presented by Vides, Nkonga and Audit [67] with a least squares projection method that also
required the balancing of Lagrangian fluxes across the moving boundary of the multidimensional wave model. This can be
viewed as a way to enforce shock jumps across the boundaries of the wave model. (Because of the least squares procedure,
the enforcement of shock jumps is never quite exact. Instead it should be viewed as an approximate imposition of shock
jumps. However, the integration that takes place in a Galerkin projection can also be viewed as an approximation process.)
The resulting multidimensional Riemann solver by Vides, Nkonga and Audit [67] was an HLL-type Riemann solver and did
not retain sub-structure. In this paper we show how the least squares projection can also be used to endow substructure
to the multidimensional Riemann problem. Thus by having two complementary viewpoints for designing MuSIC Riemann
solvers with sub-structure, via Galerkin projection and via least squares projection, we have a better perspective on the
design of multidimensional Riemann solvers.

Section 2 sets up the problem and provides details associated with the construction of the multidimensional wave
model. Section 3 provides details about the least squares projection and how it works within the context of a self-similar
formulation where shock jumps are explicitly enforced at the boundaries of the wave model. Section 4 presents accuracy
analysis and Section 5 presents several stringent test problems. Section 6 presents our conclusions. Proofs of the least
squares projection have been catalogued in Appendices A and B.

2. Problem setup and construction of the multidimensional wave model

Consider a hyperbolic conservation law in two dimensions, U + 9xF + 9,G = 0, where U is an N-component vector
of conserved variables and F and G are the fluxes in the x- and y-directions. At any one-dimensional boundary between
zones, a one-dimensional Riemann problem is likely to arise. Fig. 1 shows such a one-dimensional boundary along with a
one-dimensional Riemann problem that develops between states U; and U;. At any vertex of the mesh, where the multiple
zones come together, the one-dimensional Riemann problems will interact strongly amongst themselves. Fig. 1 displays
such a vertex where five states, Uy to Us, come together at the vertex O. We do not show the other one-dimensional
Riemann problems in Fig. 1 just to keep it uncluttered. However, Fig. 1 does establish the fact that there is a unit vector
nj = n1,X+nqyy that runs parallel to the interface between states U; and U;. The unit vector that runs perpendicular to ny,
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Fig. 2. Shows a minimalist wave model in the subsonic case, as originally proposed by Wendroff. The thick solid lines show shocks, the thick dotted lines
show the contacts in the 1D Riemann problems. The vertices of the wave model are formed by the interaction of shocks from contiguous zone boundaries.
The ith vertex is formed by the intersection of extremal shocks coming from the ith and (i — 1)th zone boundaries.

and does so in the counter-clockwise direction, is denoted by t; = —nqy,X+4n1,y. The extremal speeds of the one-dimensional
Riemann problem in the t; direction are then denoted by S;; and S:q. The thick dotted line in Fig. 1 is intended to show
a contact discontinuity that develops in a one-dimensional HLLC Riemann solver. The contact discontinuity separates two
post-shock states which we denote as Uj~ and Uj*. Associated with the state U}~ we have the fluxes F;~ and G} .
Similarly, associated with the state U’lk+ we also have the fluxes FT* and G’f*. While Fig. 1 only shows five incoming states
at the vertex of a mesh, the notation extends naturally to any number of states. Thus our method generally allows for a set
of states {U; :i=1,..., Imax} coming together at a vertex. The natural ordering of the states is taken to be counterclockwise.
These states are cyclically numbered so that U; 1 is identical to U; when i = I a. For the sake of simplicity, we substantiate
the method by showing the schematic diagram of an HLLC Riemann solver in Fig. 1, but any one-dimensional Riemann solver
can be used.

When the one-dimensional Riemann problems interact with each other at the vertex O in Fig. 1, the interaction produces
a strongly-interacting state (Schulz-Rinne et al. [58]). By this point in time, several authors (Wendroff [68], Balsara [4,5,16],
Balsara, Dumbser and Abgrall [15], Vides, Nkonga and Audit [67], Balsara and Dumbser [17]) have understood that the
region of strong interaction holds the key to the design of a multidimensional Riemann solver. Conceptually, it helps to
identify the extent of the region of strong interaction as much as possible. Thus we say that the region of strong interaction
is bounded by the multidimensional wave model, in quite the same way that a one-dimensional Riemann problem is
bounded by a one-dimensional wave model. Identification of the multidimensional wave model is usually done on the basis
of entropy enforcement. In other words, the strongly interacting state should at least be large enough to contain each of the
contributing one-dimensional Riemann problems. There are multiple ways of achieving this goal even on an unstructured
mesh (Balsara, Dumbser and Abgrall [15], Vides, Nkonga and Audit [67], Balsara and Dumbser [17]). In Fig. 2, which is drawn
from Balsara and Dumbser [17], we show one possible way of building the multidimensional wave model. Notice that the
wave model does track the principal directions of the mesh. However, as the angular resolution of the mesh around a vertex
becomes enriched, the wave model tends more closely to a Monge cone. This is how the wave model makes connection to
the physics of the problem.

Focus on the pentagonal wave model shown in Fig. 2. Pictorially, it is easy to see how it has been formed from the
contributing one-dimensional Riemann problems. The pentagon is defined by a specification of its vertices. Each vertex
is formed by the intersection of the extremal waves emanating from adjacent zone boundaries. Focusing on the second
vertex in Fig. 2, it is formed by the interaction of the shock that emanates from the first zone boundary with speed S;;
in the ty direction and the shock that emanates from the second zone boundary with speed S in the t direction. It is,

therefore, easy to see that the second vertex P; = (&, 1[/2) in Fig. 2 is nothing but the intersection point of the two lines
—n1y§ + Y = S+1 and —nzyé + oY = S+ A similar exercise yields all the vertices, P1 to Ps, of the pentagon shown
in Fig. 2. Notice that the boundary of the multidimensional wave model is measured in units of speed because each of
its vertices is formed by the intersection of two one-dimensional waves that are characterized by their speed. It is easy
to see that when five states come together at a vertex the result will almost always be a convex pentagon. (Though we
will discuss some exception cases shortly.) When “I.” states come together at a vertex, the wave model will usually be a
convex polygon with “Iya” sides.

Once the vertices of the pentagon are obtained, we can easily produce additional information about the wave model
that is very useful for efficient computation. Fig. 2 does not only show the extremal waves of the one-dimensional Riemann
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Fig. 3. Shows the speeds S1 to S5 associated with the five faces of the multidimensional wave model.

problems. The dotted lines also show the contact discontinuities in the one-dimensional HLLC Riemann solvers. The inter-
section of each one-dimensional contact discontinuity with the associated face of the multidimensional wave model enables
us to identify the points C; to Cs. Notice now that the segment P1C; on the boundary of our multidimensional wave model
in Fig. 2 corresponds to the constant state U]~ in Fig. 1. Likewise, the segment C;P; in Fig. 2 corresponds to the constant
state U’lk+ in Fig. 1. Since the strategy that is presented in this paper relies on a discrete imposition of shock jumps at the
boundary of the multidimensional wave model, the midpoints of segments P;C; and C1P, also provide us with favorable
locations where those shock jumps can be imposed. (It is also possible to envision a more elaborate quadrature, like Gauss—
Lobatto, with more quadrature points along each of these segments; but for now we use the simplest midpoint rule.) If the
one-dimensional Riemann problems have a more complicated wave foliation, those waves can also be identified by their
intersection with the appropriate faces of the multidimensional wave model. In that case, a larger number of segments
would have to be identified in each face of the multidimensional wave model.

One of the better aspects of a multidimensional Riemann solver is that the solution that it produces has to be sensitive
to the underlying geometry of the mesh. As a result, in each face of the multidimensional wave model it also helps to build
and store a little bit of additional geometric information. Notice, therefore, from Fig. 2 that at each face we also build a
unit outward pointing normal and a unit tangent that has a counterclockwise orientation. For the face PP, in Fig. 2, for
instance, those unit vectors are shown as 1, = n1xX+ 11,y and 71 = —n1yX+ n1xy respectively. These unit vectors will also
be very useful in writing down the jump conditions.

When enforcing shock jump conditions at the outer boundaries of our multidimensional wave model, it is very important
to know the speed with which the shock front is moving. Notice, therefore, that the construction in Figs. 1 and 2 provides
the vertices of the multidimensional wave model. Recall that these vertices have units of speed. We refer to each of the
flat polygonal faces in Fig. 2 as the wavefronts of the multidimensional wave model. Since we wish to enforce shock
jumps later on, we identify the speeds with which these wavefronts are moving relative to the origin. Realize that this
speed is measured with respect to the unit normal to the wavefront, as shown in Fig. 3. Now that we explicitly have the
components of these unit normals, we can find the speeds in Fig. 3. For example, the speed Sy in Fig. 3 is explicitly given
by S1=0.5[n1x(&1 + &) + N1y (Y1 + ¥2)]. Le. the vector 0.5[(§1 + &)X + (Y1 + ¥2)y] corresponding to the mid-point of
segment PP, is projected in the direction of the unit outward pointing normal 5, at that face.

As shown in Balsara [16], the physical variables that lie within the multidimensional wave model are most easily en-
dowed with substructure by expanding those variables around the centroid of the wave model. Once the vertices of the
multidimensional wave model are found in Figs. 2 or 3, it is possible to find the centroid of the wave model. This is shown
by k in Fig. 4. It also helps to shift all the coordinates of the vertices of the multidimensional wave model to a frame of
reference that is centered around k. This is just a coordinate translation from O to x in Fig. 4. For more details on find-
ing the centroid via an automated procedure, please see Balsara and Dumbser [17]. This shifted coordinate system is also
shown in Fig. 4, along with the shifted vertices of the wave model. In the shifted coordinate system we let P; = (&, ¥;)
be the starting coordinates of the ith face of our wave model and let Pj 1 = (§i+1, ¥i+1) be the ending coordinate of the
same side. If the subscript “i + 1” exceeds the number of sides “Iax”, it is cyclically remapped to “1”. The points C; are
also shifted so that C;j = (&ci, ¥¢i) gives us the intersection point of the ith side of the multidimensional wave model with
the contact discontinuity from the ith one-dimensional Riemann problem. The lengths [; for each of the sides of the wave
model are also shown in Fig. 4. For Fig. 4, each of those lengths can also be split up into lengths that correspond to the
sub-segments that constitute the wavefront. For example, for the segment P;P;, we can also keep track of the lengths of
the sub-segments P1C; and CiP;, which we denote as [pic1 and Ic1p2. The mathematical motivation for using a shifted
coordinate system will become clearer Section 3.
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Fig. 4. Shows the centroid of the multidimensional wave model. The big dot shows the centroid «. The coordinates (x, y) are measured relative to the
centroid k. The lengths of the sides of the multidimensional wave model are also shown and are used in our method to weight the shock jump conditions.

Fig. 5. shows a situation where the wave model construction described in Section 2 produces a non-convex wave model (thick black lines). It is important
to ensure that the polygon that bounds the wave model is convex. This is achieved by picking a slightly larger wave model (thick grey lines).

The wave model construction described here is inspired by the original one from Wendroff [68]. However, we point out
that under certain circumstances it can result in a non-convex polygon for our wave model. This is likely to happen when
the extremal speeds from the one-dimensional wave model vary greatly from one zone boundary to another. An example
of such a situation is shown in Fig. 5 where the thick solid black lines correspond to the wave model that is constructed
according to the previously-described construction. When such a situation arises, we revert to the wave model in Balsara [5]
or Balsara, Dumbser and Abgrall [15], which is always guaranteed to produce a convex wave model. This is shown by the
thick grey lines in Fig. 5. As we will see in the next section, a convex wave model is essential for ensuring that the rest of
the formulation can be defined. It is important to realize that the solid black wave model in Fig. 5 arises in situations where
the flow is very non-uniform and in such situations, the larger grey-colored wave model in Fig. 5 may even be desirable
because it slightly increases dissipation. When the flow is even somewhat uniform, both wave models have comparable sizes
and produce comparable amounts of dissipation. If the application developer plans to develop only one multidimensional
wave model, we would suggest using the one that is persistently convex.

In this section we have described the construction of the multidimensional wave model in the subsonic case. This is the
case that occurs most often and is shown in Figs. 2, 3, and 4. We say that the wave model is subsonic because it overlies
the origin O in Fig. 2. It can even turn out that for certain types of moderately supersonic flow, the multidimensional wave
model is, nevertheless, subsonic. However, for certain types of strongly supersonic flows, the multidimensional wave model
can become supersonic. In that case, it will not overlie the origin O. In that case the situation becomes very simple because
the numerical fluxes that correspond to the point O have to be obtained from the appropriate part of the one-dimensional
Riemann problem that overlies the origin O. A constructive process for obtaining the numerical fluxes in the supersonic case
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is described in Balsara [16], Vides, Nkonga and Audit [67] and Balsara and Dumbser [17]. The last reference is especially
relevant for unstructured meshes. This completes our description of the multidimensional wave model.

3. Formulation of the multidimensional Riemann problem in least-squares sense
3.1. Formulation in similarity variables

The strongly interacting state evolves self-similarly, leading to a self-similar formulation (Balsara [16], Balsara and Dumb-
ser [17]). As shown in Fig. 2, in the subsonic case, it overlies the vertex of the mesh and will contribute to the numerical
fluxes at that vertex. This is the situation that occurs most frequently in most applications and we refer to it as the sub-
sonic case for the multidimensional Riemann solver. The majority of attention is lavished upon the subsonic case when
designing multidimensional Riemann solvers. To bring the self-similarity to the forefront, let us pick similarity variables in
two-dimensions. They are

~ X ~ y
= -, = — 1

E=T 0 U=7 (1)
Notice that (£, v) have units of speed; mnemonically, they correspond most closely to (x, y). Specifying (£, ) picks out a

characteristic line in two space dimensions and one time dimension. In self-similar variables we have

Uk y,0)=U0¢,¥);  Fxy,0=FE¥);  Gxy,0=6GE V) (2)
The conservation law has N-components and is written in two dimensions as

E + ﬁ + % =0 (3)

ot dx dy

In similarity variables, the above equation becomes
JF—E0) 3G—yU -
( ~E )Jr ( ~w )+2U:O )
9§ oy

The above equation shows us that even in multiple dimensions, enforcing a shock jump is tantamount to enforcing the
continuity of the Lagrangian fluxes across the surface of the discontinuity. In that sense, there is a fundamental connection
between the formulation developed here and the formulation in Balsara [16] and Balsara and Dumbser [17].

It is a simple problem in computational geometry to find the centroid of the wave model in Fig. 4; we denote it by
Kk = (&, ¥¢). For the sake of convenience, we make the transformation of variables

Efé—gc; 1//51/7—%% (5)
We call (¢, ¢) the shifted variables because they have been shifted by a velocity (€c, ) relative to the unshifted variables
(&, ¥). The coordinates of the pentagon P1P,P3P4P5 shown in Fig. 4 are the shifted coordinates; please compare Fig. 4 to
Fig. 2 to appreciate the difference. A convex wave model is essential to this formulation because it ensures that the centroid
k lies within the wave model. Following Balsara [16] we find it very beneficial to expand the states and fluxes in the shifted,

self-similar coordinates. We now expand the strongly-interacting state in the shifted similarity variables. (From here on, we
will refer to the shifted similarity variables as just the similarity variables, unless further specification is needed.)

UG, v)=U0+Ugg +Uyy (6)

The fluxes can be represented via similarity variables in three alternative ways. The x-flux can be written in similarity
variables as

F(§,v) =F+Fe& +Fyy (7a)
As an alternative, we can make a further linearization around U and write the x-flux in self-similarity variables as

g o _ .- 9FU

F(5,y) =F0) +A(U(, ¥) —U) withA= % (7b)

We can also, alternatively, use a Zha-Bilgen [70] type flux vector splitting to write (here P is the pressure obtained from
the state U)

Fg,¥) = vx(U 4 UeE +Uy ) + (0, P, 0,0, 7, P)"
_ _ _ _ 1 - _ _ _
where 7 = (U)2/(U); and P = (y — 1)[(U>5 - 5((U)% + (U3 + (U)i)/wh] (7¢)

The above flux vector splitting is specific to the Euler equations with y as the polytropic index. Here (U)1 is the density;
(U)2, (U)s and (U)4 are the x-, y- and z-momentum densities; and (U)s is the energy density. For Euler flow such flux
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vector splittings are known to work well. For MHD, we use this paper as an opportunity to explore whether such a flux
vector splitting might work successfully. Analogously to the x-flux, the y-flux can be written in similarity variables as

GE V) =G+G:E +Gyy (8a)
Alternatively, we can make a further linearization and write the y-flux in self-similarity variables as

s o _ - 9G(U

G, ¥)=GU) +B(UE, v) —U) withB= % (8b)

We can also, alternatively, use a Zha-Bilgen [70] type flux vector splitting to write (here P is again the pressure obtained
from the state U)

G(&, ) = Vy(U+Ug& + Uy ) + (0,0, P,0,7,P)"  where vy, = (0)3/(U); (8¢c)

Egs. (7c) and (8c) are specific to the Euler equations, but they could perhaps be generalized to other systems. Notice that
egs. (7b) and (8b) have different import from eqs. (7a) and (8a). The same is true for eqs. (7c) and (8c). We will see
in the next subsection that eqs. (7a) and (8a) result in a certain kind of formulation for the multidimensional Riemann
problem. Egs. (7b) and (8b) result in a slightly different kind of formulation. Egs. (7¢) and (8c), however, yield the simplest
formulation.

The state U in eq. (6) can be obtained by integrating the fluxes over the boundaries of the wave model, as shown
in Wendroff [68], Balsara [4,5,16] and Vides, Nkonga and Audit [67]. The other terms in eqs. (6) to (8) can be obtained in
several different ways. One very prominent way is via Galerkin projection as shown in Balsara [16] and Balsara and Dumbser
[17]. Another approach from Vides, Nkonga and Audit [67] is to directly impose the shock jump condition at the boundary
of the wave model. So far, the latter approach has only been made to yield a constant strongly interacting state. In this
paper we draw on the self-similar formulation of Balsara [16] to show that shock jumps can be imposed while retaining
additional sub-structure in the strongly-interacting state.

The philosophy that is specific to this paper is that we should take the boundary of the strongly-interacting state quite
literally. In that case, one-dimensional shock-jumps are to be enforced normal to each planar wavefront that bounds the
multidimensional wave model. Since each flat boundary of the wave model in Fig. 4 has two states associated with it when
a one-dimensional HLLC Riemann solver is used, we will usually have two such shock jumps at each wavefront. If a larger
wave model is used as shown in Fig. 5 then, of course, one will have more shock jumps within each wavefront. Let the area
of the wave model in Fig. 4 be denoted by Q2 and let its boundary be denoted by 9<2. Realize that this boundary is made
up of Inax individual flat panels which we refer to as wavefronts. The shock jump at any point (£, ¥) on the ith panel of
the wave model can be written as

NixFE—, ) +niyGE—, ) — SiUG—, ¥—) = nisF" (€1, ¥p) + iy G 4, ¥4 — SiU* (64, Y1) (9)

The fluxes F(,_, v_) and G(é_, ¢ _) and state U(é_, ¢_) pertain to a location that is just inside the wave model while the
fluxes F*(&4, ¥4+) and G*(£4, v+) and the state U*(£,, ) pertain to a corresponding location that is just outside the wave
model. The fluxes and states that are just outside the wave model are known to us from our solution of the one-dimensional
Riemann problems, please see Fig. 1. Since eqgs. (6), (7a) and (8a) constitute the most general expression of our formulation,
we may take our vector of unknowns to be V= (Ug, Uy, F,F¢,Fy, G, Gg, Gy)T. In general, the amount of information in V
is insufficient to satisfy the shock jump condition at all points on the boundary of the self-similarly expanding wave model.
Realize too that the polygonal boundary of the expanding wave model is indeed an idealized construction and that the
strongly-interacting state does not need to conform to the shape of the wave model. Consequently, the jump conditions in
eq. (9) are also an expression of the continuity of Lagrangian fluxes across a moving boundary. We can aspire to satisfy the
continuity of the Lagrangian fluxes across the multidimensional wave model as best as possible by minimizing

Imax
2
> / [MixFE—, ¥=) + NiyG(E—, ¥-) — SUGE—, ¥—) — NixF* (E. ¥s) — My G 4. ¥4) + SiU . v dli - (10)
=150
Here dl; is a line element in the ith panel/wavefront 9€2; of the wave model 2. The above equation expresses the least
squares minimization that is built into our approach.

Minimizing eq. (10) is tantamount to minimizing it within each of the panels/wavefronts of the multidimensional wave
model. Depending on the one-dimensional Riemann solver being used, and also depending also on the form of the mul-
tidimensional wave model being used, we could have multiple constant states immediately outside each of the panels of
the wave model. For example, in Fig. 4, each side panel has two constant states because we are using a one-dimensional

HLLC Riemann solver. Let l{ be the segment that corresponds to the jth constant state in the ith panel/wavefront. The least
squares minimization then gives us

k(e w)) +miyG(El ) — S0 w)] = U [mF (& w)) + miyG* (& v)) — siUr (8] v))] (11)

Here (E,.j, wij) is the center point of the segment l,.j; corresponding to a mid-point quadrature formula. In eq. (11), F(gij, wij),
G, y)) and U], y) are to be evaluated from within the wave model using the unknowns from the vector V. By
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contrast, F*(¢],¥/), G*(¢],v;) and U*(§],y/) are available from the one-dimensional Riemann problems from outside
the wave model. In the above equation we have chosen a very simplified quadrature, namely the midpoint rule, because
a more intricate quadrature would only increase the computational cost without increasing the order of the method. The
above equation can be viewed either as a weighted version of the weak form of the shock jump conditions or as a way of
matching Lagrangian fluxes across a moving boundary.

Let us substantiate our thinking by focusing on the first face, formed by segment PP, in Fig. 4. It is made up of
two sub-segments P1C; and CqP3, so let us identify the midpoints of each of those sub-segments as (£pic1, ¥pic1) and
(Ec1p2, Yc1p2)- Let be the lengths Ipic1 and Ic1py of these two sub-segments. The coordinates of these midpoints, as well
as their lengths, are very easy to obtain using the notation that we have set up in Fig. 4. The shock jumps (normal to the
boundary of the wave model) at each of those midpoints can now be written explicitly as

Ipic1[mxFGEpict, ¥pict) + myGErict, ¥pict) — S1UEPIct, Ypict)]
=lIpici[mxF;~ +n1yG;~ — S$1U77] (12)
and
lc1p2[mixF(Ectp2, Ye1p2) + M1y GEctpa. Ye1p2) — S1UEct pa, Ye1p2)]
=lc1p2[niaFyT 4+ myGyT — S1U7T] (13)

The lengths of the sub-segments, Ip1c1 and Ic1p2, within the first panel/wavefront serve as weights when constructing the
least squares matrix. Analogous jump conditions can be written for the other four faces of the multidimensional wave
model in Fig. 4. When “Ijh,¢” states come together at a vertex, and if we use an HLLC Riemann solver as a building block,
we will have “2In.¢” such jump conditions. When the above two jump conditions, as well as their analogues in all the
other faces of the multidimensional wave model, are enforced we have an overdetermined system. We show that the least
squares procedure is always capable of giving us a solution in that circumstance. Another way to understand the above two
equations is that in the Galerkin formulation of Balsara [16], the lengths of the sides of the wave model play a role in the
integration over the faces of the wave model. Weighting the equations with the lengths of the sub-segments also reflects
the insights we have derived from the Galerkin formulation.

There are various ways in which the shock jump conditions can be imposed with a view to retaining sub-structure and
we present some of the choices in the next three subsections.

3.2. Imposing jump conditions; the easiest option

We begin by describing the easiest option. Using eqs. (7c) and (8c) allows us to write the jumps at the midpoints of the
relevant segments in the easiest way. The simplest option, therefore, consists of using eqs. (7c) and (8c) along with eq. (6).
In that case, the linear terms in eq. (6) are the only unknowns, but notice that the flux vector splitting has linearized the
problem. When egs. (6), (7c) and (8c¢) are substituted in eqs. (12) and (13), we get

Ip1c1[(MixVx + M1y ¥y — SDEP1c1Ue + (M1xVx + N1y Vy — SV p1c1Uy |
=Ip1c1[mx(F;™ — V0 — (0, P, 0,0, ¥xP)T) + 11, (G}~ — #,U— (0,0, P,0, 7, P)T) — S1 (U}~ —0)] (14)
and
lc1p2[(MxVx + M1y Vy — S1Ec1P2Ue + (M1xVx + 1y Vy — S1¥c1p2Uy |
=lc1p2[mx(FjT — 0 = (0, P, 0,0, ¥xP)") + 11y (Gt — v, U — (0,0, P,0, vy P)) — S1 (U} - 0)] (15)

Please notice that eqs. (14) and (15) are identical to eqgs. (12) and (13).

Analogous equations can be written for the other four faces of the multidimensional wave model in Fig. 4. Notice that
egs. (14) and (15) and their other analogues only have two unknowns, i.e. Ug and Uy. Thus we again have an overdeter-
mined set of eight equations in two unknowns, which can be treated via a least squares algorithm. Quite favorably, the size
of the least squares problem does not depend on N, the number of components of the hyperbolic system. Thus we favor
this solution methodology for Euler flow. In this paper we present preliminary evidence that it might also extend to MHD
flow.

Egs. (14) and (15) require that the fluxes F;~, G{~, F;* and Gj* are defined in a global frame. In practice, they may
be obtained in a rotated frame so that we might obtain the HLLC/HLLD fluxes in a frame that is aligned with the direction
of the one-dimensional Riemann problem. (For the HLLC Riemann solver, this task is explicitly done in Appendix A of
Balsara, Dumbser and Abgrall [15]. For the HLLD Riemann solver, this is explicitly presented in Appendix B of Balsara and
Dumbser [17].) For the first face in Fig. 1, this would be a frame with the Riemann problem solved in the t; direction,

*—

with the interface between the zones being in the n; direction. We would then have l~=f]‘ =-m yFT_ +n1XG]‘_ and ém =

nixF;~ +n1yG]~, with analogous expressions for lE;‘;r and é:T The expressions that are equivalent to eqs. (14) and (15)

would then be



D.S. Balsara et al. / Journal of Computational Physics 304 (2016) 138-161 147

Ip1c1lép1c1Ug + ¥p1c1Uy ]

_ lp1ic1 |: (n1t1)l~:>tk; + (ﬂ1n])(~;:;_17 - nlx_(‘_/xﬁ‘i‘ (0,P,0, Oa_\_’xﬁ)T) i| (16)
(MxVx+myVy =S L —my(@yU+(0,0,P,0,7yP)") — S1(U]~ —U)
and
lc1p2al&c1p2Us + Ye1p2Uy ]
_ Icip2 [(nltl)ﬁtr + )Gy — Mix (V50 + (0, P, 0,0, _M))T)] (17)
(MxVx+nyvy — S1) —n1y(VyU+(0,0,P,0,VyP)") — 54 (UT+ -U)

In egs. (16) and (17) we notice that the coefficients for all the components of Ug and Uy are constant. As a result, the
least squares problem reduces to the inversion of a 2 x 2 matrix, making the problem for obtaining U: and Uy very sim-
ple. We have simplified eqs. (16) and (17) for computer implementation, by dividing them out with (91xVx + n1yVy — S1).
Please note that the right hand sides of eqs. (16) and (17) are not matrix expressions. Appendix A describes the matrix-
based formulation of the least squares minimization process. Explicit construction of the 2 x 2 matrix is also presented in
Appendix A.

The 2 x 2 matrix that is presented in Appendix A can always be inverted. An analogous simplification was shown to exist
in the Galerkin formulation, see Section 6 of Balsara [16] or Section 3.2 of Balsara and Dumbser [17] where it was proved
that the Galerkin formulation always guarantees the existence of a solution for the linear variation in eq. (6). In Appendix B
of this paper we prove that the least squares procedure described in this subsection provides a similar guarantee that a
solution for Ug and Uy, can always be found. The proof requires that (71xVx + n1yVvy — S1) is non-zero, which is very likely
if the wave model represents the boundary of the largest one-dimensional speeds. It is, however, not guaranteed for the
wave model described in Section 2. Use of the wave model from Section 1.2 and Appendix B of Balsara, Dumbser and
Abgrall [15] would indeed guarantee that (71xVx +11yVy — S1) is non-zero.

3.3. Imposing jump conditions; retaining more degrees of freedom

The next option consists of using eqs. (7a) and (8a). Recall that the state U in eq. (6) is known. Thus eqs. (6), (7a) and
(8a) constitute three equations with eight unknowns. The eight unknowns are the fluxes F and G along with the linear
variations of the state, i.e. Us and Uy, and the linear variation of the two fluxes, i.e. F¢, Fy, G and Gy. When egs. (6), (7a)
and (8a) are substituted in eqs. (12) and (13) we find

Ip1ct [Thxl_: + (Mxép1c1)Fe + M1x¥pic)Fy + 11yG + (M1yEp1c1)Ge
+ My ¥pr1c1)Gy — (S1Ep1c1)Ue — (S1¥p1c1)Uy |
=lpici[nF;” +myGj — S1(U;” —U)] (18)
and
lcwz[mxl_: + (Mxéc1p2)Fe + (M1x¥c1p2)Fy + 11yG + (11yEc1p2)Ge
+ (My¥e1p2)Gy — (S1éc1p2)Ue — (S1¥c1p2)Uy |
=lc1p2[mxFiT + 1y G — $1 (U7 - U)] (19)

Similar equations can be asserted in all the wavefronts that constitute the multidimensional wave model. As long as the
wave model has four or more faces, it leads to a viable least squares problem. (If only three zones come together at a vertex,
the least squares problem cannot be solved per se. In that case, one either can resort to making an angular bisection of the
zones or increasing the number of quadrature points within each wavefront.)

If we choose to simplify the problem by asserting F = F(U) and G = G(U) then eqs. (18) and (19) reduce to

Ip1c1[(mxép1c)Fe + (Mix¥pic)Fy + (M1y€p1c)Ge + M1y ¥p1c1)Gy — (S1€p1c)Ue — (S1¥p1c1)Uy ]
=lpici[mx(F;~ —FW)) + 11y (G}~ — GW)) — $1 (U] —U)] (20)
and
lc1p2[(Mxéc1p2)Fe + (Mx¥c1p2)Fy + (My€c1p2)Ge + (M1y¥c1p2)Gy — (S16c1p2)Ue — (S1¥c1p2)Uy ]
=lcip2[mx(F;" = F©)) + 11y (G} — G(U)) — S1(U7" —U)] (21)
Because of the reduction in the number of unknowns, this system is solvable by a least squares procedure in all circum-
stances; i.e., even when only three zones come together at a vertex. In this case, we are only solving for the linear variations.
L.e. our unknowns are the linear variations of the state, i.e. Us and Uy, and the linear variation of the two fluxes, i.e. Fe,
Fy, G¢ and Gy,. The least square procedure results in a 6 x 6 matrix.
In Section 3.4 of Balsara [16] we proved that the problem described in this subsection always results in a solvable system
when Galerkin projection is used. In Appendix C of this paper we show that egs. (20) and (21) also result in a solvable 6 x 6

matrix system when least squares projection is used. As in this subsection, the coefficients of the linear system in Balsara
[16] also depended on the geometry of the wave model and the geometry of the mesh.
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3.4. Imposing jump conditions; coupling fluxes and states via the characteristic matrices

While the previous subsection tried to allow for independent variation in the fluxes and states, we realize that they are
indeed coupled. The third option consists of using egs. (7b) and (8b) along with eq. (6). A solution can be sought in two
possible flavors. The first flavor of solution treats the fluxes F and G as unknowns and it also treats the linear variation of
the solution vector, Us and Uy, as unknowns. We still retain A =A(U) and B=B(U). In that case, the least squares problem
becomes

Ipict [me +n1yG + Ep1c1(M1xA + N1yB — S1DUg + ¥p1c1(m1xA + 11yB — S1hUy |
=lpici[nF;” +myGi — S1(U;” —U)] (22)
and
le1p2[mxF + n1yG + &c1p2(m1xA + 11yB — S1DUg + Yrc1p2(11xA + n1yB — S1DUy |
=lcip2[mxF 4+ myGyF = S1(UTF —U)] (23)

In this form, the equations have 4N unknowns, making the least squares problem at least a little challenging, especially for
larger hyperbolic systems. It would, eventually, require the inversion of a 4N x 4N matrix, which can be computationally
expensive. Next, we seek a simplification.

The second flavor of solution linearizes even further around the mean state, so that we have F = F(U) and G = G(U). In
that case, the linear terms in eq. (6) are the only unknowns. The corresponding jump conditions can now be obtained as

Ipic1[Ep1c1(MxA + n1yB — S1DUg + Yp1c1 (1A + 11yB — S1DUy |
=lpic1[mx(F;™ —FW) + 11y (G}~ — GW)) — S1 (U] —U)] (24)
and
lc1p2[Ec1p2(m1xA + N1yB — S1DUg + Yc1p2 (1A + 11yB — S1DUy |
=lc1p2[nix(F{T = FW)) + 11y (6] — GU)) — S1 (U —U)] (25)

Thus eqs. (24) and (25) and their analogues constitute an overdetermined system of 2N unknowns; though we soon show
that a substantial simplification is possible. This method is beneficial because the individual components of Us and Uy, are
allowed to vary in response to the characteristic matrices. In practice, eqs. (24) and (25) should be implemented into a
computer code as follows:

Ip1c1lép1c1Ug + ¥p1c1Uy ]
=lpic1(xA + 11yB = S1D 7' [mx(F;™ = F@) + 11y (G~ — 6(0)) — $1(U; ™ — )] (26)
and
lc1p2léc1p2Ue + Yc1p2Uy ]
=lc1p2(ixA+ 11yB = S1D 7 [nix (FyT — F)) + 11y (677 = 6(0)) — $1(U; - U)] (27)

The above format is more economical because it saves on the cost of inverting larger matrices. Within the ith flat face of
the multidimensional Riemann problem we have only to invert the N x N matrix given by (nixl_\+ niyl_i — S;I); which is not
so computationally costly. In that case, the least squares problem can be reduced to the inversion of a 2 x 2 matrix that is
not unlike the one obtained from eqs. (16) and (17) (or in fact egs. (14) and (15)).

A little inspection shows that it is also not safe to use eqgs. (24) and (25), as given, with the wave model from Section 2.
The reason is that the wave model is the smallest one that we can construct. As a result, speed S in eqs. (24) and (25)
can indeed coincide with the extremal eigenvalues of 71xA + 1 yB making an inversion of the matrix impossible. There is,
however, a multidimensional wave model construction that is described in Section I.2 and Appendix B of Balsara, Dumbser
and Abgrall [15] which can indeed produce a larger wave model. Such a wave model can be made to ensure that the speed
Sy is always larger than the largest eigenvalue of 71,A + n1yB This can be ensured for all the wavefronts that make up the
multidimensional wave model. Such a choice is also consistent with entropy enforcement. This opens the door to making
eqs. (24) and (25) usable. For the scalar case, we can indeed assume that 77,A+ myl_} is always a number that is somewhat
smaller than S; so that (11,A+ 771y]_3— S1) is always a negative number. With this choice of S;, the least squares solution to
egs. (24) and (25) always yields invertible 2 x 2 matrices for the scalar case. In fact, in the scalar limit, the left hand sides
of eqs. (14) and (15) become similar to the left hand sides of egs. (24) and (25). As a result, for the scalar case, the least
squares projection can still be viewed as provably invertible for the scheme presented in this subsection.
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3.5. Additional detail

Notice that the solution methodology relies on asserting F = F(U) and G = G(U). That is, the state U should be a good
physical state around which we can linearize in the subsonic case. Practical experience has shown that this is almost
certainly guaranteed. (The positivity of density can indeed be satisfied if the multidimensional wave model satisfies an
entropy condition, as shown in Balsara [4]. The positivity of the pressure is harder to guarantee.) If the state U is not a good
physical state, then one can resort to the numerical fluxes from a multidimensional Riemann solver without sub-structure
(Balsara [5,16], Balsara, Dumbser and Abgrall [16], Vides, Nkonga and Audit [67], Balsara and Dumbser [17]). In practice, we
have never found that to be necessary, but in the absence of a mathematical proof, it helps to make this statement for the
sake of completeness.

Also notice that Balsara [16] has shown that sometimes the state in eq. (6) can have very sharp linear variation. In some
cases, the linear variation can exceed the values of the incoming states. In such situations, Balsara [16] recommends the use
of a variant of the multidimensional limiter of Barth and Frederickson [19]. Please see Appendix C of Balsara [16].

We also point out that it is only the inner, linearly degenerate, waves in the strongly interacting state that we would like
to capture. For that reason, it helps to make the projection described in eqgs. (26) and (27) of Balsara [16] in order to obtain
the numerical fluxes.

In this section we have focused on the subsonic strongly-interacting state. The formulation in similarity variables also
gives us useful perspective for the supersonic cases, please see (Balsara [16], Vides, Nkonga and Audit [67], Balsara and
Dumbser [17]).

The formulation from Subsection 3.2 is the easiest to implement and yields good results. The formulation from Subsec-
tion 3.3 is not very suitable for numerical work because it does not couple variations in the fluxes to the variations in the
state. We present it, nevertheless, for the sake of logical completeness. The formulation from Subsection 3.4 is computa-
tionally quite costly because of the matrix inversions, though it may be useful to those who are interested in an analytical
study of the multidimensional Riemann problem.

Eqgs. (7c) and (8c) of this paper use a Zha-Bilgen flux vector splitting. Such flux-vector splittings have recently been ana-
lyzed by Toro and Vazquez-Cendén [65] within the context of one-dimensional Riemann solvers. Toro and Vazquez-Cendén
find the original Zha-Bilgen splitting to be somewhat deficient. They, however, improve on the original Zha-Bilgen flux
splitting by showing that if the pressure flux is built using the resolved state from the one dimensional Riemann solver
then the Zha-Bilgen flux vector splitting works well. Our use of the resolved state in eqs. (7c) and (8c) of this paper is very
much in the spirit of Toro and Vazquez-Cendén which explains why the flux vector splitting works so well in this paper.

4. Accuracy analysis

In the next section we demonstrate the versatility of the MuSIC Riemann solver with least squares projection that we
have presented in this paper. This section is devoted to accuracy analysis for Euler and MHD flow. The next section is
devoted to several stringent tests drawn from hydrodynamics and MHD. Our results show our codes running with several
different orders of accuracy. The MuSIC Riemann solver presented here can also accommodate structured and unstructured
meshes. This is demonstrated by the fact that the Euler flow problems have been run with an unstructured mesh code
while the MHD problems have been run with a divergence-free structured mesh code. Higher order spatial reconstruction is
achieved by using the Weighted Essentially Non-Oscillatory (WENO) method (Jiang and Shu [45], Balsara and Shu [8], Abgrall
[3], Dumbser and Kdser [31], Balsara et al. [12,14]). Higher order temporal accuracy is obtained by using ADER (Arbitrary
DERivatives in space and time) time-evolution (Titarev and Toro [59,60] and Toro and Titarev [61], Dumbser et al. [32],
Balsara et al. [12,14]). Our treatment of MHD is divergence-free (Balsara and Spicer [7], Balsara [9-11], Balsara and Dumbser
[18]). The GLM formulation of Dedner et al. [30] was not used in any of our simulations. Pressure positivity is enforced
(Balsara [13]) to ensure that all states that are provided to the MuSIC Riemann solver have good positivity properties.

For all the problems described here, the multidimensional Riemann solver used the one-dimensional HLLC Riemann
solver as a building block. The Simpson rule was used within each face to evaluate a higher order numerical flux. In all
cases, the problems were run twice, once with the corner fluxes based on the formulation described in Subsection 3.2 and
the second time with the formulation described in Subsection 3.4. Both formulations were found to work very well. The
central point in the Simpson rule requires the use of a one-dimensional flux from a one-dimensional Riemann solver. For
hydrodynamics, we used the flux vector splitting of Toro and Vazquez-Cendén [65]. For MHD, we used the one-dimensional
HLLC Riemann solver from Li [47].

There is a slight difference in the temporal formulation in the structured and unstructured mesh codes. The structured
mesh code makes only one call to the multidimensional Riemann solver per edge and per timestep. The unstructured mesh
code uses higher order quadrature in time, with the result that the number of calls to the multidimensional Riemann
problem per edge and per timestep is equal to the order of the code. Consequently, the unstructured mesh code has
an, understandably, better timestep stability, permitting the use of a CFL (in two-dimensions) that is close to unity. The
structured mesh code, despite fewer calls to the Riemann solver, achieves a CFL (in two-dimensions) of 0.8 at second and
third order and 0.4 at fourth order. If a multidimensional Riemann solver is not used, both codes suffer a lower timestep
stability; thus showing the beneficial role of the MuSIC Riemann solver in enabling larger timesteps.
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Table 1
Shows the accuracy analysis for the hydrodynamical vortex problem as measured in the density variable.
Method # of zones L1 error Ly order Lo error Loo order
ADER-WENO h=1/64 1.7972E-01 2.1170E—-02
2nd order h=1/128 4.6603E—02 1.95 5.2465E—03 2.01
h=1/256 1.1981E—02 1.96 1.7058E—03 1.62
h=1/512 3.0886E—03 1.96 9.9955E—04 0.77
ADER-WENO h=1/64 4.4939E—02 7.4496E—03
3rd order h=1/128 5.7426E—03 2.97 9.9640E—04 2.90
h=1/256 7.0246E—04 3.03 1.2577E—04 2.99
h=1/512 8.8956E—05 2.98 1.5956E—05 2.98
ADER-WENO h=1/64 6.3998E—03 1.0326E—03
4th order h=1/128 3.9278E—-04 4,03 6.8027E—05 3.92
h=1/256 2.0689E—05 4.25 4.4649E—06 3.93
h=1/512 1.3332E-06 3.96 2.6873E—07 4.05
Table 2
Shows the accuracy analysis for the MHD vortex problem as measured in the x-magnetic field.
Method # of zones L1 error L1 order Lo error Lo, order
ADER-WENO 64 x 64 3.2765E—-03 2.6060E—02
2nd order 128 x 128 8.0508E—04 2.02 6.9540E—03 1.90
256 x 256 2.0092E—04 2.00 1.7523E-03 1.98
512 x 512 5.1021E—05 1.98 4.3802E—04 2.00
ADER-WENO 64 x 64 5.3263E—04 7.9545E—03
3rd order 128 x 128 6.8519E—05 2.95 1.2964E—02 2.61
256 x 256 8.8319E—06 2.95 2.2338E—04 2.53
512 x 512 1.1460E—06 2.95 5.0752E—05 214
ADER-WENO 64 x 64 4.7886E—04 3.0588E—02
4th order 128 x 128 2.4074E—-05 431 1.4309E—-03 4.41
256 x 256 1.3433E-06 416 6.2403E—05 4.51
512 x 512 8.0985E—08 4.05 3.7979E—06 4.03

In the next two subsections we show the accuracy of our codes with the MuSIC Riemann solver designed in this paper
for Euler and MHD flows.

4.1. Accuracy analysis for hydrodynamical vortex problem

In this hydrodynamical vortex problem, presented for example in Balsara and Shu [8], an isentropic vortex propagates in
form-preserving fashion at 45° to the mesh. The computational domain has periodic boundaries and is given by [—5, 5] x
[—5, 5]. The vortex returns to its original location. An unstructured mesh was used for this problem. We do not describe it in
detail here because it is well-known through the original citation. The exponential function in the velocity and temperature
fluctuations for the vortex ensures that the fluctuations are quite close to zero at the domain boundaries. The stopping time
was set to 10 time units in all cases. We report on the accuracy of the density after the vortex has completed one orbit in
the computational domain in Table 1. All the schemes meet their design accuracy.

4.2. Accuracy analysis for MHD vortex problem

The magnetized isodensity vortex problem described in Balsara [10] consists of a magnetized vortex moving in form-
preserving fashion across a domain given by [—5, 5] x [—5, 5]. Periodic boundaries are used for the domain. The magnetized
vortex propagates at an angle of 45° for a time of 10 units. A structured mesh was used for this problem. Since the problem
is well-known in the literature, we do not describe it in detail here. We report on the accuracy of the x-magnetic field of the
vortex after it has completed one orbit in the computational domain. All the schemes meet their design accuracy (Table 2).

5. Test problems
5.1. Hydrodynamical test: Sod and Lax problems on a two-dimensional mesh

The Sod and Lax problems are very well-known. We set the problems up on a two dimensional mesh and ran them using
a third order ADER-WENO scheme with a CFL of 0.95. Fig. 6(a) shows the density from the Sod shock test problem along

with the mesh structure, while Fig. 6(b) plots the density in one dimension along with the exact solution of the Riemann
problem. Fig. 6(c) shows the density from the Lax shock test problem along with the mesh structure, while Fig. 6(d) plots
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Fig. 6. (a) Shows the density from the Sod shock test problem along with the mesh structure, while (b) plots out the density in one dimension along
with the reference solution. (c) Shows the density from the Lax shock test problem along with the mesh structure, while (d) plots out the density in one
dimension along with the reference solution.

the density in one dimension along with the exact solution. All simulations in Fig. 6 show crisp shocks along with a
well-resolved contact discontinuity that has a sharp profile. This demonstrates that retaining sub-structure in our MuSIC
Riemann solver is very useful in resolving sub-structure in the flow.

5.2. Hydrodynamical test: long term preservation of the contact discontinuity

This problem was described in detail in Balsara and Dumbser [17] so we do not repeat the description here. The problem
consists of setting up a two-dimensional top hat density profile with no further variation in the pressure or velocities. The
problem was run with a CFL of 0.95 to a final time of 10.0, which constitutes ~3600 time steps. A third order ADER-WENO
scheme was used. Fig. 7(a) shows the density profile at the final time when the multidimensional Riemann solver with
self-similar sub-structure from this paper is used. Fig. 7(b) shows the corresponding density profile as a one-dimensional
plot. We see that the density profile has been crisply preserved. As with the previous test problem, this test problem
underscores the value of retaining sub-structure in our MuSIC Riemann solver. It shows that the least squares projection
described in this paper is a capable strategy for projecting the sub-structure in the flow.

5.3. Hydrodynamical test: two-dimensional Riemann problems

Since the advent of multidimensional Riemann solvers, the two-dimensional Riemann problems by Shulz-Rinne et al.
[58] have become very popular test problems. Both the multidimensional Riemann problems that we show here have been
described in Balsara [4]. They have been run using the present multidimensional Riemann solver along with a third-order
ADER-WENO scheme running with a CFL of 0.95. An h =1/1000 unstructured mesh with ~2.3 million elements was used.
The stopping times for the first and second Riemann problems were 0.5 and 1.05, respectively.

Figs. 8(a) and 8(b) show the densities from the first and second multidimensional Riemann problems. Only the lower
left portion of the computational domain is shown in Fig. 8(b). We see that the roll-up of the Kelvin-Helmholtz instability
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Fig. 7. (a) Shows the density profile at the final time when the multidimensional Riemann solver with self-similar sub-structure from this paper is used.
(b) Shows the corresponding density profile as a one-dimensional plot.
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Fig. 8. (a) and (b) show the densities from the first and second multidimensional Riemann problems. Only the lower left portion of the computational
domain is shown in (b).

is very crisply captured in both figures. It shows that the MuSIC Riemann solver can rapidly adjust to the changing strength
and direction of the contact discontinuities on an unstructured mesh. The Riemann solver automatically adjusts to the
changing flow conditions by introducing a time-evolving density gradient in the strongly-interacting state that tracks the
contact discontinuities and their time-evolution.

5.4. Hydrodynamical test: double Mach reflection problem

This test problem was first presented by Woodward and Colella [69] and, since the problem is very well-known, we do
not repeat it here. Cockburn and Shu [26] carried out a resolution study using schemes of increasing order of accuracy. They
found that they had to use at least a fourth order RKDG scheme at 1920 x 480 zone resolution to see the roll up of the
vortex sheet.

In Fig. 9 we show the density variable from a simulation of the double Mach reflection problem which was run using a
third order accurate ADER-WENO scheme. The MuSIC Riemann solver with least squares projection was used. An unstruc-
tured mesh with h =1/400 and ~1.4 million elements was used. This resolution is roughly equivalent to that of Cockburn
and Shu [26]. Fig. 9(a) shows entire density variable while Fig. 9(b) shows a zoom-in of the vortex sheet. We see that
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Fig. 9. In Fig. 9 we show the density variable from a simulation of the double Mach reflection problem (a) shows entire density variable while (b) shows a
zoom-in of the vortex sheet.

the vortex sheet roll-up is properly captured in our simulation despite our use of a third order scheme with vastly larger
timesteps.

5.5. MHD test: rotor problem

This well-known MHD problem was first documented in Balsara and Spicer [7] and also Balsara [10], so we do not repeat
the description here. The problem consists of a central, dense rotor in a uniformly magnetized static ambient medium.
A uniform mesh of 1000 x 1000 zones was used. A third order ADER-WENO scheme was used. The MuSIC Riemann solver
with least squares projection was used with an underlying one-dimensional HLLC Riemann solver. Fig. 10 shows the final
result for the rotor problem, at a time of 0.25. Figs. 10(a), 10(b), 10(c) and 10(d) show the density, pressure, Mach number
and magnetic pressure at the final time. All the requisite MHD flow features are captured accurately in our simulations.

5.6. MHD test: Orszag Tang problem

This test problem suggested by Orszag and Tang [50] is well-known and it is not described again here. It was initialized
on a periodic domain spanning [0; 27r] x [0, 2] using a uniform mesh of 1000 x 1000 zones. It was run to a stopping
time of t = 3.0 with a third order accurate ADER-WENO scheme. The MuSIC Riemann solver with least squares projection
was used with an underlying one-dimensional HLLC Riemann solver. Figs. 11(a), 11(b), 11(c) and 11(d) show the density,
pressure, Mach number and magnetic pressure at the final time. The simulation forms a current sheet with oppositely
oriented x-components of magnetic field in the center of the computational domain, as can be surmised from Fig. 11(d).
The velocity field also shows fluid squirting out in the positive and negative x-directions at the location of the current sheet.

5.7. MHD test: field loop advection in three-dimensions

This three-dimensional test problem was first presented in Gardiner and Stone [39] and is based on an analogous two-
dimensional problem in Gardiner & Stone [38]. We do not repeat the details of the problem set up here. It consists of a
weakly magnetized loop of magnetic field. In three-dimensions, the field loop is rotated so that the long axis of the loop
points in the (—X + 22)/+/5 direction. The magnetic fields form loops around this axis and, in principle, the component of
magnetic field along the axis of the loop should be zero. The problem is run with varying resolutions - i.e. with 32 x 32 x 64,
64 x 64 x 128 and 128 x 128 x 256 zone meshes — on a periodic domain that spans [—0.5, 0.5] x [—0.5, 0.5] x [—1, 1] using
a CFL of 0.45. The loop is made to move along one of the diagonals of the mesh until it completes one orbit in one time
unit. The problem was run on a structured mesh with a divergence-free third order accurate ADER-WENO scheme.

As the loop moves over the mesh, some of the magnetic energy decays as a function of time. Minimizing this magnetic
energy decay is a measure of the quality of the solver. Likewise, errors in advection cause a small amount of magnetic
field to develop along the axis of the loop. This results in the emergence of a small amount of magnetic energy in the
component of magnetic field that is aligned with the axis. Minimizing the growth of energy in the on-axis magnetic field is
again a measure of the quality of the numerical scheme. Both these magnetic energies are normalized with respect to the
initial magnetic energy on the mesh. Fig. 12 shows the evolution of normalized magnetic energy for the field loop problem.
Fig. 12(a) shows the magnetic energy as a function of time, where the magnetic energy is normalized by the initial magnetic
energy. Fig. 12(b) shows the magnetic energy in the axial component of the magnetic field, which is also normalized by the
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Fig. 10. (a), (b), (c) and (d) show the density, gas pressure, Mach number and magnetic pressure for the MHD Rotor problem. The MuSIC Riemann solver
with least square projection that was based on the one-dimensional HLLC Riemann solver was used. (For interpretation of the colors in this figure, the
reader is referred to the web version of this article.)

initial magnetic energy. Results from simulations at three different resolutions are shown. We see that there is only a very
small amount of decay in the normalized magnetic energy in Fig. 12(a). Likewise, the build-up of magnetic energy in the
axial direction is shown to be well-bounded in Fig. 12(b). The results show the value of a higher order scheme operating
with a multidimensional Riemann solver.

5.8. MHD test: three dimensional MHD blast wave problem

This problem was described in Section 5.2.3 of Balsara [5]. Here we simulate the same problem on a computational mesh
of 1283 zones spanning [—0.5, 0.5]3. A very high pressure pulse is initially set up in the center of the domain. The resulting
MHD blast wave travels through the plasma with a plasma-g8 of 0.000513. The simulation was run to a final time of 0.014
with a CFL of 0.45 and the multidimensional Riemann solver described here. A third order ADER-WENO scheme was used.

Figs. 13(a) through 13(d) show the density, pressure, magnitude of the velocity and magnitude of the magnetic field
respectively in the midplane of the three-dimensional MHD blast wave simulation. Despite the very low plasma-g, the
pressure remains robustly positive and the flow variables have no spurious oscillations despite the use of a higher order
WENO scheme. As the blast propagates, large velocities develop and the magnetic field is compressed so as to become even
stronger than its initial value. The pressure is obtained by subtracting the kinetic and magnetic energies from the total
energy density. The large values of the kinetic and magnetic energies can sometimes trigger a loss of pressure positivity
in such simulations. This is not the case in Fig. 8(b). We see, therefore, that along with the large time steps, the multi-
dimensional Riemann solver-based method also does much better at maintaining pressure positivity. This stems from the
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Fig. 11. (a), (b), (c) and (d) show the density, gas pressure, Mach number and magnetic pressure for the MHD Orszag-Tang problem. The MuSIC Riemann
solver with least square projection that was based on the one-dimensional HLLC Riemann solver was used. (For interpretation of the colors in this figure,
the reader is referred to the web version of this article.)
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Fig. 12. Shows the evolution of normalized magnetic energy for the field loop problem. (a) Shows the magnetic energy as a function of time, where the
magnetic energy is normalized by the initial magnetic energy. (b) Shows the magnetic energy in the axial component of the magnetic field, which is also
normalized by the initial magnetic energy. A third order ADER-WENO scheme with multidimensional Riemann solver was used.
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Fig. 13. (a) through (d) show the density, pressure, magnitude of the velocity and magnitude of the magnetic field respectively in the midplane of the
three-dimensional MHD blast wave simulation. (For interpretation of the colors in this figure, the reader is referred to the web version of this article.)

ability to propagate magnetic fields very accurately in any needed direction on the computational mesh. Pressure-positivity
preserving techniques from Balsara [13] also show their worth in this problem.

6. Conclusions

This paper follows in the footsteps of the self-similar formulation of the multidimensional Riemann problem (Balsara
[4,5,16], Balsara, Dumbser & Abgrall [15], Balsara and Dumbser [17]). The methods are predicated on the continuity of
Lagrangian fluxes across the self-similarly moving boundary of the multidimensional wave model. Just as the quality of
a one-dimensional approximate Riemann solver is improved by the inclusion of internal sub-structure, the quality of a
multidimensional Riemann solver is also similarly improved and the first steps in that direction were taken in Balsara [5].
In Balsara [16], we developed, for the first time, a Galerkin projection to retrieve the sub-structure in the multidimensional
Riemann problem. Explicitly enforcing shock jump conditions across a moving boundary is an alternative perspective on
dealing with the moving, multidimensional wave model as developed in Vides, Nkonga and Audit [67]. At some level, a
shock jump is indeed an expression of the continuity of a Lagrangian flux across a moving boundary and that perspective
lends a conceptual unity to those two formulations of the multidimensional Riemann solver. In this paper we show that
the least squares projection strategy from Vides, Nkonga and Audit [67] can also be used advantageously to retrieve the
sub-structure in the multidimensional Riemann problem. Both projection strategies, Galerkin projection and least squares
projection, yield comparable results on a large range of test problems. Development of multiple viewpoints gives us the
benefit of having multiple perspectives on the multidimensional Riemann problem.
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A large number of test problems from Euler and divergence-free MHD are presented. Subsections 3.2 and 3.4 catalogue
two alternative formulations for the MuSIC Riemann solver with least squares projection. We have tested both those for-
mulations for Euler and MHD flow and found both of them to work very well. We show that schemes that are based on
the multidimensional Riemann solver enable the use of a larger CFL number while retaining the desired order of accuracy.
Several stringent divergence-free MHD problems that we present do not require any doubling of the dissipation when evalu-
ating the electric field. The greater accuracy in advecting the magnetic field translates into an ability to treat MHD problems
with lower values of plasma-gS.

For more information on multidimensional Riemann solvers, please visit the following website: http://www.nd.edu/
~dbalsara/Numerical-PDE-Course.
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Appendix A

Consider that a 1D HLLC Riemann solver is invoked on each face of our multidimensional wave model. We then have two
segments within each flat wavefront where the shock jump conditions are imposed. By construction, the resulting model is
a convex polygon with “I” faces (see Section 2). In such a situation, equations (16) and (17), along with their analogues
in each of the faces of the polygon, have the structure

My, x2V=Db, withV= (U, Uy)". (A1)

Note that the matrix M then has dimension 2131 x 2 and its explicit structure can be written as

Ip1ciépic lp1c1¥pic aq B1
lc1p28c1p2 lc1p2¥cip2 12! 81
Ipac2€paca Ipac2¥rpaca o B2
)
My, o = leapsécaps leapsrcaps | 2 |,
1P ImaxClmax EPImaxClimax | PImaxClmax VP ImaxClmax Ul Blima
IC1max P16CImax P1 LCImax P1WClmax P1 Vimax  Olmax

having defined the variables o; = Ipiciépici,» Bi = lpici¥pici» Vi = lciri+1écipit1 and & = lcipiy1¥cipir1. The structure of
vector b can be obtained directly from the right-hand side of equations (16), (17), and their corresponding analogues.

It is clear that we have an overdetermined set of linear equations. The linear least squares approach relies on approxi-
mately solving (A.1) by finding the least squares solution V that minimizes |||, where r = My, x2V — b is the residual or
error. To find V, we then minimize the squared norm

|2 = (MV — b, MV — b) = VMMV — 2b"MV + b’b,

where the transpose of an element (-) is denoted (-)7. The minimum is then obtained by setting the gradient equal to zero,
ie.,

Wirl?=2M"MV — 2M'b =0,
which yields the normal equations in matrix notation
M MV =M"b.

The above system gives an approximate solution for Ug and Uy provided the symmetric matrix L = M'M is invertible.
Here, the matrix L can be written as follows

Imax Imax
Le ( Y@ty Y m (i + Vi3i)>
- Imax Imax :
YIS @i+ vis) (B +8D)
The purpose of Appendix B is to prove that this matrix is indeed invertible so that

V=L"M"b.

(A2)
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Appendix B

A direct approach to prove that L (A.2) is invertible relies on showing that its determinant det(L) is non-zero. Although
this proof is longer than the alternative one we will provide afterwards, it yields important information for later interpreta-
tion. As the determinant of a 2 x 2 matrix is straightforward, we simply write

det(L) = (eviati + yivi)(BjBj +8j8j) — (@iBi + vidi) (@jBj + Vidj).

having used the Einstein summation convention where repeated indices are summed over. This is equivalent to writing

1
det(L) = 3 [(cici + yivi) (BjBj +8;8)) + (ajetj + vy (BiBi + 8i8i) — 2(aifi + vidi) (@B + vid))].

Thus, by regrouping, we obtain

1
det(L) = - [(@iBj — atjBi)? + (i) — Bivi)? + (viBj — i p)* + (vi8j — 8iv)?]-

Notice that the determinant has been expressed as a sum of squares. It, therefore, suffices to prove that any one of them
is non-zero so that det(L) > 0. For this, focus on the second term and take i =1 and j =1, i.e., focus on the square binomial
(ct181 — B1y1)?. Employing the cross product notation rx s = xSy —TySx and recalling that o1 =Ip1c1&pict, B1 =lpic1¥prici,
y1 =lc1p2éc1p2 and 81 =lc1p2¥cip2, We write

(181 — B1yD)? = Uprcilerr2)?[Epict. Ypict) x (crpa, I/fcwz)]z-

Due to the convexity of the multidimensional wave model, it is clear that this term is non-zero because: 1) the points
(ép1c1, ¥pict) and (Ec1p2, Ye1p2) are measured relative to the centroid « so they are non-zero vectors; 2) those same points
are mutually disjoint and lie on the same finite-sized wavefront; 3) the lengths of the sub-segments P1C; and C1P;, are
positive quantities. Consequently, each cross product of the type (Ipiciyilcipi+1)?(Epici, Wpici) X (Ecipi+1, Wcipi+1) is surely
non-zero. Thus, det(L) > 0.

B.1. General case

In general, if the 1D Riemann solver invoked at each face of our wave model has W > 2 waves, the matrix M associated
with equations (16) and (17) will take the form

LW
&L
My [ x2 = . .
gIl'l'li-lX %lmax
having defined, for each i € {1, ..., Imax},

E W-1W-1\T - w-1, W—1\T

Bi= (06 P2 BT and o= (B,
Let I{ and (éij , wij ) be respectively the length and midpoint of the segment that corresponds to the jth constant state in
the ith wavefront. One jump relation is imposed at each of the midpoints. The symmetric matrix L = (MWImaXXZ)TMWImaXXZ
then takes the form

Imax "W =1 172 (532 Imax N~W =1 1i\2gJ ]
L ( S EDT Xy N )% v ) 61)
a Imax "W =1 1j\2¢] Imax N\~W—1 7j 2 )’ )
D DN (DR 7 D DD D (D C/oh
Theorem 1. Let ( Sij , 1//ij ) and l{ be the midpoint and length of the jth segment formed at the wavefront i of a multidimensional
wave model constructed by employing W-waved 1D Riemann problems; i ={1, ..., Imax}, j={1, ..., W — 1}. If the model’s polygon
satisfies convexity and all points are measured relative to its centroid k., then the least squares matrix (B.1) is invertible.

Proof. To prove that L can be inverted, we first will show that it is positive definite, i.e., show that z'Lz > 0 for every
non-zero column vector z = (z1, z). We then have

Imax W=1 ' Imax W=1 _ o ImacW-1 '
2'z=)" 3" (1) (218))* +2D° 3 () (@&) (z2w)) + 3. D (0) (20)’

i=1 j=1 i=1 j=1 i=1 j=1

Imax W—1

=3 S () (@& + i)

i=1 j=1
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The points are (gi’ ,wi’ ) are non-zero vectors since they are measured relative to k; in total, we have Ipx(W — 1)
non-zero points. Given that the wave model is convex, we are certain that each side of the polygon contains at least one

segment with a positive length l,j and unique midpoint (Ei], wi] ). Therefore, at least I of the points are distinct and
z'Lz =0 only if z= 0. Hence, z'Lz > 0 and since every positive definite matrix is invertible, L is invertible. O

Appendix C

Using an approach similar to the one employed in Appendix A, we consider equations (20) and (21), with their analogues
in each of the polygon faces, and write

My, .x6V =D,

with V= (Ug, Uy, F, Fy, Ge, G¢)T and the vector b denoting the right-hand side of the equations. We have assumed once
more that the 1D Riemann solver invoked at each face of the wave model is of HLLC type and this is why the matrix M has
dimension 2Ipax X 6. Specifically, we have

N1x01 N1xB1 Nyo1 MybBi —S101 =518
Mx N1x81 NyVi Nyd1 =S —S5161
N2x02 M2xB2 N2y02 N2y B2 —S2002 =528

M= M2xY2 12x82 M2yY2 n2y82 S22 —S28;

M inaxx® I max n’maxXlBImax M inaxy % Imax n’maxyﬂ’max _S’maxalmax _Slmaxﬂ’max
M imaxx ¥ Imax r“maxx(slmax Mmaxy ¥Yimax r“maxy(slmax _Slmax Vimax _Slmax(s[max

after having set o; = Ipiciépici, Bi = Ipici¥pici» Vi =lciri+16cipi+1 and & = lIcipit1¥cipi+1. Now, we want to show that the
least squares matrix L =MTM is always invertible. Let us first define
2 2. . 2 2
ai=of +y; b; = i B; + yidi; Ci =B +6;

Using these variables, we are able to write the symmetric matrix L as

Suamd o Yibind | Yiainimy  Yibinixniy |— X aiSinix — i biSinix
Sobind,  dviaind | Y ibimixtiy D Cimintliy |— D ibiSinix — Y ; CiSitix
Zi aiNixNiy Zi binix”iy Z,’ am,-zy Zi binﬁv - Zi aisiniy - Zi bisiniy
Yibinimy  Yicimiy | Yibing,  Yicnd, |=YibiSiniy —Y;ciSiniy
=3 iaiSinix — Y ;biSimix|— Y ;aiSiniy — > ;biSimiy| Y ;aiS? > ibiS?
= ibiSimix — Y iCiSimix|— i biSimiy — Y ;ciSimiy| Y;biS? > iciS?
To prove that L is invertible, we choose to show that it is positive definite, i.e., z' Lz > 0 for all non-zero column vectors z
in RS, After some algebraic manipulations, we find

z'lz= Z[Oﬂi((nix, Niy) - (21,23) — Sizs) + Bi((Mix. Miy) - (22, 24) — SiZG)]Z

i

+ Y [¥i((ixs miy) - (21.23) = Sizs) + 8i((Mixe Miy) - (22, 2a) — sizs) ] (C1)

1

Given that (a4, B;) and (4, é;) are scaled points measured relative to x so they are non-zero distinct vectors (recall that
Ipici > 0 and I¢ipiy+1 > 0), the sum of squares (C.1) becomes zero when

Mix, Miy) - (21,23) = Sizs  and  (Nix, Niy) - (22, 24) = SiZe.

Note that we can define the speeds as S; = (3ix, Niy) - (%(éi +&i+1), %(1/11' +¥i11)). The above equalities are then satisfied
if either (nix, niy) =0 (which is not the case) or

1 1
(z1,23) = 5(51’ +&i1,¥i+vit)zs and (22,24) = E(Ei + &1, Vi + ¥iv1)2z6.

Since the polygon has at least three distinct points, the only way that (z1, z3) = %(Sf + &it1, ¥i + Yit1)zs and (22, 24) =
%(Si + &1, Vi + Yit1)ze for all i € {1, ..., Imax}, Imax > 3, is if z=0. Therefore, L is positive definite, hence, invertible.
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